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Abstract

Fitness landscapes of real world problems are

in general considered to be complex and of-

ten with both local and global peaks. In the

static case the local peaks are interesting be-

cause they represent other potential solutions

to the problem.

In dynamic problems the �tness landscape

changes over time, so a local optimum might

rise and become the new global optimum. In

this context it would be bene�cial to search

for both local and global optima, because the

algorithm would then have performed most of

the search when the global optimum change.

This paper describes the multinational GA

and its application to six dynamic problems.

The multinational GA is a self-organized ge-

netic algorithm for multimodal optimization,

which structures the population into subpop-

ulations based on a method for detecting val-

leys in the �tness landscape.

The experiments showed that multimodal op-

timization techniques are useful when op-

timizing dynamic problems with multiple

peaks. A non-adaptive version was tested

against a self-adaptive algorithm with genetic

encoded parameters. The self-adaptive ver-

sion outperformed the non-adaptive on a sim-

ple dynamic problem. However, this was not

the case on a slightly more complex problem.

1 Introduction

Adaptive search techniques, such as genetic algo-

rithms, have been successfully applied to a large num-

ber of problems from the real world. Until now most

of these problems were static or have been treated

as static. Recently dynamic problems have received

growing attention and new methods for handling these

non-stationary �tness landscapes have been developed.

Since many real world problems are very complex it

cannot be expected that their �tness landscapes resem-

ble smooth unimodal surfaces, but more likely rugged

landscapes with several peaks. In the static case, lo-

cal peaks are interesting because they represent other

potentially good solutions to the problem. In the

dynamic case the search and tracking of suboptimal

peaks are even more important, simply because the

landscape could change so a local optimum becomes

the global optimum. This motivates for applying mul-

timodal optimization techniques to dynamic problems.

So far multimodal optimization techniques have been

applied to dynamic problems in few studies. A combi-

nation of sharing and tagging has been applied to the

shifting balance problem in (Liles and Jong, 1999). In

(Oppacher and Wineberg, 1999) the \Shifting balance

GA" is introduced and applied to a moving peak pro-

blem.

The tuning of parameters is an important part of any

application of evolutionary algorithms. Good param-

eters are often found by the trial-and-error method,

which unfortunately is not always optimal when tun-

ing an algorithm for a dynamic function. The problem

is that the changing landscape could a�ect the good

parameters so they change along with the landscape.

This is the case in the following hypothetical dynamic

problem. Assume there are two static landscapes A

and B with signi�cantly di�erent good parameters PA
and PB . The dynamic problem is given by gradually

morphing from landscape A to B. Now, in this prob-

lem PA causes excellent performance in the beginning

of the run but performance gradually decreases as the

topology of landscape B becomes more dominating.

The best (�xed) manually tuned parameters for this



problem will most likely try to �t both PA and PB , to

meet an average performance. A very appealing idea

is to apply adaptive techniques for online parameter

tuning; either in the form of genetic encoded parame-

ters or external control based on measurements on the

population.

Over the years, static problems that use adaptive tun-

ing have received considerable attention. Mutation

rate encoded in the genome has been investigated

(B�ack, 1992). A fuzzy logic controller that sets the

parameters based on three measurements on the pop-

ulation has been tested (Lee and Takagi, 1993). For a

survey on parameter control see (Eiben et al., 1999).

Since parameter-tuning methods constantly adapts to

the problem they would probably turn out to be very

useful in connection with dynamic problems.

In this paper, the multinational GA (MGA) was ap-

plied to six dynamic problems created with a test case

generator. The outline of this paper is as follows. The

MGA is explained briey in section 2. In section 3 a

quality measure for whole populations is introduced.

Section 4 contains description of the problems along

with the results from the experiments. Finally, sec-

tion 5 concludes the paper.

2 Multinational GAs

This section contains a brief description of the basic

ideas in the multinational GA. The reader is referred to

(Ursem, 1999) for further details on the multinational

GA and its application to static problems.

MGAs bring several techniques together in one model.

They include self-organization, adaptation to the prob-

lem, search space division and subpopulation mecha-

nisms like those found in island based models. The

main idea in MGA is to divide the population into na-

tions1, each corresponding to a potential peak in the

�tness landscape. A situation with six nations is illus-

trated in �gure 1.

