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*HQHWLF 3URJUDPPLQJ VROXWLRQ RI WKH FRQYHFWLRQ GLMXVLRQ

'DQLHO +RZDUGDQG6LPRQ & 5REHUWV
6RIWZDUH (YROXWLRQ &HQWUH
6\WWHPV DQG 6RIWZDUH (QILQHHULQJ &HQWUH
'HIHQFH (YDOXDWLRQ DQG 5HVHDUFK $JHQF\
ODOYHUQ :25&6 :5 36 8.
GKRZDUG#GHUD JRY XN 7HO

$EVWUDFW WKH FKDLQ UXOH WR WKH *3 WUHH WR REWDLQ LW

7KH nWQHVV PHDVXUH XVHG D ZHLIJKW IDFWRU WR E

$ YHUVLRQ Rl *HQHWLF 3URJUDPPLQJ *3 L\PELOLWA RI WKH IXQFWLRQ WR VDWLVI\ WKH LQLW
SURSRVHG IRU WKH VROXWLRQ RI WKH VWHBAISVHWHHAHPELOLWA RI WKH GHULYDWLYHV RI WKH
FRQYHFWLRQ GLMXVLRQ HTXDWLRQ zKLFK QRWiKNYKH GLMHUHQWLDO HTXDWLRQ DW D QXPE

UHTXLUHV VDPSOLQJ SRLQWYV WR HYDOXD YARH WHFKQLTXH ZDV LOOXVWUDWHG ZLWH
QRU DSSOLFDWLRQ RI WKH FKDLQ UXOH WR & YDOXH SUREOHPV

IRU REWDLQLQJ WKH GHULYDWLYHV 7KH PHWHRPRQ zZLWK DOO RWKHU QXPHULFDO PHW
LV VXFFHVVIXOO\ DSSOLHG WR WKH HTXDWLRRUQ RAMRUZDUG DSSOLFDWLRQ RI WKLV PHWKI
VSDFH GLPHQVLRQ IRU WKH QXPHULFDO DSSUR[LPDWLRQ WR WKH VRC
FRQYHFWLRQ GLMXVLRQ HYXDAWIHREY ZLWK QXPHU
LFDO GLpFXOWLHV 9HU\ HDUO\ LQ WKH UXQ WK
,QWURGXFWLRQ RSHUDWRU SURGXFHV VWHHS JUDGLHQWYV DQG DS:

ZLWK KLIK nWQHVV RI WKH IRUP
7KLV SDSHU SURSRVHV D zZD\ WR XVH *HQHWLF 3URJUDP

[
PLQJ *3 WR PRGHO WKH LQWHUDFWLRQ EHWZHHQ FRQYHF A [—q
WLYH DQG GLMXVLYH SURFHVVHV ORGHOOLQJ
LV YLWDO WR WKH nHOGY RI <HDW 7UDQVIHU )0 oG BueLwuouor vemamw Lo b
DQG &RPEXVWLRQ DQG UHPDLQV RQH RI WKH \YA

FWO\ VDWLVNHY WKH ERXQGDU\ FI
OHQJILQJ WDVNV LQ WKH QXPHULFDO DSSUR[LPD Elg
HOWLDD HTXDWLRRY BXMEOV GRPLODWH DQG LW EHFRPHY H[W

nFXOW WR DGMXVW WKH ZHLJKW IDFWRU WR DFI
7KH QHZ PHWKRG LV DSSOLHG WR WKH VLPSOBNMHRPREHRY LQ WKH VDWLVIDFWLRQ RI WKH GLm
SUREOHP WKH VWHDG\ VWDWH YHUVLRQ RI WKW RRMMFRIRQG

GLMXVLRQ HTXDWLRQ LQ RQH VSDFH GLPHQVLRQ A7 \
GLMHUHQWLDO HTXDWLRQ KDV WZR 'LULFKOHW, \ %EIE_IQD(QVIZI[I\R;V%\(;/Y_FSSV\P;SOV;/(SV)EFI;XR?H)i

GLWLRQV DW WKH HQG SRLQWV RBWKH LQWHU RYLQJ WKH SURWHFWHG GLYLVLRQDQE®YLQJ

G7 G7 LQ WKH IXQFWLRQ VHW WKH PHWKRG ZDV VORZ W
ol b 3Hg[ DQG FKDLQ UXOH HYDOXDWLRQ RI GHULYDWLYHV
7 ZDV DQ H[SHQVLYH VWHS

7
3URSRVHG DSSURDFK

W LQYROYHV GHULYDWLYHV Rl WKH WHPS MVKWVXUH

SHFOHW QXPBHUJZKLFK LV D PHDVXUH RU UDWLR RKARBRDO\WLFDO VROXWLRQ RI HTXDWLRQ LV
YHFWLRQ WR GLMXVLRQ DQG D SDUDPHWHU ZKLFK GHWHUPLQL—*\\;(> [3H b H[S 3H

WKH VKDUSQHVV Rl WKH ERXQGDU\ OD\HU DW 7 b HS 3H

Q .RID .RID  GHVFULEHG D *3 PHWKRG WR
nQG WKH VROXWLRQ RI D GLMHUHQWLDO HTXDWKRQVDWNHYROFAERG DSSUR[LPDWLRQ $\SRO\
D *3 WUHH RU VROXWLRQ WR WKH HTXDWLRQQBEDM®ISSEYRGYHG DQG E\ SRO\QRPLDO GLYLVLR(
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EH WUDQVIRUPHG VXFK WKDW WKH UHVXOWLQJ H[ u%\gm% |
ADOZD\V VDWLVNHV WKH ERXQGDU\ FRQGLWLRQV H?B \ H WHUPLQDOV IXQFWLRQV DQG YDULD

SDUDPHWHU VHWWLQJ

A [ b[sS b XQFWLRQV [
" %$&. 5,7
DQG E\ WKH 5HPDLQGHU 7KHRUHP DOO SRO\QRPLDOV DUH ;$P :E,$ ep ép
JXDUDQWHHG 7KH GHULYBVRIDHHILRHQ E\ WHUPLODOV 6,
A s JOREDOV YDULDEOH OHQJWK VROXWLRQ
o [ blg bsb SRLOWHUNQG.
[ [ PHPRULHV DQG
GH [ b[ S5 b [ b s PD[WUHH VL]JH ~ QRGHV
Gl Gl Gl

DQG D *3 PHWKRG FDQ WDNH WKH QHJDWLYH RI WKH VTXDUH
LQWHJUDO RI WKH OHIW KDQG VLGH RI WKH GLMHVKIQVA. N BOXIDYMER(RUYV  7KH OLPLWV RI LQWHJU

DV LWV 'DUZLQLDQ AWQHWV [ DQGDW ZKLFK PHDQV WKDW WKHUH LV QR (¢
=t u RI DFFXUDF\ LQYROYHG LQ FRPSXWLQJ WKH LQWHJ
b GA, LS o SLV D SRO\QRPLDO RI KLJK RUGHU
Gl Gl

$OWKRXJIK DW nUVW JODQFH WKH *HQHWLF $OJRUL)
ZKLFK LV D OHDVW VTXDUHV PHDVXUH Rl WKH HUDRBRGO$RURH WKH UHTXLUHPHQW WR JHQHUDW!
LPDWLRQ 7KH LQWHJUDO H[SUHVVLRQ RENKH@AQMK YHFWRU RI YHU\ SUHFLVH FRHpFLHQWV IC
EH REWDLQHG DQDO\WLFDO®LEZHRIXQRPLDO DAGQHWLF 3URJUDPPLQJ PHWKRG

WKLV LV D SRLQW RI GLMHUHQFH ZLWK WKH PHWKRGLR &S pwIRQ RIWDEOH ZDV GHYLVHG ,QW
ZKLFK XVHG D QXPEHU RI SRLQWV LQ WKH GREREBWHTRQ WKH *3 WUHH JHQHUDWHV WKH UHTXLI

VDPSOH WKH nWQHWV OHQIWK YHFWRU DV LW LV EHLQJ HYDOXDWHG E
$OWKRXJIK IURP D WKHRUHWLFDO VWDQGSRLQWSYHPHNQOFRQVWDQWY WR SURGXFH YHU\ DFFX
QRUP RU LQNQLWA QRUP FLHQWV IXUWKHUPRUH WKH UHWXUQ YDOXH RI WK
0 0 0 0 QR PHDQLQJ 'XULQJ HYDOXDWLRQ IXQFWLRQV LG
8GHA, 5,8 [P>D[@nG”—7Ab an 0 WUHH PDQLSXODWH D YHFWRU RI FRHpFLHQWV HT.
oG[ G[© NG| G[N JOREDO PHPRU\ 7KH IXQFWLRQV DV GHVFULEHG LQ

SDUDJUDSK PDQLSXOD@@. WZR JOREDO SRLQWHI
LV SUHIHUDEPHEHBDXVH LW FDQ ZPWRNH VSLNHWR WKH HOHPHQW RU SRVLWLRQ LQ WKH YHFWRU
LW UHTXLUHV D VHSDUDWH RSWLPLVDWLRQ SUigi gl WO BQGRU 20DVW LQGH[ RU WDLO SRVL
WKH PD[LPXP  1XPHULFDO H[SHULPHQWV KRZHYKR| §WditywDQGV IRU ?FXUUHQW SRVLWLRQ 3ULF

VXFFHVVIXO ZLWY GHNQHG LQ HTXDWLRQ HYDOXDWLRQ RI WKH *B WQB% DUH ERWK VHW WF
JHUR
SHSUHVHQWDWLRQ XQFWLRGV  %$8&. DQGS5,7( DUH IXQFWLRQV RI

WZR DUJXPHQWYV 7KH\ UHWXUQ RQH RI WKH DUJXPF
&RQVLGHULQJ HTXDWLRQ D *3 PHWKRG FDQ &RPELQWxUOV LWV IFRQGWY nUVW :BQG

HSKHPHUDO UDQGRP FRQVWDQWYV WR HYROYH Wit ZRHERDE BWIKPHQW WKH FKRLFH LV DUELWUD
5DD @ $"  ZULWHV LWV nUVW DUJXPHQW WR WKH YHFW
SRLQWHG/E\,\W LQFUHPHQ®VRYLGHG/ g,
WR REWDLQ WKH XQLYDULDWI$ SRO\QRPLDO ~ DQG HQIRUBHV [~ JXQFWLR%®3&. ~GHFUHPHQWV
SRLQW&ILBURYLGRG  )XQFWLRG,7(  RYHU
S D D[ D[ DI ZULWHV WKH YHFWRU HOBPWRWMBWNUVW DUIXPHG
$OVR 1& / o5 LW LQFUHPHQWY WKLV SRLQWHL
WKDW FDQ EH VXEVWLWXWHG LQWR HTXDWLRQ& (YDOWDUMRMHRHQWY SRLQWHU

WKH LQWHJUDO LQ HTXDWLRQ UHTXLUHV H[SUHVVL R
Q Q Q [SUBNM |§8¥\)VL%Q VHW LV HQKDQFHG ZLWK \WZR PHPI

S GAcA T GAGA - GAGA DQ@ PDQLSXODWHG E\ IXQFWLRQV DJDLQ RI WZF
G—[G—[G[ WTG[ DQG E[HG[ PHQWV XQFWLRQV UHWXUQ WKHLU nUVW DUJXF
DQG RYHU ZULWH WKHLU VHFRQG DUJXPHQW WR |

DOO RI ZKLFK FDQ EH REWDLQHG E\ VKLIWLQJ DQEDNRMPLXDFWLREY  VLPSO\ UHWXUQ WKH YDOXF
WKH FRHpFLHQWV LQ HTXDWLRQ DQG E\ PXOWNBKH FPARRROERVDQG LIQRUH ERWK RI WKHLU DUJXP!



