Evolutionary Modeling of Ordinary Differential

Equations for Dyna mic Systems

Hongqing Cao 1 ,2 , Lishan Kang 1,3 and Yuping Chen 1,3

1 State KeyLaboratoryo f Software E ngineering, Wuhan University, Wuhan 430072, P. R . China

2 Email: chq @ rjgc. whu.edu.cn 3 Email: kang@whu.edu.cn

Abstract

T his paper presents a ne widea of modeling onedimensional d ynamic systems b yhigher -order ordinarydifferential equatio n (HODE) models in stead of b ythe ARM A models used in the traditional time series analysis. Accordingly, based on the idea of hybrid evolutio nar y modeling, we modifythe HEM A algorithm in

(Cao et al., 1998a; Cao et al., 1998b) to approach the modeling problemof HODEs for dynamic systems. Two applications of time series are used to demo nstrate its effectiveness and advantages.

1 INTRODUCTION

Manyco mp lex systems and nonlinear pheno mena which dynamically change with time exist in real world. It has long been a great issue for people to build dynamic mathematical models for those systems based upon the observed data (i.e., time series) so as to provide basis for systemanalysis, design and prediction. T he three kinds of models people have used most in traditional time series analysis are Autoregressive (AR) Models, Moving Average

(MA) Models and ARM A Models ( Xiang et al., 1988; Gan,

1991). Some variations based on those three models are also studied, such as Autoregressive Integrated Moving Average

(ARIM A) Models (Ozaki, 1977; Box & Jenkins, 1976),

Bilinear Models (Granger & Andersen, 1978; Gabr & Rao,

1981), T hreshold Autoregressive (TAR) Models (Tong,

1978) and TARM A Models (Wang et al., 1984). T he traditional methods for solving the modeling problemof dynamic systems are to choose a model structure for the systeminitially, including the type and the order of the model, determine the parameters co ntained in the model subseq uently, and test the validityo f the model finally

( Brockwell & Davis, 1986; Anderson, 1975). However, it is usually difficult for people to choose a suitable model structure without sufficient domain details and human expertise, and the deter mination o f parameters also requires the modeler have rich mathematical kno wled ge and professional skills. Additionally, the traditio nal ARM A

Models are linear models which can only reflect a ver y

limited range of d ynamic processes. Considering that the

ARM A Models are linear difference equations in essence, we present a new idea of modeling one-dimensional dynamic systems b yhigher-order ordinar ydifferential equation (HODE) models in stead of b ythe ARM A Models.

We have ever proposed a two-level hybrid evolutionar y modeling algorithm called HEM A to approach the modeling problemof systems of ordinary differential equatio ns

( ODEs ) whose main idea is to embed a genetic algorithm

(GA) (Holland, 1975) in genetic programming (GP)

( Cramer , 1985; Koza , 1992; Koza , 1994; Banzhaf et al.,

1997) where GP is emplo yed to optimize the str ucture of a model (upper level), while a GA is emplo yed to optimize the parameters o f a model (lower level) (Cao et al., 1998a;

Cao et al., 1998b). Some numerical experiments were done to test HEM A ´ s effectiveness. In this paper, based on the idea of HEMA, we make so me modifications to this algorithm and adjust it to the modeling problemof HODEs byco nverting a HODE into a systemo f ODEs. T he modified algorithm is applied to two practical examples o f time series to testifyits effectiveness.

T his paper is organized as follo ws. T he problemis defined in Sectio n 2. In Section 3, we present the str ucture of

HEMA for HODEs and give so me detailed descriptions. In

Section 4, two typical examples are used to test the effectiveness of the algorithm. Finally, conclusio ns are summarized in Section 5.

2 PROBLEM STATEMENT

Suppose that a series of observed data collected fro ma onedimensional system X( t ) at successive m time steps can be written as

X =

÷

÷

÷

÷

÷ ø

ö ç

ç

ç

ç

ç è

æ

) (

) (

) (

1

0 m

t x

t x

t x

�

(1)

where t

i

= t

0

+ i * D t ( i = 0, 1, 2, ¼ , m ), t

0 denotes the starting

time, D t denotes the interval between two observatio ns. T he

modeling problemo f HODEs for the d ynamic system X( t )

is to find a model of n th-order ordinarydifferential equation (ODE)

)) ( , ), ( ), ( ), ( , ( ) (

) 1 (

* * * *

) (

* t x t x t x t x t f t x

n n - ² ¢

=

� (4)