A nation consists of a population, a government and a

policy. The government is a subset of the individuals

in the population and is elected so that its members

are the best representatives, e.g. the �ttest individ-

uals, of the potential peak the nation is approaching.

From these \politicians" the policy is calculated, which

is a single point representing the peak the nation is ap-

proaching. These concepts are pictured in �gure 2.

The grouping of individuals is done with the hill-valley

1In the MGA subpopulations are called nations. It will
later become clear why they are more than just subpopu-
lations.

Figure 1: The multinational GA with six nations.
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Figure 2: Concepts of the nation.

detection procedure, which, given two points in the

search space, calculates the �tness of a number of ran-

dom sample points on the line between the points. A

valley is detected if the �tness in a sample point is

lower than the �tness of both end points. Hill-valley

detection for a one dimensional problem is illustrated

in �gure 3.

Fitness calculated in some pointsOld nation New nation

Migrating individualPolicy of old nation

Figure 3: Detection of valleys with hill-valley detection

in connection with migration.

The hill-valley detection is used in three parts of the

MGA; 1) migration of individuals between existing na-

tions, 2) creation of new nations in unexplored areas

and 3) merging of nations when the algorithm detects

that they approach the same peak.

Migration and creation of new nations are performed

as follows. In every generation the algorithm compares

each individual with the policy of its nation. If a val-

ley is detected then the individual wants to migrate

because it is no longer approaching the same peak as

all the other individuals in that nation. The desti-

nation is found by comparing the individual to the

policy of each of the other nations. If no suitable na-

tion is found then this particular individual might have

discovered a whole new potential peak. The individ-



ual then founds a new nation. If very few individuals

have migrated to this new nation when the migration

is over, the new nation is supported with a number

of individuals taken among the lowest �t individuals

from the other nations. This is to ensure that the new

nation has suÆciently many individuals. These indi-

viduals are converted to the new nation by overwriting

their genome with the position of the policy with some

noise added to diversify them a bit.

To counterbalance this splitting of nations a merg-

ing scheme for nations is enforced. Two nations are

merged if a valley is not detected between their poli-

cies, because this indicates that the nations are ap-

proaching the same peak.

Population diversity is essential in optimization of dy-

namic problems. Diversity through high mutation rate

has been suggested and tested in e.g. (Cobb, 1991) and

(Cobb and Grefenstette, 1993). The mutation opera-

tor used for this paper is called \distance to policy"

based mutation. The idea is to have low mutation

variance2 on individuals close to the policy and high

variance on those far from it (see �gure 4).

Government Policy
Low mutation

Medium mutation

High mutation

Area covered by nation

Figure 4: \Distance to policy" based mutation.

Selection in a MGA can be done on national or global

level. In national selection the individuals are only

competing with other individuals from the same na-

tion. This has the consequence that the size of the

nation is not changed by selection. When selection is

done on the global level the �tness of each individual

is divided by the number of individuals in its nation.

This weighted selection lowers the probability for a na-

tion to go extinct because of selection. The algorithm

in this paper used a hybrid selection scheme, which

combines the two selection methods. In hybrid selec-

tion the balance between national and weighted selec-

tion is controlled by a selection ratio that sets how

many percent of the �nal population are selected with

national, respectively weighted selection.

To test the e�ect of self-adaptation the genomes were

extended with the �ve most important parameters for

2Genomes are real-valued vectors and standard Gaus-
sian mutation is used.

the algorithm, namely probability for mutation, prob-

ability for crossover, selection ratio between weighted

and national selection, mutation variance for individ-

uals close to- and distant from the policy.

In short, the use of the hill-valley detection for mi-

gration, nation creation, and merging gives a highly

self-organized island-like population structure that is

constantly adapting to the topology of the �tness land-

scape. Since the overlay of nations is minimal, but not

strictly enforced, the MGA is a search space division

scheme with fuzzy borders.

3 Measuring results

Two evaluation methods are used. Method one is the

distance between the global optimum and the nearest

individual. This is a valid measuring method, because

the peaks are symmetric. Method two is more complex

but evaluates the whole population on all peaks. The

idea is to calculate a score that has maximal value if

all individual are distributed equally among the peaks.

The score is calculated from the following formula.