7DEOH  *3 UXQ SDUDPHWHUV
SDUDPHWHU VHWWLQJ 7DEOH 3H WDEOH HYROYHG FRHpFLHQWV

SRSXODWLRQ . D D D D
NLOO WRXUQDPHQW  VLJH IRU VWHDG\ VWDWH *3

EUHHG WRXUQDPHQW VLJH IRU VWHDG\ VWDWA *3

UHJHQHUDWLRQ [RYHU FORQH

NWQHVV PHDVXUMH g‘ b 3HG—G7[“ G[

7DEOH 3H WDEOH HYROYHG FRHpFLHQWYV
7DEOH ,QIRUPDWLRQ DERXW KLJKO\ VXFFHVVIXO *3 UXQY D D D

3H SRS JHQV EHVW ) DYJ WUHH  PLQV D

U000 gg

$Q HSKHPHUDO UDQGRP FRQVWDZWRUHG DV RQH

EWH DQG FDQ UHSUHVHQW XS WR  YDOXHV 7KHVH DUH
HTXDOO\ VSDFHG DQG REWDLQHG E\ GLYLGLQJ WKH QXPEHUV
WR E\ WR REWDLQ YDOXHV LQ WKH @DQJH >

ORGHUDWH 3HFOHW 1XPEHUV

3DUDOOHO LQGHSHQGHQW UXQV RI VWHDG\ VWDWH *HQHWLF 3UR

JUDPPLQJ REWDLQ VROXWLRQV IRU D 3HFOHW QXPEHU ZLWK

SDUDPHWHUV DV LQ 7DEOH  7KH VHDUFK EHFRPHV SURJUHV

VLYHO\ GLpFXOW ZLWK 3HFOHW QXPEHU EHFDXVH WKH GHVLUHG

SRO\QRPLDO LV RI KLIKHU DQG KLJKHU RUGHU ,QIRUPDWLRQ

IRU VRPH RI WKH PRUH VXFFHVVIXO UXQV FDUULHG RXW RQ DQ
0+] 3HQWLXP ,,, 3& LV SURYLGHG LQ WDEOH

7KHUH LV D VWHDG\ LQFUHDVH LQ WKH DYHUDJH VL]H RI WUHH
ZLWRHDV ZHOO DV VWHDG\ LQFUHDVH LQ WLPH UHTXLUHG WR
REWDLQ DQ DFFHSWDEOH VROXWLRQ 7KHUH LV DQ LQFUHDVH LQ
WKH QXPEHU RI FRHpFLHQWVIHOVRQGV VHYHQ

FRHpFLHQWY DUH REWDLQHG VHH WDE®H ZKLOH IRU

WZHQWA VL[ FRHpFLHQWY DUH SURGXFHG VHH WDEOH

7KH QDWXUH RI WKH DSSUR[LPDWLRQ LV UHoOHFWHG LQ )LJ

XUH LH DQ DSSUR[LPDWLRQ GULYHQ E\ D OHDVW VTXDUHV
SURFHVV $V LV WASLFDO WKH DSSUR[LPDWLRQ LV FKDUDF
WHULVHG E\ PLQXWH RVFLOODWLRQV DSSDUHQW LQ WKH PDJ
QLnHG JUDSK DW WKH ERWWRP Rl WKH nJXUH +RZHYHU

WKDW LV nQH DV WKH VFKHPH LV GHYHORSHG IRU TXDQWLWDWLYH
DFFXUDF\ QRW IRU TXDOLWDWLYH VKDSH DQG DLPV WR ORFDWH
WKH ERXQGDU\ OD\HU DW WKH H[SHQVH RI PDLQWDLQLQJ D
SURSHUW\ VXFK DV PRQRWRQLFLWA IRU H[DPSOH ,I D GH

VLUHG VKDSH SURSHUW\ ZHUH WR EH UHTXLUHG WKLV PLIJKW EH
DFFRPSOLVKHG E\ PRGLNFDWLRQ RI WKH nWQHVV PHDVXUH

RU E\ HYROXWLRQ RI WKH FRHpFLHQWV WR D PRUH FRPSOH]|
WASH RI EDVH IXQFWLRQ ZKLFK HQMR\V DQG HQIRUFHW-IidH  $SSUR[LPDWLRHDW
GHVLUHG SURSHUW\
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'LmHUHQW FRPELQDWLRQV RI HSKHPHUDO UDQGRP BRENRMBYROXWLRQDU\ WHFKQLTXHV ZKLFK PDLQ
ZHUH WHVWHG EXW QR FOHDUO\ VXSHULRU FKRLFRHMRHUGHGIUVLW\ DQG SUHYHQW VLPLODULW
)RU HIDPSOH ZKHQ FRQVWDQWYV ZHUH YDULHG IURRBSHMEDO PXWDWLRQ RSHUDWLRQV FRXOG FRS

WKH UHVXOWLQJ FRHpFLHQWY ZHUH PXFK VPDOOWR WBBIJHDVH WKH UHVXOWLQJ QXPEHU RI FRF
ZKHQ FRQVWDQWY ZHUH YDULHG IURP WR EXW ZLWKRXW

DSSUHFLDEOH GLMHUHQFH LQ DFFXUDF\ RU HmRUWABIFRYLQHANR ODQGVFDSH - 7KH nWQHVV PF
REWDLQ D VROXWLRQ FRXOG EH UHSODFHG E\ WKH ORJDULWKP RI H1

WR GLPLQLVK WKH HmMHFW RI WKH ULGJH RU Kx
NWQHVV ODQGVEDSH +RZHYHU VXFK D FKRLFI
XUWKHU ZRUN QRW KDYH HMHFW ZLWK WRXUQDPHQW VHOHF

VWDQFH EHFDXVH LW FDQQRW DOWHU VHOHF
7KH UHPDLQGHU RI WKLV SDSHU SUHVHQWV LGHDV BQ& BRW-UDONLOJ

YDWLRQV IRU GHYHORSLQJ WKLV DSSURDFK IXUWKHU

$ *3 IRUPXODWLRQ ZLWK $)V ZDV H[SHULPHQWHG Z

+LJK 3HFOHW 1XPEHUV EXW GLG QRW VLIQLnFDQWO\ LPSURYH SHUIRUPDQ

JRU KLIK 3HFOHW QXPEHWBHHIJ DQ DGHTXDWH
DSSUR[LPDWLRQ WR WKH VROXWLRQ RU HTXDWLRQRWKHU SRO\QRPLDOV

7 b3 6LPSOH SRO\QRPLDOV DUH QRW WKH RQO\ RSWLR
VKHY DQG /HJHQGUH SRO\QRPLDOV DUH SRSXODU

ZKLFK FRUUHVSRQGV WR WKH IROORZLQJ SRO\GRPGHO R{JUHVVLRQ DQG FRXOG VHUYH DV WKH EC
€ IRU WKH VFKHPH ZEHUH€, DQG FDQ HDVLO\ EH

S [ [ I [3HP DQDO\WLFDOO\ GLmMHUHQWLDWHG DQG LQWHJUDW

)JRU WKH YHU\ OBHJIWXFK D¥H WKH JOREDO ,PSURYHG IXQFWLRQV

NWQHVV PD[LPXP UHVLGHV ZKHUH WKH YHFWRU LQ HTXDWLRQ

KDV FLUFD  FRHpPFLHQWV $W KLJK 3H D ORFDUHPHLIXQFWLRQV  %$&. DQG5,7(  FRXOG

PXPDWS LH DW? b [ DWWUDFWV WKH VHIbDUHRKDQFHG ZLWK PRUH SRZHUIXO GDWD PDQL:

3RO\QRPLDOV ZLWK IDU IHZHU QXPEHU RI FRHpFLIXQIWYMRQYQWKDW FRXOG LQWURGXFH RU PRGLI
DUH DWWUDFWHG WR WKLV ORFDO PD[LPD 7I8QH X&VRELHQW DW D WLPH RU DSSO\ DQ RSHUDW

FHVVIXO DSSUR[LPDWLRQV IRU KLJK 3HFOHW QXERUNY WARXHK RI FRHPFLHQWYV  7KH OLVWORIGGRLQ\

LPSURYH RQ b [ WKURXJK D UHODWLYHO\ VPDOGBXPG EH HQKDQFHG ZLWK PRUH FRPSOH[ SRLQ'

EHU RI FRHpFLHQWV 7KF\ XVBl V[ WKH VORGN

QHDU RQH RYHU D VLIQLNFDQW SRUWLRQ RI WKH GRIRIDAOWDRG RI WKH SKHQRW\SH

H[KLELW D VPDOO ERXQGDU\ OD\HU EHKDYLRXU QHDU
IRU H[DPSOH 7KH FRHpFLHQWV HTXDWLRQ FDQ EH FRQVLGH!

SKHORW\SH DQG WKH *3 WUHHV WKH JHQRW\SH $(

JRU YHU\ ODBEHWKH SUHVHQW VFKHPH LV QRW SHURBHEDRDOIRULWKP FRXOG EH DSSOLHG GLUHFW(
HQRXJK JHQHWLF PDWHULDO WR JHQHUDWH D Ypith i RRE R VXFFHVVIXO SKHQRWASH 7KLV DV

EHU RI FRHpFLHQWV HTXDWLRQ WR HQDEOH WKRARYRORMHERU EHFDXVH WKHUH LV QR ZD\ WR L
DU\ SURFHVV WR VHH WKH JOREDO PLQLPXP 7Kif/|lROQRAKRYHPHOW EDFN LOWR WKH JHORWSH L F

WDFWLFV PD\ KHOS RYHUFRPH WKLV ZLWK WKH @i\ BBURQERRFHVY LV ORW /DPDUFNLDQ
VROYLQJ SUDFWLFDO HQJLQHHULQJ SUREOHPV

3DUWLDO GLmMHUHQWLDO HTXDWLRQV 3'(V
7KH FRQYHFWLRQ GLmMXVLRQ SUREOHP DW D 3HFOHW

QXPEHU ORZHU WKDQ UHTXLUHG LV VROYH@VHIRERGKRI WKH PHWKRG WR VROYH WKH VW
UHVXOWLQJ SRSXODWLRQ LV XVHG DV D VPEWIWMFQA RBLEAQAWIXVLRQ PHWKRG LQ WZR VSDFH
WR HYROYH WKH VROXWLRQ WR WKH GHVL A& SERE Y @ URDG IRU DSSOLFDWLRQ WR WKH
EHU 7KLV LV FIFBQMG.QXDRQREEDQ EH LPSORHDW 7UDQVSRUW DQG 1DYLHU 6WRNHV HTXDWLF
PHQWHG LQ D YDULHWA RI ZD\V VHFWLRQ VXJJHVWV D ZD\ WR DFKLHYH WKLV IRU

%XLOG LQGLYLGXDOV LQ WKH LQLWLDO SREXSEWIRG 2V WR UHIXODU JHRPHWUL

VXpFLHQW JHQHWLF PDWHULDO WR DOORZ WKHRYWRDBRQWUDWH FRQYHFWLRQ GLMXVLRQ HTXC
DWH YHFWRUV HTXDWLRQ ZLWK FORVH WRASBHHUMDKILDEGHYV FDQ EH KDQGOHG LQ D VLPLC
QXPEHU RI WHUPV IRU WKH UHTXLUHG 3HFOMHXHEBWLRQ LQ RQH VSDFH YDULDEOH )RU L(



FRQVLGHU D VTXDUH KHDWHG RQ RQH RI LWV VLGARZ UHTXLUHV WKH DQDO\WLFDO VROXWLRQ $

DQG 6WHJXQ  WR WKH IROORZLQJ LQWHJUDO
HTHT o #THT _
oA f[[ i [QH[Sbb[ G[
K
H[Sbb

7[ %b[Qbe[Qb QQb b [ @

7\ L

7\ b ® Qb[ b °Q

$ 'LULFKOHW ERXQGDU\ FRQGLWLRQ RQ D OLQH RUEXUYELGH. /(oo o
NQHG E\ WKH IXQFW[RQFDQ EH HQIRUFHG ZLWKo® [ Q
H[SRQHQWLDO WHUP VXKDV HISHUH b LV D 0DUJYHH $SSHQGLL EXW RQPH FRGHG UHVXOW LQ DQ

FROVWDQW 7KH IROORZLOJ H[SUMZRKRG MIHEYOIRULWKP ORUH ZRUN LV DOVR UHTXLUHG WR KL
VHHP DSSURSULDWH HPV ZLWK PL[HG ERXQGDU\ FRQGLWLRQV DQG FRF

RPHWU\
A

. *xDn
ZKHUH SHUKDSV b VXFK WKDW WKH WHUP WR ZKL \( 3

LW EHORQJV LV HMHFWLYHO\ JHUR H[RZH$@ IRU
LW EHFRPHV XQLWA 3RO\GRRLDQAM ZLWK *3  7KH UHDGHU PD\ DVN KLPVHOI ?2ZK\ LQYHVWLIDV

HYROXWLRQWRIWV FRHpFLHQWV +RZHYHU HYDYRBWRBR RI GLMHUHQWLDO HTXDWLRQV ZKHQ P

RI) LQYROYHV FURVV PXOWLSOAMDMARRYRILWH RPPHUFLDO SDFNDJHV DOUHDG\ HILVW WR VROYH
WKH H[SRQHQWLDO WHMFGLQHTXLUHV DQ DQDOWHFBY

H[SUHVVLRQ IRU WKH IROORZLQJ LQWHJUDO  gXFK SDFNDJHV XVH WKH ZHLIJKWHG UHVLGXDO\

= :50 3RSXODU :50V DUH WKH nQLWH GLmMHUHQF}

[QH[Sbb[ G[ PHWKRG )0 WKH nQLWH YROXPH PHWKRG )90 WK

NQLWH HOHPHQW PHWKRG )(0 DQG WKH %RXQGDL

W FDQ EH DSSUR[LPDWHO\ LQWHJUDWHG E\ H[SGRIQW 8\WKRG %(0

FXUVLYH UHODWLRQVKLS KHQH)RBE ODRED 7y RQO\ PRWLYDWLRQ IRU LQYHVWLIDWLQJ DQ
Q  WKH LQWHJUDEDQ EH FRPSXWHG ZLWK WK HBHWKRG LV IRU DSSUR[LPDWLQJ WKH VROXWLF
URU IXQFWLRQ HUI[ DQG WKH LQWENUDMURLIKW 0] DGMRLQW PXOWL GLPHQVLRQDO HTXDWLRQV
IRUZDUG BWRNHV HTXDWLRQV EHFDXVH WKH :50 FDQQRW