In order to calculate the approximate values of x in a time series fro m t

0

to t m

bymeans of numerical integration o f systemo f ODEs , thus to evaluate the fitness of the model subseq uently, we fir st convert it into a set o f n coupled firstorder ordinarydifferential equations having the for mof ï

ï

ï

ï î

ï ï

ï

ï í

ì

=

¢

=

¢

=

¢

=

¢

-

) , , , , (

2 1

1

3 2

2 1 n n

n n y y y t f y

y y

y y

y y

�

�

(5)

bythe replacement of variables

x y =

1

, x y ¢ =

2

, x y ¢¢ =

3

, , )1( - = n

n x y (6)

and co mpute the conversion matrix Y of X (1) :

Y =

÷

÷

÷

÷

÷

ø ö

ç ç ç ç ç

è æ

) ( , ), ( ), (

) ( , ), ( ), (

) ( , ), ( ), (

2 1

1 1 2 1 1

0 0 2 0 1

m n m m n n

t y t y t y t y t y t y t y t y t y

�

� � �

�

�

(7)

If we denote Y i

= ( y i

( t

0

), y i

( t

1

), , y i

( t m

)) T then Y

1

=X (1) , and Y i

for i =2, 3, , n , which are the ( i -1) st-order derivatives of x in a time series fro m t

0

to t m

respectively, can be figured out approximatelyb ymeans o f numerical differentiation. For example, for n 4, we can use the follo wing for mulae of order h 2 error:

for ward difference for mula:

3

1 2 3 4

2

1 2 3

1 2

2

5 18 24 14 3

2 5 4

2

3 4 h

x x x x x x

h

x x x x x

h

x x x x i i i i i i

i i i i i

i i i i

- + - + -

= ¢ ¢ ¢

- - + -

=

²

- + -

=

¢

+ + + +

+ + +

+ +

(8) central difference for mula:

3

2 1 1 2

2

1 1

1 1

2

2 2

2

2 h

x x x x x

h

x x x x

h

x x x i i i i i

i i i i

i i i

- - + +

- +

- +

- + -

= ¢ ¢ ¢

+ -

=

²

-

=

¢

(9) backward difference for mula:

3

4 3 2 1

2

3 2 1

2 1

2

3 14 24 18 5

4 5 2

2

4 3 h

x x x x x x

h

x x x x x

h

x x x x i i i i i i

i i i i i

i i i i

- - - -

- - -

- -

+ - + -

= ¢ ¢ ¢

- + -

=

²

+ -

=

¢

(10)

3.3 ENCODING OF TH E M ODEL POPULATION

Once a HODE is co nverted into a systemo f ODEs, we notice that the onlydifference between two HODE models is the n th equation ) , , , , (

2 1 n n

y y y t f y

" 0.80668163 x

t -2

+ a

t

( 2

a

s =0.02774) (12)

T he results of the best ODE(2) model in ten runs are sho wn in Table 4 and its fitting and prediction curves are illustrated in Fig. 3.

Table 4. T he Best ODE(2) Model in Ten Runs for Example II

Evolutio nar y

Solutio n î

í

ì

=

=

) 219242 . 1 * cos( / /

/

2 2 2

2 1 y y dt dy

y dt dy

Equivalent ODE )219242.1cos(/ x x x ¢ = ¢ ¢

FE 0.943623

PE 1.566485

Observed Value 20.2 19.7 19.3 19.1 19.0 18.8

Predicted Value 20.250847 19.711464 19.179573 18.653486 18.121416 17.589474

Fig. 2. The fittingandpredictioncurves ofthe bestODE(3)models forExample I

1.50

2.00

2.50

3.00

3.50

4.00

4.50

0 20 40 60 80 100 120

SerialNo.ofYear

Quantity of Leopard Cat (log10) obs erved value fitting value predicted value

It is surprising to see that the fitting values o f the model can coincide with the observed data so well and its predicted values are also good. Moreover, the model is a co mplex nonlinear differential eq uation which contains cosine functio n in the expression. In fact, b yrunning the HEM A for HODEs, the co mp uter can search out manysuch co mplex models whose structures are usuallyunimaginable to human minds.

5 CONCLUSIONS

T his paper presents a ne widea of modeling onedimensional d ynamic systems b yhigher -order ordinary differential equation (HODE) models in stead of b ythe

ARM A Models used in the traditional time series analysis.

Accordingly, based on the idea of two-level hybrid evolutionar ymodeling, we modifythe HEM A algorithm in

(Cao et al., 1998a; Cao et al., 1998b) to approach the modeling problemo f HODEs for d ynamic systems. T his modified algorithm has so me advantages co mpared with the traditional modeling methods used for time series analysis:

1) It has broken through the limitation of linear models in traditional ARM A Models, and is capable of building co mplex non-linear HODE models for one-dimensional dynamic systems.