Score(Pop(t)) =
100 � PScore(Pop(t))

OptimalScore
; where

PScore(Pop(t)) =

popsizeX
j=1

kPeakkX
l=1

f(d(ij ; P eakl)); and

f(d) =

(
1

1+j 0:05�popsize
kPeakk

�PC
l
j

if d < 0:2

0 otherwise

In the formula PCl acts as an individual counter and

it is increased by one every time an individual is de-

termined to be near peak l. OptimalScore is the score

of a population where the individuals are distributed

equally among the peaks. kPeakk is the number of

peaks, Pop(t) is the population at time t and d(x; y)

is the standard distance measure. In �gure 5 the func-

tion is plotted for a population of 100 individuals on

a two peak problem. The x-axis is the number of in-

dividuals classi�ed to be near a peak (d < 0:2). The

solid graph is the score when the individuals are dis-

tributed equally on the two peaks, whereas the dashed

graph illustrates the score when one peak is detected

with all individuals.

4 Experiments

The following dynamic problems are all implemented

with a test case generator similar to those introduced

in (Branke, 1999) and (Morrison and Jong, 1999). A

problem is de�ned by a number of two dimensional
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Figure 5: The score function for a two peak problem.

parabola-shaped peaks. Each peak is de�ned by a po-

sition, height, and width, which all change over time.

The height and the width determines the area covered

by the peak. The non-covered area has �tness equal

to zero.

The MGA was compared to a sharing GA; however,

since the MGA uses approximately �ve times as many

�tness evaluations compared to a sharing GA the shar-

ing GA was given �ve generations for each generation

in the MGA. The sharing GA is described in (Deb and

Goldberg, 1989).

The population size was 200 for both the MGA and

the sharing GA, �share was 0:05.

4.1 Six dynamic problems

The tested problems are grouped into two main

groups. The �rst four problems were used to test the

performance of the MGA under gradually harder ver-

sions of the problem. The second group consists of

two problems used to test the e�ect of self-adaptive

parameter tuning. There are two major di�erences

between group one and two. First, the number of gen-

erations was 200 in the �rst four problems and 10000

in the last two. Second, the peaks trajectories in the

last two problems cross many times. The search space

was in all problems �5 � x � 5 and �5 � y � 5.

The problems are illustrated in �gure 6 and will be

explained in details later.

To �nd the weaknesses of the algorithm a large number

of preliminary runs were conducted on variants of the

�rst four problems.

The runs indicated that the area covered by a peak

had little e�ect on the results even if the peaks were

moving. The problems varied so the peaks covered

10%-5%, 5%-2% and 2%-0.5% of the search space. Be-

tween case one and two there was no detectable drop in

performance and the last case was just slightly worse

(a) Shifting balance. (b) Moving peaks.

(c) Crossing peaks. (d) Passing peak.

(e) Circular moving. (f) Sinusoidal moving.

Figure 6: The six dynamic problems. Multiple rings

denote stationary peaks with changing height.

than the �rst two. The �rst setting was used in the

experiments, thereby avoiding the search for a \needle

in a haystack".

In another setup, the distance a peak was moved re-

mained the same but the update frequency was varied

in the four following ways. 1) Every generation and

distance 0.05, 2) Every second generation and distance

0.10, 3) every third generation and distance 0.15 and

4) every fourth generation and distance 0.20. The last

two produced sawtooth-like graphs where the �tness of

the best solution dropped when the peak moved, but

managed to recover just before the peak was changed

again. The �rst (distance 0.05 per generation) was

chosen for the �nal runs; it appeared to be the most

challenging.

The parameter that seemed to have the strongest in-

uence on landscapes with moving peaks was, not sur-

prising, the distance between location of a peak at gen-

eration t and t + 1. For this reason the peaks were

moved with four di�erent speeds through the search

space. The distance between two successive genera-

tions were respectively 0.04, 0.05, 0.06 and 0.07, which

means that through the 200 generations a peak trav-



elled 57%, 71%, 85% and 99% of the length of the

diagonal in the search space.