= = FRQFOXVLYHO\ VROYH WKHVH SUREOHPV 7KH UHP

b[ b\ SHS bb[

'Q

, HISbb[ G[  bHISbb[ G WLRQV RXWOLQH SRWHQWLDO DGYDQWDJHV RI Wt
_ oSt PHWKRG ZLWK UHVSHFW WR WKH :50
b HSbX GX —‘Hul
_ HISbb] ODWKHPDWLFV
: [HSbb[ G[ b_=20L

b 1XPHULFDO VROXWLRQ RI VHOI DGMRLQW GLmMHUHQ
SWLF HTXDWLRQV ZLWK HYHQ RUGHU
WKH HUURU IXQFWLRQ HUI [ FDQ EH FDOFXOD L OHUNLO )((? FHOO FHQW%UHG 90
PDWHO\ E\ FDUU\LQJ WKH VHULHV WR DQ DSSURSH ox 5(7{%[)0 GLMHUHOFH )0 LV 2RSWLPDO
RI WHUPV PHDQV WKDW VFKHPHV FRQYHUJH WR WKH DQDO)
T [ [ s WLRQ XQLIRUPO\ DV WKH PHVK LV UHNQHG DQG R
HU[ ST [b — P — RUGHU RI DSSUR[LPDWLRQ Rl WKH IXQFWLRQV LQ"

LV LQFUHDVHG $SSOLFDWLRQV UHODWH WR HQJL(

7KH UHFXUVLYH UHODWLRQVKLS WMR/FRPSXWH RI HGLnFHV VWUXFWXUHV DQG EULGJHV ZLWK WKH
LQ SDUWLFXODU ZLWK WKH *DOHUNLQ )(0

b[® H[Sbb b
[ [ [ Q @ 7KH :50 KRZHYHU ORRVHV LWV ?RSWLPDO EHKD)
$OWHUQDWLYHO\ DQ H[SUAWKR® IRUYDOLG RQAKRE DSSOLHG WR QRQ VHOI DGMRLQW ERXQGDU!
[ w DQG ZKLFK VHHPV DSSURSULDWH LV IHUHQWLDO HTXDWLRQV HVVHQWLDO WR +HDW 7
\QDPLFV DQG &RPEXVWLRQ DQG UHVXOWV LQ X(
AN VROXWLRQV FRQWDLQLQJ ?ZLJJOHV *UHVKR

b.o

b[ b\ SHS bb|
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QXPHULFDO GLpFXOW\ LV OLQHDU LQ QDWXUH D@QG IHDEZPRW '\ $IREOHPYV ,Q DGGLWLRQ 3HWURY *|
DOO\ EH DQDO\WHG IRU QRQ OLQHDU 3'(V HJ WHKHHWRREV DQG PXOWL JULG PHWKRGV DUH QH[W W
6WRNHV HTXDWLRQV EOH WR FRQVWUXFW LQ ' ZLWK KLIJKHU RUGHU )(0\

%RWK HQJLQHHUV DQG PDWKHPDWLFLDQV KDYEKISFRORIXGDWH®UHV )(0 HVVHQWLDOO\ VTXDUHV
VSHFLDO PHWKRGV IRU GHDOLQJ ZLWK WKHVHAHRDMWARQUVEYRUH HOOLSWLFLWA LV D FUHGLEO!
WKH :50 IUDPHZRUN 1RWDEOH H[DPSOHV DUH B#MURRY *DOHUNLQ PHWKRG DQG KDQGOHV KLJIKHL
*DOHUNLQ )(0 FHOO YHUWH][ )90 DQG XSZLQG GAPHQWV LQ D VWUDLJKW IRUZDUG PDQQHU %RFK}
HQFLQJ )0 7KHVH PHWKRGV DUH RQO\ RSWLPDG-RZHIYWHH VTXDULQJ WKH 3'( PXVW FDXVH D YHU\ VL
OLQHDU HTXDWLRQ LQ RQH VSDFH YDULDEOH GRMWRDQFUHDVH LQ WKH PDWUL[ EDQGZLGWK
$SSOLFDWLRQ WR 3'(V RQO\ LQ WKH PRVW VSHF %k/ \ DOG IRU * SUREOHPY 50 XVXDOOL
WULYLDO RI FDVHV LV RSWLPDO HJ LI WKH VF VRl PHVK SRLOWY ZLWK WKH ORZ
ZLWK D FOHDU GLUHFWLRQDO FKDUDFWHULVW Sk Nzle)

|_I|_DO IXQFWLRQV RU HTXLYDOHQW KLJK
RXOG EH SUHFLVHO\ ORFDWHG LQ ER?
YHU\ IHZ PHVK SRLQWV ZRXOG EH UHT?

LFDO H[SHULPHQW LV UHTXLUHG WR FDOLEUD 'EIQD%SJDFWLWLRQHUV

PHWKRG ZKHQ WKH RULILQDO REMHFWLYH ZDVKRU3WAMIWRRG SURSRVHG LQ WKLY SDSHU VKDU!
PHULFDO PHWKRG WR SUHGLFW WKH RXWFRPH WKWRHWKRCESURSRVHG E\ .R]D .R]D DQ DELOLV
OHQW SK\VLFDO H[SHULPHQW WR GLVFRYHU DQG WR FRQVWUXFW IRU LWVHOI ZI

,W LV YHU\ LPSRUWDQW WR UHDOL]H WKDW WKHaé\%%}%EP WLSV%LC/WUHTXLUHG WR VROYH WKH S
WLRQ LV IUHH IURP WKLV IXQGDPHQWDO PDWKHI5

EDFN RI :50 $FFXUDF\ LV DQ LPSRUWDQW PRWLYDWLR%R
WR LQYHVWLIDWH QHZ VROXWLRQ DSSUR[LPDWLRQPBHRRREY FRPSXWLQJ

3DUDOOHOL]DWLRQ RI WKH :50 LV SUREOHPDWLF
OHPRU\ PDOO\ DFKLHYHG ZLWK GRPDLQ GHFRPSRVLWLRQ

(YHU\ :50 UHTXLUHV HLWKHU D PHVK FRPSRVH@ﬁéﬁ PXYW FDUHIXOO\ EDODQFH SURFHVVRU FRI
N

QXPEHU Rl PHVK SRLQWV RU WKH SUHVHQFH WD Y VWDUWXS WLPH DQG ZRUN ORDG

SRLQWV LQ WKH FDVH Rl WKH %RXQGDU\ (OHPHQMROMKRYW *HQHWLF 3URJUDPPLQJ HDVLO\ OH
WR VROYH WKH QRQ VHOI DGMRLQW ERXQGDU\ YWROKHFRHREOBEBPUDOOHO LPSOHPHQWDWLRQ .R]D
7KH ODUJHU WKH QXPEHU RI SRLOQWV WKH PRUH BRRQLARPELADBEG ZLWK WKH PHWKRG LQ 1RUGLQ

EH WKH UHVXOW DFKLHYH VLIQLNnFDQW SHUIRUPDQFH JDLQV

7KH PHVK DQG SRLQWV LQWURGXFH FRPSXWDWLRQDO FRP
SOH[LWLHV DQG WUDGH RmV FHOO DVSHFW UDW&RQE@MRMINRIRS

LQGLUHFW PHPRU\ DGGUHVVLQJ UDSLG JURZWK LQ WKH QXP

EHU RI RSHUDWLRQV UHTXLUHG WR VROYH WKHFQRYHD YRRMMKRG LV GHYHORSHG WR PRGHO FRC(
FRQGLWLRQLQJ Rl WKH PDWUL[ LQ WKH FDVH RI GWHOBRQYSWREOHPV ZKLFK HYROYHV D YDULDE
WUL[ VROXWLRQ PHWKRGV HWF )LQDOO\ DGDSYHEYWRRHRIKFREIQRPLDO FRHpFLHQWY WV nWQH\
IRU PHVK UHNQHPHQW PXVW EH GHYLVHG WR WIMFNIDD®R®K VIXDUHG HUURU ZKLFK KDV WKH
WLRQ E\ FRUUHFWLQJ WKH PHVK PRVW HFRQRPIEIDQRW UHTXLULQJ VDPSOLQJ SRLQWV QRU GHU

*
7KH *3 VFKHPH SUHVHQWHG LQ WKLV SDSHU G \)N Vi SHULPHQWV VROYH WKH VWHDG\ FRG
\

XDWLRQ LQ RQH VSDFH YDULDEOH
DQ\ VDPSOLQJ SRLQWVY DQG GRHV QRW UHTXLUH Q LQ RQH VS ULDEO

VHTXHQWO\ FRPSOLFDWHG DOJRULWKPV WR K VZE;(;'W\ II:@VI\%I?J?K';IIEI)I(:QQVSVFZ'\?V\IQSSVF;_%EC
DGGUHVVLQJ DUH QRW UHTXLUHG

WKH PHWKRG KDV DGYDQWDJHV RYHU SRSXODU :5(

2UGHU RI DSSUR[LPDWLRQ 7KLV PHWKRG FDQQRW EH UHFRPPHQGHG DV D VH
WHUQDWLYH IRU VROYLQJ WKHVH SUREOHPV XQWI

+LJK RUGHU :50 TXDGUDWLF nQLWH HOHPHQWVIRRGEWR REWDLQ UHVXOWSHOWRKGH¥HORS WHFK
RUGHU nQLWH GLMHUHQFHV LQFUHDVH WKH EDQIGAHSMRIRVRBMWLRQ RQ FRPSOH[ JHRPHWULHYV |
UHVXOWLQJ PDWUL[ VIVWHP WR EH VROYHG SUMARQXGLQ3DFKHDULDEOHY ,URQV DQG WR KDQ(
SUDFWLFDO XVH LQ VROXWLRQ RI HTXDWLRQVIHXPRRIQUHBEIQEGE DBHFKOHW ERXQGDU\ FRQGLWLRQV
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Genetic Algorithm Derivation
7

fitness genotype /évaI(E) sym(X), c_eval(X, E).
L [

Sym(x).
O

Sym(X +Y) : sym(X), sym(Y).
] s e et

Fitness Evaluation

X yt yixy =]

E=sum (t (x+xy))"2
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When Short Runs Beat Long Runs
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Abstract

What will yield the best results: doing one run

n generations long or doing runsn=m genera-
tions long each? This paper presents a technique-
independent analysis which answers this ques-
tion, and has direct applicability to scheduling
and restart theory in evolutionary computation
and other stochastic methods. The paper then ap-
plies this technique to three problem domains in
genetic programming. It discovers that in two of
these domains there is a maximal number of gen-
erations beyond which it is irrational to plan a
run; instead it makes more sense to do multiple
shorter runs.

INTRODUCTION

or may not be appropriate. Commonly the work relies on
variance within a population or analysis of change in per-
formance overtime. These techniques are ad-hoc, but more
problematic, they are often domain-speci c. For example,
they would not work in general on genetic programming.

In some sense, detecting premature convergence is an anal-
ysis of time-to-failure. A more cheerful focus in evolution-
ary computationconvergence velocityis not directly in-
volved in resource allocation but has many important ties.
Evolutionary strategies analysis can demonstrate the rates
at which speci ¢ techniques are expected to move towards
the optimum, either in solution space or in tness space
[Back, 1996]. Since different population sizes can be con-
sidered different techniques, this analysis can shed light on
resource allocation issues.

One area which directly tackles resource allocation is
schedulingFukunaga, 1997]. A schedule is a plan to per-
form n runs eacH generations long. The idea is to come

up with a schedule which best utilizes available resources,
Sased on past knowledge about the algorithm built up in

mine how best to allocate precious resources to nd the, . .- Typically this knowledge is derived from pre-

hest possible solution. This issue has not gone away W't'{}ious applications of the algorithm to various problem do-

incr.ea}ses. in computer power: rather, the dif cqlty of our mains different from the present application. [Fukunaga,
optimization problems has more than kept up with our new1997] argues that previous problem domains are a valid

Eompg(tjat:jonal rggi_cle. f\nd tfle T'Stet o:]masswe parda_”d'sr%redictor of performance curves in new domains, for ge-
as added an additional constraint to how we may divvy Ug, .4« algorithms at least.

our total evaluations.
L . . Outside of evolutionary computation, there is considerable
Studies in resource allocation have attacked d|fferent Snterest inrestart methodéor global optimization. For dif-
pects of the problem. One popular area of study in genetic

lqorithms isonli tart determinatiarThi Ks: cult problems where one expects to perform many runs
algonthms 1soniine restart determinatiantiis area asks. o, q obtaining a satisfactory solution, one popular restart
while in the midst of a stochastic run and with aqori-

 knowled hould | restart dt 2 Thi method is to perform random restarts [Hu et al., 1997,
orl knowiedge, should | restart now and try agains 1MISepannadian and Alford, 1996]. If the probability density
used to be a critical issue for GAs because of the spectre Yinction of probability of convergence at tintés known
premature convergence. Detecting the approach of prema-

: en it is also possible to derive tloptimum restart time
ture convergence during a run saved valuable cycles Otheguch that, as the number of evaluations approaches in nity;
wise wasted. There has been much work in this area; for y !

the algorith ith th t rapid possible rat
few examples, see [Goldberg, 1989, Collins and Jefferso © algoriihm converges wi © most rapid possible rate

1991, Eshelman and Schaffer, 1991]. This work usuall Magdon-Ismail and Atiya, 2000].
assumes certain heuristics about convergence which madyastly, much genetic programming work has assumed that



the optimum can be discovered. A common metric ofLemma 1 Givenn selections with replacement from the
time-to-optimal-discovery is callecdumulative probability  set of numberEl; ::;; mg, the probability that is the max-
of succes$Koza, 1992]. However, this metric does not di- imum number selected is given by the formﬂlarﬁ:n—l)n.
rectly say anything about the rate of success nor whether orhe sum of probabilities for all suahis 1.

not shorter runs might yield better results.