2) T he optimizatio n of the model str ucture and the optimization o f the parameters of the model could be done simultaneously b yusing the two -level processes in the

HEMA for HODEs.

3) It depends ver ylittle o n do main details and human expertise. T he whole modeling process is carried on auto matically. B yrunning the algorithm, the co mp uter can even find so me excellent HODE models who se structures are unimaginable to human minds.

Acknowledgements

T he authors wo uld like to thank the anonymo us referees for their co mments on the paper. T his work was supported in part byNational Science Foundation of China (No.

69635030) and National 863 High T echnologyProject of

China.

References

Anderson (1975), Time Series Analysis and Forecasting: the

Box-Jenkins Approach . London: Butter worths.W. Banzhaf,

P. Nordin, R. E. Keller and F. D. Francone (1997), Genetic

Programming: An Introduction on the Automatic Evolution of Computer Programs and its Applications . Morgan

Kaufmann .

G. E. P. Box and G. M. Jenkins (1976), Time Series Analysis,

Forecasting and Control . San Francisco: Holden Day.

P. J. Brockwell and R. A. Davis (1986), Time Series: Theory and Methods . NewYork: Spring Verley.

H. Q. Cao, L. S. Kang, Z. Michalewicz and Y. P. Chen

(1998a), ^ A Hybrid Evolutio nar yModeling Algorithm for

Systemo f Ordinar yDifferential Eq uations, ~ Neural,

Parallel &Scientific Computations . Vol.6, No.2, pp. 171-

188, June, 1998, Dynamic Publishers, Atlanta.

H. Q. Cao, L. S. Kang, Z. Michalewicz and Y. P. Chen

(1998b) , ^ A Two -level Evolutionar y Algorithm for

Modeling Systemo f Ordinar yDifferential Eq uations, ~ In

Genetic Programming 1998: Proceedings of the Third

Annual Conference , David E., Iba, Hitoshi, and Riolo, Rick

L. (editors). pp.17-22. University of Wisconsin, Madiso n,

Wisconsin. San Francisco, CA , July 22-25, 1998: Morgan

Kaufmann.

N. L. Cramer (1985), ^ A representation for the adaptive generatio n of simple seq uential programs, ~ I n Proceedings

Fig. 3. The fittinga nd pre dic tionc urve s of the be st ODE(2) mode lfor Exa mple II

16

18

20

22

24

26

28

0 50 100 150 200 250

Se ria lNo. of Minute s

Temperature( oC) o b s erv ed v alu e fit t in g v alu e p red ict ed v alu e of an International Conference on Genetic Algorithms and

Their Applications , Grefenstette, J. J. (editor). pp.183-187,

Carnegie- Mellon University, Pittsburgh, PA, USA, 24-26,

July, 1985.

M. M. Gabr and T. S. Rao (1981), ^ T he estimation and prediction of subset bilinear time series models with applications, ~ Journal of Time Series Analysis , no. 2, pp.

155-171.

R. C. Gan (1991), The Statistical Analysis of Dynamic Data .

Beijing: Beijing Univer sityo f Science and Technology

Press (in Chinese).

C. W. Granger and A. P. Andersen (1978), An Introduction to Bilinear Time Series Models . Vandenhoeck and Ruprecht:

Gottingen.

J. H. Holland (1975), Adaptation in Natural and Artificial

System . Ann Arbor, MI: Univ. Of Michigan Press.

J. R. Koza (1992), Genetic Programming on the

Programming of Computers by Means of Natural Selection .

Cambridge, M A MIT Press.

J. R. Koza (1994), Genetic Programming II Automatic

Discovery of Reusable Programs . Cambridge, M A MIT

Press.

T. Ozaki (1977), ^ On the order determination of ARIM A models, ~ Application Statistics , vol. 26, no. 3, pp. 290-301.

H. Tong (1978), ^ On a threshold model, ~ Pattern

Recognition and Signal Processing , NATO ASI Series E:

Applied Science, no. 29.

W. Y. Wang, J. G. Du and J. T. Xiang (1984), ^ T hreshold autoregressive moving average models: TARM A,~

Computational Mathematics , no. 4 (in Chinese).

J. T. Xiang, J. G. Du and J. E. Shi (1988), Dynamic Data

Processing: Time Series Analysis . Beijing: Meteorology

Press (in Chinese).