A number of preliminary test runs were performed on

the �rst four problems in order to compare the man-

ually tuned parameters with the self-adaptive. The

self-adaptive MGA used the manually tuned param-

eter values for initialization. These test runs showed

that the adaptive parameters did not outperform the

hand-tuned but had a matching performance. In the

context of the discussion in the introduction this seems

a bit surprising at a �rst glance, however, the peaks

in the four problems all had the same shape and the

velocity of a peak was also more or less constant. The

algorithm did not need to adjust the mutation vari-

ance or any of the other variables signi�cantly. Fur-

thermore, the number of generations was so low (200)

that the algorithm did not have the time to adjust the

parameters.

4.2 Shifting balance

The shifting balance problem consists of two peaks

with random height. Applying multimodal optimiza-

tion techniques to this problem should �nd both peaks

and keep them, and thus the global optimum, located.

The MGA was applied to three versions of the shift-

ing balance problem. The �rst version was with non-

overlapping peaks. In the second version one peak

could cover between 30% and 50% of the other. In the

third version one peak covered between 75% and 99%

of the other.

Peak 1 Peak 2

(a) Shifting balance - no shared area.

Peak 2Peak 1

(b) Shifting balance - 30%

- 50% shared.

Peak 1 Peak 2

(c) Shifting balance -

75% - 99% shared.

Figure 7: Three variants of the shifting balance prob-

lem. Rings denote maximal and minimal area covered

by the peak.

The purpose of this test-problem was to see if the al-

gorithm could keep the global optimum located even

though it switched between the two peaks. The pur-

pose of the second and third version was to test if any

overlapping could decrease the performance.
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Figure 8: Score and distance plots for the shifting bal-

ance problem. (Average of 50 runs)

The plots in �gure 8 shows that the MGA was capable

of maintaining a nation on both peaks in all three ver-

sions, though the performance was lower on the version

with 75%-99% overlap. Notice that the distance to the

best individual was not much worse between \no over-

lap" and \30%-50% overlap". The lower score was due

to fewer individuals near the peak. The score of the

sharing GA was substantially lower than the MGA's,

because the sharing GA only managed to locate one

of the peaks.

4.3 Moving peak

This problem consists of two peaks moving in the oth-

erwise at �tness landscape. This movement can be

done in numerous ways. A sinusoidal function was

used in this paper. The peak heights were changed in

the same way as the shifting balance problem, which

had the consequence that the global optimum switched

between the two moving peaks. As illustrated on �g-

ure 6(b) the two peaks moved in opposite direction

without crossing each others trajectory.

The objective in this problem was to test how well the

algorithm could track both peaks and thus the moving

global optimum.

As shown in �gure 9 the MGA was capable of track-

ing both peaks, but as mentioned earlier the task got
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Figure 9: Score and distance plots for the moving peak

problem. (Average of 50 runs. The numbers 0.04, 0.05,

0.06, and 0.07 refer to moving speed of the peaks, see

section 4.1.)

harder when the velocity of the peak increased. Shar-

ing managed to locate one peak. Notice that the score

was almost constant, which means that sharing was ac-

tually quite good at keeping this single peak located.

4.4 Crossing peak trajectories

The crossing peak trajectories problem consists of two

peaks moving so their trajectories cross. The peaks

moved along a line in the search space and shared a

single point in one generation of the run. The chang-

ing height had the e�ect that one of the peaks could

completely cover the other when they were close.

The purpose of this problem was to test if the algo-

rithm could keep both peaks located after their tra-

jectories crossed.

Figure 10 shows that the MGA tracked both peaks well

until they crossed (generation 100). Just before and

after they cross the performance dropped, which was

because the algorithm had diÆculties distinguishing

one peak from the other. When the peaks moved apart

the algorithm relocated them. The MGA had some

trouble keeping many individuals near the peaks when

they move fast, however both peaks were continuously

tracked and thus the global optimum.
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Figure 10: Score and distance plots for the crossing

peak trajectories problem. (Average of 50 runs)

4.5 Passing peak

The passing peak problem consists of one stationary

and one moving peak. The trajectory of the moving

peak went through the center of the stationary peak.

The changing height had the e�ect that one peak could

cover the other when they were close. The di�erence

between this problem and the crossing peak trajecto-

ries is that the two peaks share a part of the search

space through more generations.

The purpose of this problem was to test if the sta-

tionary peak could attract all the individuals so the

location of the moving peak would be lost.