The analysis presented in this paper takes a slightly differPrOOf Consider the se8; of all possible events for which,

ent tack. It attempts to answer the question: is it rationaP"°NY then numbers selected with replacements the .
to try a single rum generations long? Would it be smarter maxiumum number. These gvents share the wo f_ollowmg
to instead trym runs each generations long? As it turns criteria. First, for each sele_ctlonamong_then selections,
out, this question can be answered with a relatively simplé( r- Second, there exists a selec'qy)ramong then .
procedure derived from a manipulation of order statistics]cor whichy ~ r. The cpmplement to this secqnd criterion
The procedure is entirely problem-independent; in fact it!S that for each selection among then selectionsx

can be easily applied to any stochastic search method. (r %)' .Smce this pomplemept is a strict subset of the
rst criterion, thenS; is the set difference between the rst

Unlike some of the previous methods, this analysis doegriterion and the complement, thus the probabilityRpf
not attempt to determine how long it takes to discover theof an event inS, occuring is the difference between the
optimum, nor the probability of discovering it, nor how fast probability of the rst criterion and the probability of the
the system converges either globally or prematurely. It iscomplement, thati®, = P(8x:x r) P(8x:x (r
simply interested in knowing whether one schedule is likely1)).

to produce better net results than another schedule. _ . .
For a single selection with replacement from the set of

This paper will rst present this analysis and prove it. numbersf 1;:::; mg, the probability that the selection is
It will then apply the analysis to three problems in ge-less than or equal to some valgeis simply 2. Thus
netic programming, an evolutionary computation approachor n independent such selections, the probability that all
which is notorious for requiring large populations and shortare g is Q. Substituting into the solution above, we

mn

runlengths. It then discusses the results. getP, = I (rm:)” - 1" r(nr D" " Further, the
sum of such probabilities for at is = ", T D =
2 PRELIMINARIES 1”mnon + 2"mn1" + 4m r(nn:1 n" _ m';nnon -1 m

We begin with some theorems based on order statistiCSgheqrem 2 Consider a discrete distribution ah trials,
which are used to prove the claims in Section 3. These theyiih each trialr having a qualityQ(r), sorted byQ so that
premstell us what the expected value is of the_highest_quak—rim 1 has the lowest quality and triah has the highest
ity (tness) found among of soma samples picked with — ,5jity. If we pickn trials with replacement from this distri-

replacement from a population. The rst theorem gives thenution, the expected value of the maximum quality among
continuous case (where the population is in nite in size).hasen trials will be

The second theorem gives the discrete case.
) ) " (r 1)

Theorem 1 LetXq;:::; X, ben independent random vari- Q(r) B —
ables representing selections from a population whose r=1
density function isf (x) and whose cumulative density
function isF (x). LetX max be the random variable repre- Proof The rank of a trial is its positionl;::;;m in the
senting the maximum of th(e.RlThen the expected value of sorted order of then trials. The expected value of the max-
Xmax is given by the formula;  xnf (x)(F (x))" Lax. imum quality among tha selected trials is simply the sum,

) . over each rank, of the probability that will be the highest
Proof Note that for any givex, Xmax  x ifand only  rank among the selected trials, times the quality.oThis

if for all i, X;  x. Then the cumulative density func- probability is given by Lemma 1. Hence the summation is
tion Fx ., (x) of the random variablX nax is as follows: m Q(r)r" (GO L™
r=1 I

Fm (X) = PXmax X)) = P(X1  X)P(Xz m
X)::P (X, X) = F(X)F(X)::F(X) = (F(X))". The

density functionfx,_, (x) for Xmax is the derivative of 3 SCHEDULES
this, sof x ... (X) = nf (X)(F(x))" 1. Thegxpected value

of any density functiors(x) is de ned as i XG (x)dx, These order statistics results make possible the creation of
so the expgclted maximum V@ill.le of theandom variables tools that determine which of two techniquaésandB is
isequalto | xfx, , dx = xnf (x)(F(x))" Ldx. expected to yield the best results. This paper discusses a
] speci ¢ subset of this, namely, determining whether evo-



lutionary techniquéd runmy generations; times (com-
monly 1 time) is superior the same technigierun m;
generations1, times, wherenym; = np,m,. We begin
with some de nitions.

De nition 1 AscheduleS is atuples; Isi, representing
the intent to dos independent runs of length each.

De nition 2 LetS; T be two schedules. Theéhreaches

T if ng runs of lengthls are expected to yield as good

as or higher quality tham+ runs of length+. De ne the
predicate operato T to be true if and only i§ reaches
T.

Rs xr

(r

mr

1)nT

nrt

(r

mg"s

s

Qs(n)— Qr(n™—

r=1 r=1
Proof Both sides of this inequality are direct results of
Theorem 21

These theorems give tools for determining whether one
schedule reaches another. We can use this to estimate what
schedule is best for a given technique. If we wanted to ex-
amine a technique and determine its best schedule, we have
two obvious options:

The following two theorems assume that higher quality is

represented by higher values. In fact, for the genetic pro-
gramming examples discussed later, the graphs shown have

lower tness as higher quality; this is recti ed simply by
inverting the tness values.

Theorem 3 Let p;(x) be the probability density function

and P;(x) the cumulative probability density function of
the population of all possible runs, re ecting their quality
at timet (assume higher values mean higher quality). Then

S T ifandonlyif:

Z,
xnspris (X)(Pis ()" tdx
Z4
xn7pi; ()(Pr ()" *dx

Proof Both sides of this inequality are direct results o

Theorem 11

1. Perform runs out to our maximum runlength, and use
run-data throughout the runs as estimates of perfor-
mance at any given time The weakness in this ap-
proach is that these estimates are not statistically in-
dependent.

2. Performruns out to a variety of runlengths. The weak-
ness in this approach is that it requi®én?) evalua-
tions.

A simple compromise adopted in this paper is to do runs
out to 1 generation, a separate set of runs ou? igener-
ations, another set of runs out4gyenerations, etc., up to
some maximal number of generations. Thigig), yet
still permits runlength comparisons between statisticatlly
independent data sets.

Two statistical problems remain. First, these comparisons
¢ do not come with a difference-of-means test (like a t-test or

ANOVA). The author is not aware of the existence of any

such test which operates over order statistics appropriate to

The continuous case above is not that useful in reality, sincehis kind of analysis, but hopes to develop (or discover!)
we rarely will have an in nite number of runs to draw from! one as future work. This is alleviated somewhat by the fact
However, if we perform many runs of a given runlength, that the result of interest in this paper is often not the hy-

we can estimate the expected return from doingins at

pothesis but the null hypothesis. Second, the same run data

that runlength, and use this to determine if some schedfor a schedule is repeatedly compared against a variety of

ule outperforms another schedule. The estimate makes
assumption that the runs we performed (our samplexdis
actly representativef the full population of runs of that
runlength.

Theorem 4 Given a schedul& = g;lsi, consider a
random sample, with replacement, wifs runs from all

possible runs of runlength;. Let these runs be sorted by

quality and assigned ranks :::;; ms, where a run's rank
represents its order in the sort, and radkis the lowest
quality. Further, letQs(r) be the quality of the run from
the sample whose rank is Qs(r) should return higher
values for higher quality. For another schedule simi-

larly de ne mt andQr (r). Then an estimate of reaching

is as follows.S T if and only if:

theher schedules; this increases the alpha error. To elimi-
nate this problem would necessita®n?) evaluations (!)
which is outside the bounds of the computational power
available at this time.

4 ANALYSIS OF THREE GENETIC
PROGRAMMING DOMAINS

Genetic Programming is an evolutionary computation eld
with traditionally short runlengths and large population
sizes. Some of this may be due to research following in
the footsteps of [Koza, 1992, 1994] which used large pop-
ulations (500 to 1000 individuals) and short runlengths (51
generations). Are such short runlengths appropriate? To
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Figure 2: Runlength Analysis of Symbolic Regression Do-
main. Areas are black where X is a superior strategy to Y
and white where Y is as good or better than X. Gray regions
are out of bounds.
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Figure 1: Runlength vs. Fitness, Symbolic Regression Do-
main (Including Detail) in [Koza, 1992], with a population size of 500 and tourna-
ment selection with a tournament of size 7. The function to

_ _ _ be tted wasx* + x3 + x2 + x.
consider this, | analyzed three GP problem domains: Sym-

bolic Regression, Arti cial Ant, and Even 10-Parity. These Unlike the other two problems, Symbolic Regression oper-
three domains have very different dynamics. ates over a continuous tness space; if cannot nd the opti-

mal solution, it will continue to nd incrementally smaller
In all three domains, | performed 50 independent runs fo’improvements. Although Symbolic Regression very occa-
runlengths o2’ generations ranging fro@f to some2™ . gjgnally will discover the optimum, usually it tends towards
Because these domains differ in evaluation timex var-  jncrementalism. As such, Symbolic Regression tness val-
ied from domain to domain. For Symbolic Regression,yes can closely approach 0 without reaching it, so Figure
2me* = 8192. For Arti cial Ant, 2M® =2048. For Even 1 shows both zoomed-out and zoomed-in versions of the
10-Parity,2™®* = 1024. For all three domains, lower t-  same data. Grey dots represent individual best-of-run re-

ness scores represent better results. The GP system ussls for each run; black dots represent means of 50 runs of
was ECJ [Luke, 2000]. that runlength.

The analysis graphs presented in this paper compargs can be seen, the mean continues to improve all the way
single-run schedules with multiple-run schedules of shortegg runlengths of 8192. But is it rational to plan to do a run

length.  However additional analysis comparingun oyt to 8192 generations? Figure 2 suggests otherwise.
schedules withnm-run schedules of shorter length has

yielded very similar results. The runlength analysis graphs can be confusing. On the

graph, the poin{X;Y ); X > Y indicates the result of
comparing a scheduke = hi; Xi with the schedul® =
hf(—; Yi, which has the same total number of evaluations.

The goal of the Symbolic Regression problem is to nd aThe grgph IS Wh't_e iB A, black otherwise. .Th's sa
lower-right matrix: gray areas are out-of-domain regions.

symbolic expression which best matches a set of randomly-
chosen target points from a prede ned function. Ideally,Figure 2 shows that the expected quality of a single run
Symbolic Regression discovers the function itself. | usedf length 32is reached by doing sonre runs of length

the traditional settings for Symbolic Regression as de nedl6 which total the same number of evaluations. Another

4.1 Symbolic Regression
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interesting feature is that there is a minimum acceptable
runlength: under no circumstances could multiple runs less

. . A 1 2 4 8 16 32 64 128 256 512 1K 2K
than 8 generations reach a single run of larger size. X: Run Length with One Run

What about comparing a schedéle= hc; Xi with sched-

ulesB = hS:;Yi? Even with values of = 2;4;8, the  Figure 4;: Runlength Analysis of Arti cial Ant Domain.
resultant runlength analysis graphs were almost identical. Areas are black where X is a superior strategy to Y and

white where Y is as good or better than X. Gray regions are
4.2 Articial Ant out of bounds.

Arti cial Ant moves an ant across a toroidal world, at-
tempting to follow a trail of food pellets and eat as muchfollowed the speci cations for the Parity problem family as
food as possible in 400 moves. | used the traditional Arti - outlined in [Koza, 1992].

cial Ant settings with the Santa Fe trail as de ned in [Koza, Figure 5 shows just how dif cult it is for Genetic Program-

1.992]’ .W'th a population size of 500 and tournament Selec_ming to solve the Even-10 Parity problem. Even after 1024
tion using a tournament of size 7.

generations, no run has reached the optimum; the mean
As shown in Figure 3, the mean Atrti cial Ant best-of-run best-of-run tness has improved by only 25% over random
tness improved monotonically and steadily with longer solutions. The curve does not resemble the logistic curve
runlengths clear out to 2048 generations. But this did notf the other two GP domains.

mean that it was rational to plan to do a run out that far. . . .
. . One might suppose that in a domain where 1024 genera-
Figure 4 suggests that single runs of runlengths beygnd ) . : .
tions improves little over 1 generation, runlength analysis

i i i un- i
?e?]r;rr]astlsuntstnl:;Zﬁzcnhuemdsgrrgﬂgfalfézgi \;vtlitgnsshorterr would argue for the futility of long runs. Yet the results

were surprising: a single run of any length was always
This is very similar to the Symbolic Regression results.consistently superior to multiple runs of shorter lengths.
Also similar was the existence of a minimum acceptableEven though Even-10 Parity is very dif cult for Genetic

runlength: runs less than 4 could not reach a single run oProgramming to solve, it continues to plug away at it. It is
larger size. Lastly, runlength analysis graphs with values otonceivable that, were we to run out far enough, we might

c=2;4; or8were very similar. see a maximal rational runlength in the Even-10 Parity do-
main. Nonetheless, it is surprising that even at 1024 gener-
4.3 Even-10 Parity ations, Even-10 Parity is still going strong.

The last problem analyzed was Even-10 Parity, a very dif-

cult problem for Genetic Programming. Even-10 Par- 5 DISCUSSION

ity evolves a symbolic boolean expression which correctly

identi es whether or not, in a vector of 10 bits, an even As the Symbolic Regression and Arti cial Ant domains
number of them are 1. This is a large and complex funchave shown, there can be a runlength beyond which it
tion and necessitates a large GP tree. To make the problesgems irrational to plan to do runs, because more runs of
even harder, | used a small population (200), but otherwisshorter length will do just as well if not better. | call this
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Y

runlength ecritical point. The location of the critical point
sgggests interesting things about the ability o_f_the te_ch— 12 4 X:i{unigngtﬁzwith%nelé’-fn 256 512 1K
nique to solve the problem at hand. As the critical point

approaches 1, the technique becomes less and less of an

improvement over blind random search. Figure 6: Runlength Analysis of Even-10 Parity Domain.

Symbolic Regression only occasionally nds the optimum,Aréas are black where X is a superior strategy to Y and

but if it is lost, around generation 64 it seems to begin toWhite where Y is as good or better than X. Gray regions are

search for incrementally smaller values. One is tempted t@Ut of bounds.

suggest that this is why it is irrational to continue beyond

about generation 32 or so. However, while the curve a’[-runs within this window of rationality,

tens out, as the detail shows, it still makes improvements '

in tness. The critical feature is that thearianceamong  One last item that should be consideredvsluation time

the runs stays high even though the mean improves onlwhich for genetic programming is strongly in uenced by

slowly. This is what makes it better to do 2 runs of lengththe phenomenon afode bloat As a genetic programming

32 (or 8 of 8) than 1 run of length 64, for example. run continues, the size of its individuals grows dramati-

Arti cial Ant demonstrates a similar effect. Even though cally, anq so does the amount of time necessary to breed
and particularly to evaluate them. So far we have compared

the mean improves steadily, the variance after generation . T ;
: chedules in terms of total number of evaluations; but in the
32 stays approximately the same. As a result, 4 runs o

32 will handily beat out 1 run of 128 despite a signi cant case of genetic programming it might make more sense to

improvement in the mean between 32 and 128 generationgo P& © them in terms stal runtime The likely effect of
P 9 fhis would be to make the maximally rational runtime even

The interesting domain is Even 10-Parity. In this domainshorter. In the future the author hopes to further explore

the mean improves and the variance also continues to irthis interesting issue.

crease. As it turns out, the mean improves just enough to

counteract the widening variance. Thus even though this ig

a very dif cult problem for genetic programming to solve, 6 CONCLUSION

it never makes sense to do multiple short runs rather than

one long run! Genetic programming has traditionally not done runs

Symbolic Regression and Arti cial Ant also suggest that longer t_han 50 generations or 50, at least for the common
cannonical problems. Instead it prefers larger population

there can exist aninimumrunlength such that any num- . . .
; . o . sizes. The results of this analysis suggest one reason why
ber of runs with fewer generations are inferior to a single,, . . i
) I L this might be: beyond a very small runlength (16 for Sym-
run of this runlength. In some sense it is also irrational

! . . .~ “bolic Regression, about 32 or 64 for Arti cial Ant) the
to do multiple runs with fewer generations than this mini- . =~ . "~ .
. . diminishing returns are such that it makes more sense to
mum runlength instead of (at least) one run at the mlnlmlmdivv up the total evaluations into multiple smaller runs
runlength. Thus there is a window between the minimum yup P '

and maximum rational runlengths. If one has enough evalBut “rapidly diminishing returns” is not the same thing as
uations, it appears to makes most sense to spend them &aif cult problem”. In a hard problem like Even-10 Parity,



it still makes sense on average to press forward rather than
do many shorter runs.

This paper presented a formal, heuristic-free, domain-
independent analysis technique for determining the ex-
pected quality of a given schedule, and applied it to three
domains in genetic programming, with interesting results.

But this analysis is applicable to a wide range of stochastic
technigues beyond just GP, and the author hopes to apply it
to other techniques in the future.
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Abstract Recent tree generation algorithms have focused on speed.

[Chellapilla, 1997] deviseRANDOMBRANCHsimple al-
This paper discusses and compares ve major gorithm which generated trees approximating a requested

tree_generation a|gorithms for genetic program- tree size. After demonstrating prOblemS with (BROVall-

ming, and their effects on tness:RAMPED gorithm, [Luke, 2000b] modife@GROWb0 producePTC1
HALF-AND-HALF, PTC1 PTC2 RANDOM- which guaranteed that generated trees would appear around
BRANCHand UNIFORM The paper compares an expected tree size. [Luke, 2000b] also preseRET2

the performance of these algorithms on three ge- ~ Which randomly expanded the tree horizon to produce trees
netic programming problems (11-Boolean Multi- of approximately the requested size. All three of these al-
plexer, Arti cial Ant, and Symbolic Regression), gorithms are linear in tree size.

and discovers that the algorithms do not have a  goth [1ba, 1996] and [Bohm and Geyer-Schulz, 1996] ar-

signi cant impact on tness. Additional experi- gued for the superiority of their algorithms over the Koza

mentation shows that tree size does have an im-  gandard algorithms. [Whigham, 1995b] showed that bias-

portant impact on tness, and further that the ing a grammar-based tree-generation algorithm could dra-

ideal initial tree size is very different from that matically improve (or hurt) the success rate of genetic pro-

used in traditional GP. gramming at solving a given domain, though such bias
must be hand-tuned for the domain in question.

1 INTRODUCTION In contrast, this paper examines several algorithms to see if
any of the existing algorithms appears to make much of a

The issue of population initialization has received surpris-difference, or if tree size and other factors might be more

ingly little attention in the genetic programming literature. signi cant.

[Koza, 1992] established th e ROWFULL, andRAMPED

HALF-AND-HALF algorithms, only a few papers have ap- E THE ALGORITHMS

peared on the subject, and the community by and large sti

uses the original Koza algorithms. This paper compares ve tree generation algorithms from

Some early work was concerned with algorithms simi-the literature. These algorithms were chosen for their
lar to GROWut which operated on derivation grammars. widely differing approaches to tree creation. The chief al-
[Whigham, 1995a,b, 1996] analyzed biases due to populagorithm notin this comparison RAND-TREH]Iba, 1996].

tion initialization, among other factors, in grammatically- This algorithm has been to some degree subsumed by a
based genetic programming. [Geyer-Schulz, 1995] also denore recent algorithm [Bohm and Geyer-Schulz, 1996],
vised similar techniques for dealing with tree grammars. which generates trees from a truly uniform distribution (the

The rst approximately uniform tree generation algorithm original unachieved goal RAND-TREE.

was RAND-TREE[lba, 1996], which used Dyck words The algorithms discussed in this paper are:

to choose uniformly from all possible tree structures of a

given arity set and tree size. Afterwards the tree structur@ 1 Ramped Half-And-Half and Related Algorithms
would be populated with nodes. [Bohm and Geyer-Schulz,

1996] then presented an exact uniform algorithm for choosRAMPED HALF-AND-HALFS the traditional tree gener-
ing among all possible trees of a given function set. ation algorithm for genetic programming, popularized by



[Koza, 1992]. RAMPED HALF-AND-HALFakes a tree PTCI(precomputed probability, depthd, max depttD)
depth range (commonly 2 to 6 — for this and future refer-  Returns:atree ofdepth D d

ences, we de ne “depth” in terms of number of nodes, not  If d = D, return a random terminal

number of edges). In other respects, the user has no control Else if a coin-toss of probability is true,

over the size or shape of the trees generated. Choose a random nonterminal

RAMPED HALF-AND-HALFrst picks a random value For each argumestof n,
L ; S Fill awith PTC1(p,d+1,D)
within the depth range. Then with 1/2 probability it uses .
. S Returnn with lled arguments
the GROWlgorithm to generate the tree, passing it the cho- Else return a random terminal
sen depth; otherwise it uses tR&JLL algorithm with the
chosen depth. PTClLlis started by passing i, O ford, and the maximum
GROW very simple: depth f(_)rD. ETCls computanopal complexity is linear or
nearly linear in expected tree size.
GROVdepthd, max depttD)
Returns:atree ofdepth D d
If d= D, return a random terminal
Else
Choose a random function or termirfal
If f is a terminal, returr
Else
For each argumentof f ,
Fill a with GROYd +1,D)
Returnf with lled arguments

23 PTC2

PTC2 [Luke, 2000b] receives a requested tree size, and
guarantees that it will return a tree no larger than that tree
size, and no smaller than the size minus the maximum arity
of any function in the function set. This algorithm works
by increasing the tree horizon at randomly chosen points
until it is suf ciently large. PTC2in pseudocode is big, but

a simple version of the algorithm can be easily described.
GROVis started by passing in O fat, and the requested
depth forD. FULL differs from GROVnly in the line
marked with a . On this line, FULL chooses a nonter-
minal function only, never a terminal. ThusJLL only
creates full trees, and always of the requested depth.

PTC2takes a requested tree si@e If S = 1, it returns a
random terminal. Otherwise it picks a random nonterminal
as the root of the tree and decreaSeby 1. PTC2then
puts each un lled child slot of the nonterminal into a ket
representing the “horizon” of un lled slots. It then enters
Unlike other algorithms, because it does not have a size pahe following loop:

rameterRAMPED HALF-AND-HALHoes not have well-

de ned computational complexity in terms of sizEULL o

always generates trees up to the depth bound provided. Asl- If Sj Hj, break from the loop.

[Luke, 2000b] has shownGROWithout a depth bound

may, depending on the function set, have an expected tree2, Else remove a random slot frarh. Fill the slot with

size of in nity. a randomly chosen nonterminal. Decre&dy 1.
Add to H every un lled child slot of that nontermi-
22 PTC1 nal. Goto #1.

PTC1 [Luke, 2000b] is a modi cation of th&sROVEIgo- _ . . .

rithm which is guaranteed to produce trees around a nite’/'\t this point, the total number of nonterminals in the tree,
expected tree size. A simple version of PTCL1 is describe lus the number gf SlOtS. |h_1r,C<25qu'aLs or b%rely excgeds
here. PTC1 takes a requested expected tree size and a md¢ User-requested tree SIEEL _NIshes up by removing
imum legal depth. PTC1 begins by computinghe prob- slots fromH one by one and lling them with randomly
ability of choosing a nonterminal over a terminal in ordercr:1osen terminals, untl is exhaustedPTC2then returns
to maintain the expected tree siZeas: the tree.

PTC2s computational complexity is linear or nearly linear

1 L i ;
p= X 1E in the requested tree size.
by
nzn 2.4 RandomBranch

whereN is the set of all nonterminals arig is the arity of RANDOMBRANGQEhellapilla, 1997] is another interesting
nonterminah. This computation can be done once of ine. tree-generation algorithm, which takes a requested tree size
Then the algorithm proceeds to create the tree: and guarantees a tree of that size or “somewhat smaller”.



Problem Domain Algorithm Parameter Avg. Tree Size

11-Boolean Multiplexer RAMPED HALF-AND-HALF (No Parameter) 21.2
11-Boolean Multiplexer RANDOMBRANCH Max Size: 45 20.0
11-Boolean Multiplexer PTC1 Expected Size: 9 20.9
11-Boolean Multiplexer PTC2 Max Size: 40 21.4
11-Boolean Multiplexer UNIFORM-even Max Size: 42 21.8
11-Boolean Multiplexer UNIFORM-true Max Size: 21 20.9
Arti cial Ant RAMPED HALF-AND-HALF (No Parameter) 36.9
Arti cial Ant RANDOMBRANCH Max Size: 90 33.7
Arti cial Ant PTC1 Expected Size: 12 38.5
Arti cial Ant PTC2 Max Size: 67 35.3
Arti cial Ant UNIFORM-even Max Size: 65 33.9
Arti cial Ant UNIFORM-true Max Size: 37 36.8
Symbolic Regression RAMPED HALF-AND-HALF (No Parameter) 11.6
Symbolic Regression RANDOMBRANCH Max Size: 21 11.4
Symbolic Regression PTC1 Expected Size: 4 10.9
Symbolic Regression PTC2 Max Size: 18 11.1
Symbolic Regression  UNIFORM-even Max Size: 19 11.2
Symbolic Regression  UNIFORM-true Max Size: 11 10.8

Table 1: Tree Generation Parameters and Resultant Sizes

RANDOMBRANC(Cefuested sizs) During tree-generation timelJJNIFORNs computational
Returns:a tree of size s complexity is nearly linear in tree size. HoweverNI-
If a nonterminal with arity s does not exist FORMnNust rst compute various tables of ine, including a
Return a random terminal table of numbers of trees for all sizes up to some maximum
Else feasibly requested tree sizes. Fortunately this daunting task
Choose a random nontermimabf arity s can be done reasonably quickly with the help of dynamic
Leth, be the arity oin programming.