Figure 11 shows that the MGA performed in a simi-

lar way as on the crossing peak trajectories problem.

Up to the point where the peaks started to overlap

the algorithm tracked both peaks well, but during the

overlap the performance dropped a bit but recovered

afterwards. The distance plot shows that it was diÆ-

cult to keep both peaks located after they pass. The

stationary peak managed to attract some of the indi-

viduals from the moving peak. Notice that the MGA

performed worse on the slow moving peak, which is

due to a single run where the moving peak was lost

after the pass.
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Figure 11: Score and distance plots for the passing

peak problem. (Average of 50 runs)

4.6 Circular moving

The circular moving problem consists of two peaks.

Each peak moved in a circle around a center that

slowly moved along a line in the search space. The

trajectories of the centers crossed once while the tra-

jectories of the peaks cross several times. The circu-

lar velocity of a peak was constant and approximately

0.05. The height was changed like in the problems

above.

The purpose of this problem was to test the non-

adaptive against the adaptive version of the algorithm.
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Figure 12: Score plots for the circular moving problem.

(Average of 20 runs)

Figure 12 o�ers two interesting observations. First,

the self-adaptive algorithm seemed to be a little bet-

ter than the manually tuned algorithm. Second, the

self-adaptive algorithm found the parameters that en-

sured a more stable performance. That the algorithm

actually adapts to the problem is reected in the score

plot. In the beginning of the run the two versions had

almost the same oscillating score, but slowly the adap-

tive algorithm managed to tune the parameters and

thus got better than the manually tuned algorithm.

4.7 Sinusoidal moving

The sinusoidal moving problem consists of two peaks

each moving along a curve generated by two sinus func-

tions with di�erent period length, chosen so the loca-

tion and velocity were non-periodic through the run.

The peak height changed as in the above problems.

The purpose of this test problem was to test if

the adaptive version could outperform the manually

tuned algorithm when velocity and location were non-

periodic.
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Figure 13: Score plots for the sinusoidal moving prob-

lem. (Average of 20 runs)

Figure 13 shows that the self-adaptive version did not

outperform the manually tuned, even though both

managed to keep both peaks located. In the circular

moving problem the adaptation took approximately

5000 generations before it was possible to detect a dif-

ference in performance. The reason why the adaptive

did not outperform the hand-tuned version is most

likely because it takes substantially more generations

to adapt to a landscape than the duration of the pe-

riod where the parameters are good. The algorithm

simply adapts too slowly.

5 Conclusions and future work

In this paper I suggested that multimodal optimiza-

tion techniques are very important when dealing with

dynamic problems. This hypothesis was introduced

under the assumption that dynamic real world prob-

lems consist of multimodal landscapes and that sub-



optimal peaks can rise to become the global opti-

mum. To tackle the problem, the multinational GA

was introduced as a multimodal optimization tech-

nique. The tests showed that the MGA was capa-

ble of tracking multiple peaks simultaneously and that

the MGA clearly outperformed the traditional sharing

GA. However, the diversity of the sharing GA lead to

much more stable population scores, indicating that

the maintenance of population diversity could lead to

better and more constant performance.

This result motivates extending the MGA with diver-

sity maintaining techniques at the national level, either

plain sharing or other more sophisticated techniques

based on e.g. an individual's distance to the policy.

The need for adaptive parameter tuning was intro-

duced by a hypothetical example and tested on two

problems. The results from these tests indicated that

the parameters encoded as a part of the genome did

not give a suÆciently fast adaptive scheme. This is em-

phasized by the di�erence between the circular moving

problem (constant peak velocity) and the sinusoidal

moving problem (changing peak velocity). In the �rst

case the adaptive algorithm outperformed the man-

ually tuned version after approximately 5000 genera-

tions, which was not the case when the peak velocity

varied. Since the adaptation needed several genera-

tions for �nding better parameters the algorithm was

\always late" in the sense that it carried the parame-

ters reecting the state of the problem as it was several

generations ago.

The important conclusion to draw from this is that

any attempt to optimize the parameters must set the

parameters so they reect the current- or very recent

state of the problem.

This motivates to investigate real-time controllers and

parameter prediction algorithms that determine the

parameters based on measurements on the current

population and changes in the landscape.
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