For each argumemtof n,
Fill a with RANDOMBRAN%}C)
Returnn with lled arguments

During tree-generation timé)NIFORMpicks a node se-
lected from a distribution derived from its tables. If the
node is a nonterminal)NIFORMhen assigns tree sizes to
each child of the nonterminal. These sizes are also picked
Becausc(RANDOMBRANGE@WKEeNly dividess up among the  from distributions derived from its table&/NIFORMhen
subtrees of a parent nonterminal, there are many trees thadlls itself recursively for each child.
RANDOMBRANGIHNply cannot produce by its very na-
ture. This makeRANDOMBRANG@¢ most restrictive of
the algorithms described herdRANDOMBRANEKom-
putational complexity is linear or nearly linear in the re-
guested tree size.

UNIFORMSs a very large but otherwise elegant algorithm;
but it comes at the cost of of ine table-generation. Even
with the help of dynamic programmingNIFORNS com-
putational complexity is superlinear but polynomial.

3 FIRST EXPERIMENT
2.5 Uniform

[Bohm and Geyer-Schulz, 1996] claimed th3NIFORM
UNIFORMis the name we give to the exact uniform tree dramatically outperforme@®@AMPED HALF-AND-HALF
generation algorithm given in [Bohm and Geyer-Schulz,and argued that the reason for this VRBMPED HALF-
1996], who did not name it themselvesNIFORMtakes  AND-HALFs highly non-uniform sampling of the initial
a single requested tree size, and guarantees that it will crggrogram space. Does uniform sampling actually make
ate a tree chosamiformlyfrom the full set of all possible a signi cant difference in the nal outcome? To test
trees of that size, given the function s&INIFORMs too  this, the rst experiment compares the thessRAMPED
complex an algorithm to describe here except in generaHALF-AND-HALF, PTC1, PTC2, RANDOMBRANCahd
terms. two different versions o NIFORMUNIFORM-true and



UNIFORM-even, described later). It is our opinion that ~ Fisher LSD Algorithm Tukey

the “uniformity” of sampling among the ve algorithms PTC2
presented is approximately in the following order (from PTC1
most uniform to least): UNIFORM(of course), PTC2, RAMPED HALF-AND-HALF
RAMPED HALF-AND-HALRPTC1, RANDOMBRANCH UNIFORM-true
. . . UNIFORM-even
The comparisons were done over three canonical genetic RANDOMBRANCH

programming problem domains, 11-Boolean Multiplexer,
Arti cial Ant, and Symbolic Regression. Except for the

tree generation algorithm used, these domains followed thgab.Ie 2 ANQVA Result_s for Symbolic Regression. Al-
parameters de ned in [Koza, 1992], using tournament Segorlthms are in decreasing order by average over 50 runs

lection of size 7. The goal of 11-Boolean Multiplexer is of best tness per run. Vertical lines indicate classes with

to evolve a boolean function on eleven inputs which per—St""t'S“C"’lIIy insigni cant differences.

forms multiplexing on eight of those inputs with regard to

the other three. The goal of the Arti cial Ant problemisto 5ins. ECJ [Luke, 2000a] was the genetic programming
evolve a simple robot ant algorithm which follows a trail of system used.

pellets, eating as many pellets as possible before time runs

out. Symbolic Regression tries to evolve a symbolic mathFigures 1 through 6 show the results for the various al-

ematical expression which best ts a training set of datagorithms applied to 11-Boolean Multiplexer. Figures 8
points. through 13 show the results for the algorithms applied to

) . ) ) Arti cial Ant. As can be seen, the algorithms produce sur-
To perform this experiment, we did 50 independentruns foryisingly similar results. ANOVAs at 0.05 performed on
each domain using tHRAMPED HALF-AND-HALBIgo-  ihe algorithms for both the 11-Boolean Multiplexer prob-
rithm to generate initial trees. From there we measured thgyy, and the Arti cial Ant problem indicate that there is
mean initial tree size and calibrated the other algorithms,, statistically signi cant difference among any of them.
to generate trees of approximately that size. This calibrapgr symbolic Regression, an ANOVA indicated statisti-
tion is not as simple as it would seem at rst. For example,c4ly signi cant differences. The post-hoc Fisher LSD and
PTC1can be simply set to the mean value, and it shouldrykey tests, shown in Figure 2, reveal thitIFORMares

produce trees around that mean. However, an additiongorse than all algorithms exceRANDOMBRANCH
complicating factor is involved: duplicate rejection. Usu-

ally genetic programming rejects duplicate copies of the

same individual, in order to guarantee that every initial in-4 SECOND EXPERIMENT

dividual is unique. Since there are fewer small trees than

large ones, the likelihood of a small tree being a duplicatdf uniformity provides no statistically signi cant advan-

is correspondingly much larger. As a result, these algotage, what then accounts for the authors' claims of im-
rithms will tend to produce signi cantly larger trees than provementsin tness? One critical issue might be average
would appear at rst glance if, as was the case in this expertree size. If reports in the literature were not careful to nor-
iment, duplicate rejection is part of the mix. Hence somemalize for size differences (very easy given tR&MPED
trial and error was necessary to establish the parameters relALF-AND-HALF has no size parameters, and duplicate
quired to produce individuals of approximately the samerejection causes unforseen effects) it is entirely possible
mean size aRAMPED HALF-AND-HALFThose param- that signi cant differences can arise.

eters are shown in Table 1. The goal of the second experiment was to determine how

In the PTC1 algorithm, the parameter of consequence ismuch size matters. UsingNIFORM-even, we performed

the expected mean tree size. For the other algorithms, th80 independent runs each for the following maximum-size
parameter is the “maximum tree size”. ABTC2 RAN-  values: 3, 4,5, 6, 7, 8, 9, 10, 12, 14, 16, 18, 20, 25, 30,
DOMBRANGIHNdUNIFORM-even, a tree is created by 40, 50, 60, 80, 100. The test problem domains were again
rst selecting an integer from the range 1 to the maximumZ11-Boolean Multiplexer, Arti cial Ant, and Symbolic Re-
tree size inclusive. This integer is selected uniformly fromgression with two features modi ed. First, the population
this range. IUNIFORM-true however, the integer is se- Size was reduced from 500 (the standard in [Koza, 1992]) to
lected according to a probability distribution de ned by the 200, to speed up runtime. Second, the runs were only done
number of trees of each size in the range. Since there af@r eight generations, rather than 50 (standard for [Koza,
far more trees of size 10 than of 1 for example, 10 is choseA992]). The reasoning behind this is that after eight gen-
much more often than 1. For each remaining algorithm, 5@rations or so the evolutionary system has generally settled

independent runs were performed with both problem dodown after initial “bootstrapping” effects due to the tree-
generation algorithm chosen.
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Qlnrod| Qlnrodhy
Ghsw1 ri Pdwkl dqg Frpsxwlgj Mflhgfhv
Jrogvplwkv Froohjh/ Xglyhuviw| ri Omggrq
Orqggrq VH47 9QZ
XglwhgNIqgjgrp
ginrodhyCpfvljrogldflxn

WKIv sdshu sursrvhv d wuhhOvwuxfwxuhg uhsO

uhvhgwdwirg iru jhghwif surjudpplgj €S,
xvlgj Fkhelvkhy sro|grpldov dv exloglgj
eorfnvl Wkh| duh Igfrusrudwhg Ig wkh ohdyhv
ri wuhhOvwuxfwxuhg sro|qrpldo prghovl Wkhvh
wuhhv duh xvhg Ig d yhuvirg ri wkh JS vjvwhp
VWURJDQRII wr dyrlg ryhu wwigj zlwk wkh
gdwd zkhqg vhdufklgj iru sro|grpldovl Vhdufk
frgwuro Iv rujdqlthg zlwk d vwdwlvwifdo wO
ghvv ixgfwlrg wkdw idyrxuv dffxudwh/ suhglfO
wlyh/ dqg sduvlprglrxv sro|grpldovl Wkh Ip0
suryhphgw ri wkh hyroxwlrgdu| vhdufk shuO
irupdgfh Iv vwxglhg e| sulgflsdo frpsrghqw
dgdolvlv ri wkh huuru yduldwlrgv ri wkh holwh
lgglylgxdov Ig wkh srsxodwlrgl Hpslulfdo uhO
vxowv vkrz wkdw wkh gryho yhuvirg rxwshuirupv
VWURJDQRII/ dgg wkh wudglwirgdo Nr}dO
vw|oh JS rq surfhwvlgj ehgfkpdun dgg uhdoO
zruog wiph vhulhvl

Klwrvkl Led
Ghswa1 ri Lgil dgg Frppl Hgjlghhulgj

Vikrro ri Hgjlghhulgj/ Wkh Xglyhuvlw| ri Wrn|r

:0604 Krqjr/ Exgn|rOnx/ Wrn|r
4460;989 Mdsdq
ledCplylwl1x0Owrn|rldflms

Wkhvh Ivvxhv duh dgguhvvhg khuh zlwk hgkdgfhphgw ri
wkh uhsuhvhgwdwlrg ri wkh JS vjvwhp VWURJDQRII
H.edhw dd 4<<9 +Qlnrodhy dqg Led/ 5334wkdw ohduqv
sro|grpldovl VWURJDQRII pdglsxodwhv wuhhOolnh
prghov ri edvlv sro| grpldov Iq wkhlu ohdyhvl Lw xvhv wkh
JS sdudgljp wr ohduq wkh prgho vwuxfwxuh iurp wkh
gdwd/ wkdw Iv wr glvfryhu zklfk edvlv sro|qrpldov duh
frpsrghgwv ri wkh xgngrzq ixgfwlrql Rgh sureohp ri

wkhvh wuhhOolnh sro|qgrpldov Iv wkdw wkh| whqg wr ryhu w
wkh gdwd dv wkhlu sduhgw JPGK ghwzrtingdnkghgnr/
4<:4,1 Ryhuwwilqj rffxuv pdiqo| ehfdxvh wkh prghov
frgwdlq yhu| kljk rughu whupv wkdw h{klelw orz uhvigxdo
huuruvl Rgh dssurdfk wr frpedw hyroylgj prghov zlwk

yhu| orz wwilqj huuruv Iv wr xvh vwdwlivwifgmvy ixqfO

wlirgv wkdw hvwlpdwh grw rgo| wkh uhvigxdo huuru/ exw dov
wkh frh flhqwv dpsolwxghv dgg wkh prgho frpsoh{lw|1

Dgrwkhu Ipsuryhphqw ri JS iru ryhu wwigj dyrlgdgfh

Iv sursrvhg khuh xvlgj Fkhelvkhy sro|grpldov dv exlog0

lgj eorfnv iru wuhhOvwuxfwxuhg sro|grpldovl Wkh ghO
yhorsphagw ri d Fkhelvkhy sro|grpldo JS +#sJS, v|vO
whp kdv irxu remhfwlyhv=, @r hgfdsvxodwh vwuxfwxudo
lgirupdwlirg g wkh sro|grpldov vr wkdw wkh| ehfrph
pruh vsduvh/ frpsduhg wr wkh vdph sro|grpldov zlwk0O
rxw exloglqj eorfnv/ iru Igfuhdvlgj ri wkh jhghudol}dO

wirg> 5 wr ghfuhdvh wkh vhdufk vsdfh vi}h gxh wr wkh
ghfuhdvh ri wkh wuhh vi}h>wé ghvfuleh ehwwhu rvfloodwO
lgj surshuwlhv ri wkh gdwd dqg wr pdnh wkh sro|grpldov
hvshfldoo| vxlwdeoh iru wiphOvhulhv prghotigg/ 7, wr
dffhohudwh wkh vhdufk frqyhujhgfh wr jrrg vroxwlrqvl
Vigfh wkh edvlf Ighd Iv wr fdswxuh frpprq lgirupdwirg
lg wkh gdwd/ wkiv Ighd Iv viplodu wr wkh dxwrpdwlfdoo|
hg ixgfwlrqgv 4DGI , ri #Nr}d/ 4<<7,/ wkh prgxohv
, i +Dgjholgh/ 4<<7/ dqg wkh dgdswlyh uhsuhvhgO
wdwlrgwDU, ri +Urvfd dqg Edodug/ 4<<8

Sro|grpldov duh riwhg suhihuuhg iru ixgfwirg prgholg;j
gxh wr wkhlu uholdeatswt{lpdwirq surshu wihvl VxfO
fhvvixo uhvxowv zlwk hyroxwlirgdgpsxwdwlirg vivwhpv
wkdw vhdufk iru sro|grpldov kdyh ehhq uhsruwhgl Wkh|
frgvighu sro|grpldov pdgh dv {hg Oohgjwk vwuxfwxuhv
MNdujxswd dqg Vplwk/ 4<<4 +Qlvwvhq dgg Nrlylvwr/
4<<9/ WJrph}0Udpluh} hw dd 4<<g +vkhwd dqg DehoO
Zdkde/ 4<<<,/ dqg yduldeohOohgjwk wuhhQolnh vwuxfw;
Hedhw dd 4<<9 +Urguljxh}0Yd}txh} hw dd 4<<;/ ru
vljpdOsl ghxudo ghwzrunwlkdgj hw did 4<<;1 Lpsru0
wdaw ghvljg lvvxhv iru vxfk vjvwhpv duh=hederudwirq Wkh hyroxwlirqdu| vhdufk shuirupdgfh Iv vwxglhg e|

ri vhdufk frgwuro phfkdglvpv wkdw pd| khos wr dfklhyh  sulgflsdo frpsrghgw dgdo|vlv +SFD, ri wkh huuru ydulO
frqyhujhgfh wr rswipdo prghov> dqg/ 5 hoderudwlirg ri  dafh ri wkh holwh sro|qrpldov g wkh srsxodwlrgl Pruh
h{leoh ixgfwirqdo prgho uhsuhvhgwdwlirgv wkdw pd| hgOsuhflvho|/ dsso|lgj SFD doorzv wr revhuyh wkh huuru
deoh qglqj ri suhglfwlyh vroxwlrqvl wudmhfwru| gxulgj wkh jhghudwlrgv e| sorwwlgj Iw Iq



wkuhh glphgvirqvl Xvlgj vxfk huuru wudmhfwru| sorwv
zh ghprgvwudwh wkdw wkh Fkhelvkhy exloglgj eorfnv F(x.t)
frgwulexwh wr Ipsuryh wkh vhdufk dgg wr glviryhu _ o
sro|grpldov zlwk ehwwhu jhghudol}dwirg/ frpsduhg wr )=t axtaeraxgtax +ag,
VWURJDQRII xvlgj wkh vdph wghvv ixgfwlrql Lq

wklv vhavh/ wkh wghvv ixgfwlirg dorgh Iv grw vx flngw wr - Pi¥)=agraxrax,+ax?
jxdudgwhh qglqj jrrg sro|grpldov wkdw dyrlg ryhu wO
wlgj wkh gdwdl Wklv fodlp Iv frqg uphg diwhu h{shul0
phgwv rq wiph vhulhv suhglfwlrq xvlgj wzr ehgfkpdun
dqg rgh qdgfldo h{fkdgjh udwhv vhulhvl Wkh uhvxowv T
lgglfdwh wkdis JS rxwshuirupv VWURJDQRII dgg T,(X)=8. X,*8. x>+
wkh wudglwlrgdo JS +Nr}d/ 4<<5, rq wkhvh wdvnvl

P(X)=agtax,+a;+axx,

Ti(x7) Tox )

T(x)=x;  T(x)=2. x,;%1

O Function Node

To(x)=4 X33, x; T(x)=x, D Terminal Leaf

WKIv sdshu rxwolghv wkh wuhhOvwuxfwxuhg uhsuhvhqwdwirg
xvlgj Fkhelvkhy sro|qrpldov iru ixgfwlrq dssur{lpdO

wlirg 1g vhfwlrg wzrl Vhfwlrg wkuhh r huv wkh uhjxodu0

Ithg wghvv ixgfwirg dgg wkhfs JS phfkdglvpvl Wkh 6} hi-e [hii tih U] hi_ TL*)?L4 @* ti_ ? UB
shuirupdgfh vwxglhv xvlgj SFD duh Ig vhfwlrg irxul

Vhiwlrg yh surylghv hishulphgwdo uhvxowvl llgdool ck/VkIv wuhhOolnh sro|qgrpldo frgvwuxfwlrg/ krzhyhu/ dggv
glvixwirg Iv pdgh dag frafoxvirqv duh ghulyhgl yhu| Kijkorughu whupv wr wkh prgho vigfh wkh kihudufk|
udslgo| Igfuhdvhv wkh prgho rughul Wkh whupv ri yhu|
! kljkOrughu duh grw ghfhvvdulo| zhoo vwuxfwxudoo| uhodwh
"l wr wkh lgirupdwlrg Ig wkh gdwd1

Rgh uhphg] iru vxfk gl fxowlhv duh wkh uhdg| wr xvh
prgho frpsrghqwv wkdw fdswxuh frpprq Igirupdwirq
lg wkh gdwd ngrzq dv exloglgj eorfnvl Wkh dvvxpswirg
v wkdw wkh xgngrzq ixqfwlirg Iv uhvroydeoh Ig exloglg;j
orfn frpsrghgwv/ dgg zh pd| ohduq vxfk frpsrghqwv

e| hyroxwirqdu| vhdufkl D uhdvrqgdeoh fth ri vxfk

[P \V frpsrghgwv iru dssur{lpdwlrg wdvnv duh wkh Fkhelvkhy
SH, @ds. d e 4, sro|grpldov zkifk jlyh plglpd{ w ri wkh gdwd1l

|@4 a4

zkhuh d; duh whup frh flngwv/I Iwhudwhv ryhu wkh whupw15 FKHELVKHY WHUPLQDOV

P =I P /{ Ivwkh lgghshqghgw yduldeoh yhfwru ri glO )
phavirg v/ * w# , duh vipsoh ixgfwirqv ri uvw/ fafrqg/ Fkhelvkhy sro|grpldov pd| eh frqvighuhg dv exloglqj
wklug/ hwfl rughghjuhh/ dqg un, @ 3+4>==duh wkh e€orfnviru jnghwif surjudpplaj zZiwk JPGKOolnh sro|0

srzhuv ri wkh nOwk ixgfwirg* w# , Ig wkhl Owk whupl grpldovl Wkh Ighd Iv wr wdnh Fkhelvkhy sro|grpldov Iq

) rughu wr fdswxuh wkh hvvhqwldo sduwldo Igirupdwirg Iq
Wkh  Nroprjrury0Jderu sro|grpldov duh xglyhuvdo i gdwdl Wkxv/ uhdg| sduwldo exloglgj eorfnv ri wkh
slaj pd| eh dssur{lpdwhg xs wr dq duelwudu| suhfl0  qwhg gxulgj wkh vhdufk surfhvvl

virg/ li wkhuh duh vx flhgqwo| odujh gxpehu ri whupvl
Zh sursrvh wr sdvv Fkhelvkhy sro|grpldov dv whuplO

514 WUHHOVWUXFWXUHG SRO\QRPLDOV gdov wr hqwhu wkh wuhh@xubgf prghowljxuh 4 =

WEkh ixgfwlrg dssur{lpdwlrq sureohp Iv= jlyhq d vhulhv

G @iH|>|,j 9@4 ri srigwv {; 5 U/ dqg fruuhvsrqglqj
ydoxhy | 5 U/ qg wkh ehvw ixgfwlrgy @i H{,/i 5 Os1
Rxu suhihuuhg ixgfwlrqv duh wkh kljkOrughu pxowlyduldw
sro|grpldov/ fdoohgNroprjruryOJderu sro|qgrpldov =

Wkh JS vlvwhp VWURJDQRII H.edhw did 4<<95sI0 o, WH, 15,
rghhuhg wkh hpsor|phgw ri elqdu| wuhh vwuxfwxuhv iru

uhsuhvhqgwlgj sro|grpldovl Wkh whuplgdo ohdyhv Iq wktkhuh { @ H 4> {5>==5%{lv wkh Igsxw yduldeoh yhfO
wuhh surylgh wkh lqghshqghgw yduldeohvl Lqg hdfk lg@u/ dqgwi+{ , duh Fkhelvkhy sro|qgrpldov dssolhg zlwk
whugdo ixgfwlrqdo wuhh gqrgh wkhuh duh doorfdwhg edylr { 5 {1 Dq Ipsruwdgw uhtxluhphgw iru sudfwlifdo
sro|grpldov zkrvh rxwsxwv duh ihg Ig wkh dvilv sro]0  dssolfdwlrg ri wkh Fkhelvkhy sro|grpldov WH, Iv wr
grpldov dw gh{w od|hu kljkhu Iq wkh wuhh dv yduldeohwiidqvirup Ig dgydqgfh wkh ydoxhv ri wkh Igsxw yhfwruv=
Wkxv/ KkljkOrughu prghov duh frpsrvhg klhudufklfdoo| 4 {, 4liruhdfk {;y/4 | v/ wkdw Ivwr vfdoh doo
ohdglqgj wr srzhu vhulhwd, dw wkh wuhh urrwl wkh lgsxw ydoxhv Ig wkh Iqwhiydb4'=



Wkh Fkhelvkhy sro|grpldov duh ghulyhg ziwk wkh uh0| Ah@?tuih L¥)?7L4 @t

: . .E @n @% n @%
fxuuhgw irupxod ~Odgf}rv/ 4<8: P e
WH, @ 5Wh 4{, W sH, +6, E ' @n @%n @%%

) cE ' @n @%n @%n @%
zkhuhn v wkh sro|grpldo rughu/ dgqg wkh vwduwlgj srol0 | E @n @% n @%

grpldo v=W+H, @{1 sE ' @n @% N @%n @%n @%

) E ' @n @%n @%%n @%
Xvlgj Fkhelvkhy sro|grpldov Ipsolhv wkdw fs JS zloo E T @n @%n @%n @%

ihdwxuh wkh iroorzlgj fkdudfwhulvwlfv=4, wkh sro|qr ; 3 5

pldov ehfrph pruh vsduvh gxh wr wkh xvh ri exloglgj iEE - %nn%/:/or;/g@/é

eorfnv/ frpsduhg wr wkh vdph prghov zlwkrxw wkhpl .E ' @n@%n @%n @%%n @%n @%

Wkh vsduvhghvv Ipsolhv wkdw wkh sro|grpldov pd| eh

h{shfwhg wr ryhu w ohvv wkh gdwd> 5, wkh wuhhOvwuxfd@Miy < Aiti | Lu |n@?tuih TL*)?L4 @*t

ehfrph vpdoohudqg/ wkxv/ wkh vhdufk vsdftal}h ghO

fuhdvhvl Wkh h hfw ri wkiv Iv d srvvleoh dffhohudwlrg r61415 Frh flhqwv Hvwipdwirg

wkh frgyhujhgfh wr jrrg vroxwlirgv> 6 rvfloodwlgj whupv

duh Igmhfwhg Iqwr wkh prgho zKifk khosv wr ghvfulehWkh fs JS vivwhp xvhv d vpdoo vhing)j (g, ri frp0

ehwwhu wkh iuhtxhgf| uhodwlrqvkisv ehwzhhqgatiidl ~ sohwhlag lgfrpsohwh elyduldwh sro|qrpldov+Wdeoh 4

Hpslulfdo hylghgfh iru dfklhylgj wkhvh fkdudfwhulvwify Wkhlu whupv duh ghulyhg zlwk wkh ixgfwirgyH , @ 4/

Iv surylghg Iq vxevhfwlrqv 814/ 815 dqg 816 ehorz1l kaH{, @{4/ ksH{, @{s/ keH{, @{4{s/ ks H{, @{3/
dgg kg#{, @{21 Wkh frh flhqwv d, duh hvwipdwhg €|

# 150 &8 uhjxodulthg ruglgdu| ohdvw vixduHYROV, wwilgj=

W 4 W,
Wkh ghyhorshds JS v|vwhp xvhv wghvv sursruwlrqdo d @« 7K. nL, KT 8,

vhohfwlreglwk vwrfkdvwif xglyhuvdo vdpsolqj/ dgg shuO
irupv  vwhdg|Ovwdwh uhsurgxfwirgqvkh srsxodwlirql D
vwdwlvwifdo waghwvv ixqgfwlrg Iv r huhg/ dgg wzr jhghwi
ohduglgj rshudwruv= furvvryhu dqg pxwdwirgl

zkhuh d Iv +v. 4, 4 yhfwru ri frhflhgw/ K Iv
fQ # .4, ghvljg pdwul{ ri urz yhfwruv kH,, @
a1, >kH,>==,,/ | @ 4=Q| IvwkhQ 4
rxwsxw yhfwru/ dgaq Iv d uhjxodul}dwlrq sdudphwhul

614 VWDWLVWLFDO ILWQHVV IXQFWLRQ 61416 Frpsoh{iw| Shadow|

Wkh wghvv ixgfwirg vkrxog frqwuro wkh hyroxwlirgdul|
‘S’Eﬁ;rf'\‘N‘lgmdgq"é" r'igr:/i"r"l']'\l,vs\r/?}'grpgo‘éa’\vl'l‘j‘;wddﬂg\‘jv‘fmfd o Sthgitwirg huuru IS H |, Iv viqwkiiihg wr idyru viruw
wghvv ixgfwirg ziwk wkuhh Igjuhglhgwv wkdw erhwkhbll}h sro|grpldov +Dndinh/ 4<9<,=
frxqwhudfw wkh ryhu wwiqj zlwk wkh gdwd=d $hdq0 Q. D
vixduhgOhuuru phdvxuhphgw wkdw idyruv kljko| w prg0 ISH @ —=———
hov>,5d uhjxodul}dwirq idfwru wkdw wrohudwhyv vprrwkhu Q D

pdsslgjv zlwk kljkhu jhghudol}dwlirg> dqg/ 6, d frpO .
. zkhuh UDH Iv wkh uhjxodulthg huutid,/ D duh frh O
soh{lw| shqdow| wkdw suhihuv vkruw vi}hcgspddiovl flnqwv/ dqgQ duh wkh h{dpsohv1

D vwdwlvwifdo wghvv ixqfwisdgdw phdvxuhv wkh qdo

UDH 19,

61414 Uhjxodulthg Dyhudjh Huuru
615 JHQHWLF RSHUDWRUV
Wkh wwilqj ri wkh gdwd Iv hydoxdwhg zlwihgkodulthg

dyhudjh huuritUDH, +QInrodhy dqg Led/ 5334 Wkhfurvvryhu rshudwru fkrrvhv udqgrpo| d fxw srligw
3 [ [ 4 grgh Ig hdfk wuhh/ dgg vzdsv wkhxe@wuhhv urrwhg Iq
4 5 5 wkh fxwOsrlgw grghvl Widxwdwirg rshudwru vhohfwy
UDH @6 C 4w SHwS. o *, udqgrpo| d wuhh grgh/ dqg shuirupv rgh ri wkh iroorz0
ves o4 Igj wuhh wudqvirupdwirgv=, #vhuwirg ri d udqgrpol
zkhuhn Iv d uhjxodul}dwlrq sdudphwh/Iv wkh gxpehu  fkrvhg gqrgh ehiruh wkh vhohfwhg rgh/ wkdw wkh vhO
ri doo frh flhgwv dnlg wkh zkroh prghoSH, ¥4,/ dqg  ohfwhg ehfrphv dqg Ipphgldwh fklog ri wkh ghz rgh/
Q Iv wkh gxpehu ri wkh gdwdl Wkh uvw whup vkrzvdgg wkh rwkhu fklog Iv d udqgrp whuplgdo>ghohwirg
wkh Ipsuryhphgw Ig phdq vtxduh huuru vhgvhl Wkh vhfQri wkh vhohfwhg qrgh/ dgg uhsodflgj Iw e| rgh ri lwv fkloO
rqg whup Iv d uhjxodulthu wkdw wrohudwhv prghov zlgkhq grghv> dqg ,6uhsodfhphgw ri wkh vhohfwhg grgh
frh flhgwv kdylgj vpdoo pdjglwxghvl e| dgrwkhu udqggrpo| fkrvhg qrghl

Q D



( $'!3$& $&)

Zh fduu| rxw d sulgflsdo frpsrghgw dqdo|viv +Mro0
ol h/ 4<;9, wr h{dplgh wkh huuru yduldwlirgv ri wkh holwh
sro|grpldov Iq wkh srsxodwlrql Wklv doorzv wr sorw

wkhhuuru wudmhfwaKIfk surylghv dg looxvwudwlrg ri
wkh vhdufk sureohpv hgfrxqwhuhg gxulgj hyroxwlrgdul|
ohduglgjl

Wkh SFD dssolfdwirg pd| eh h{sodlghg dv iroorzvl
Wkh phdqg vtxduh huurudy ri wkh holwh prghov duh
uhfrughg dw hdfk jhghudwlirg/ dgg huuru yhfwruv duh
iruphg= h; @ H'>R>==8xhzkhuh H Iv wkh huuru ri
wkhgOwk prgho dqgy Iv wkh vith ri wkh ssxodwirg holwhl
Xvxdoo| holwh duh wkh ehyw158/kh SFD Iv wdnhq wr

surmhfw wkh huuru fkdgjhv Ig wkuhh glphguirgy/ wkdw 30 2 hhLh n@ iUILh) Lu |i 73 i*|i TL*)?L4 @t
wr hgdeoh sorwwilgj ri wkh huuru fkdgjhv Iq wkuhh glphgdtht4 @ TLT*@|L? Lu t333 iLxi_ | |iB ot
virqv Ig rughu wr lgyhvwlidwh wkh hyroxwirqdu| vhdufkli4 5A+B 66 @TT*i_|L |i S5TLt_@|@ | [i

gl fxowlhvl Ehfdxvh wkhvh huuruv uh hfw wkh ghjunh ASH B tl@[tjU@* €?itt u?U|L? t?7} &'f ffD

dffxudwh ohdugqlgj ri wkh prgho frh flhqwv1l

Ohw hdfk holwh hubrah d srlgw Ig wkthgéohqurqdo
huuru vsdfhl Wkhuhiruh/ zh pd| zulwh=@ ﬁ@4h|x|/

zkhuh x; duh xglw ruwkrgrupdo edvlv yhfwruv vxfk wkdw=
XMXm @ i/ dgg m Iv wkh Nurghnhu ghowdl Wkh Iqglo

ylgxdo prgho huuruv duhs @ x}Yh1 Wkh SFD khosv

wr fkdgjh wkh frruglgdwh vlvwhp dgg wr surmhfw wkhvh

srlgwv rq wkh glphgvlirgv Iq zklfk wkh| h{klelw odujhvw
yduldgfhl Wkh edvilv yhfwray duh fkdgjhg zlwk ghz
edvlg yhfwruy, vr wkdw Ig wkh ghz frruglgdwh v|vwhp=
h@ ,q@4}|y|1 WKIv fdg eh pdgh e| h{wudfwlgjy, dv
hljhgyhfwruv ri wkh fryduldgfth pdwul{ ri wkh huuru
wudmhfwru| uhfrughg gxulgj d gxpehu ri jhghudwlrgv=

y 1@y +,
zkhuh | Iv wkH 0wk hljhgydoxh ri wkh fryduldgfh pdwul{
gh ghg dv iroorzv=
S
@ +# A% R +,
j @4
S
dqg wkh phdq huuru 6@ j]@4hj 1

61 hi JhhLh [|h@ iUJLh) Lu |i 73 i* |i TL¥)?L4 @*t
EhL4 @ TLT*@|L? Lut&33 iL*i_ | UB @TT*i_
ILIi 52TLt_@|@ | |[i ISH B @]t u@* €it
u?U[L? t?} n @ 33348

llixuhv 5 dgg 6 ghslfw wkh huuru wudmhfwrulhv frpO
sxwhg diwhu uxqgv ri VWURJDQRII dqg fs JS rq wkh
Vxqvsrw gdwd vhulhwzhljhgg hw dd/ 4<<5l Wkhvh
duh wkh uhsuhvhqwdwkdv wkdw dfklhyhg wkh ehvw uhO

Wkh wkhruhwifdo vwxglhv vxjjhvw wkdw wkh uvw wzr suj@Bwwilyhg Ig Wdeoh 51 Rgh fdg vhh Iq lljxuh 5
fisdo frpsrghqwv +SFv, fdswxuh wkh prvw hvvhgwidowkdw wkh huuru wudmhfwru| ri VWURJIDQRII grhv grw

yduldwlirgv Ig wkh huuruvl Wkh h{whqw wr zklfki Qukk
sulgflsdo frpsrghgw fdswxuhv Wkrghuuru yduldgfh fdq
eh phdvxuhg dv ircorzvilgs @ P@ | 7?1

jr grzg vprrwko[l Wkh yduldwlirg ri wkh holwh srsO
xodwlrg huuru vorshv grzq zlwk d }jO}dj pryhphgw
zklfk fdg eh vhhq iurp wkh voljkwo| fkdgjlgj huuru gl0

Zh uhgdwh wkh uvw dgg wkh vhirqg SFv ri wkh huurgfwirqv diwh&@VH @ 33366 isfs @ 383354/ dqg

sf @ |5@4}|y|/ sf @+sf4>sk,/ wr wkh dyhudjh phdq

sfs @ 33333795/ PVH @ 333658+sf, @ 333346;/

vixduh huur#P VH |, ri wkh srsxodwlrg holwh Ig rughu wr 999 Sfs @ 33333568/ dqg PVH @ 33365 +sf, @

ylvxdolth wkh JS shuirpdgfhl WkhviPVH wudmhfwrul|
sorwv djdigvw wkh uvw wzr sulgflsdo frpsrghgwsf 4
dqg sfs pd| eh frgvighuhg slfwxuhv ri wkh frh flhqwv
ohduglqj surfhwv gxulgj hyroxwlrqdu| vhdufkl

333344/ dqgsfs @ 3833334971 Wklv phdqv wkdw
wkh srsxodwlirg holwh idfhv vhdufk gl fxowlhv dgg fdq
grw rulhgw suhflvho| rq wkh vhdufk odggvfdsh wrzdug
wkh rswipdo vroxwirgl Zzh duh Igfolghg wr wkign wkdw



wkh odqgvfdsh ri VWURJDQRII Iv pruh uxjjhg/ dgg
pruh gl fxow wr vhdufkl Wkdw Iv zk}/ wkh srsxodwirq

hyroyhg €| VWURJDQRII pryhv Iq fxuyhg glu  hfwlrgv oo - T Sun.series
rg wkh vhdufk odggvfdsh dqg Iq vrph vhgvh mxpsv iurp T Approx
rgh edvlg wr dgrwkhu edvlq ri dwwudfwlrg zlwkrxw fduhO I i

ixo h{sorudwlirq ri wkh odqgvfdsh ghljkerukrrgl os L 1

Wkhfs JS huuru wudmhfwru| Iq lljxuh 6 vkrzv wkdw wkh
hyroxwlrgdu| vhdufk surjuhvvhv gluhfwo|/ iroorzlgj doO
prvw d vwudljkw olgh gluhfwlirg ri huuru ghfuhdvh/ wrzdug
lwv ehvw uhvxowl Lqg wklv vhavh/ lwv srsxodwlirg h{soriw
phwifxorxvo| wkh orfdo vhdufk ghljkerukrrg dqg rulO

hgwv zhoo rq wkh vhdufk odqgvfdshl Vigfh wkh wzr JS .
duh frgwuroohg e| wkh vdptSH wghvv ixgfwirg/ Iw

vhhpv wkdw wkh vhdufk Ipsuryhphgw fdg eh gxh pdiqo| vear

wr wkh xvh ri Fkhelvkhy sro|grpldov dv exloglgj eorfnvl 6} hie TThL 4@|i_ti}4i?| uhL4 |i 52tTL|t Uhi
M) |i Mit| TL*)?L4 @* @h4L? U 2i|Lh! iL*i_ |

UB ?Dfh?t t?} &'f ffeD

un activity

°
w

1 n 1 n 1
100 150 200

Wkh sorwv |g lljxuhv 5 dqg 6 duh phdglgjixo ehfdxvh
wkhvh SFv fdswxuh uhvshfwlyhsiz <<648 dqg sfs
39;8( ri wkh yduldgfh ri doo holwh huuruv/ dqg wkhuhir%M*i 2 itHt L? |i 52tTLIt thit  LM|@ 2i_ ?

wkh| pdnh xv fhuwdlq derxw wkh vhdufk ehkdylrxul Df h2t | i@U B t?}G -@%Aoee(eR| ' e ?
5A+B 66 @7_ UBc *@%Aoee(eR| 'f ?|h@

15 &S P& S _|L?@* kL3@ t|)*i Bc @?_ T@h@4ilit&'f ffD 1
Wkuhh JS v|vwhpv zhuh Ipsohphqwhg dgg whvwhg UU h@U)E-T Bi?ih@* 3@| LE-T

rq wiph vhulhv suhglfwirq sureohpv= wkialjlgdo «ff «b2f «ff«bDD | -.ff<b.b
VWURJIDQRII +.edhw dd 4<<9 +Qlnrodhy dqg Led/ | B 345;7:9 345<9,8 | 3#46588.
5334/ wkhfs JS v|vwhp/ dgg d wudglwirgdo Nr}dOvw|oh || 5A+B 3447:59 344,58. | 345<:64
JS Nr}d/ 4<<5,1 Doo wkh vlvwhpv xvh Wkhl wghvv UB 3436:87 38<<48<| 3437598

ixgfwlrg 49,/ dqg sdudphwhuvs rsxodwlirqVI}h @ 433/

dgg Pd{QxpehuRiJhghudwlrqv @ 5831 Wkh uhjO Wkhfs JS vjvwhp rxwshuirupv doo wkh rwkhu vjvwhpv
xodul}dwlrg sdudphwhu v ghwhuplghg Iq dgydafh iru vkrzigj d ehwwhu dffxudf| DUYa33 4<s3 @ 3436:87>
hdfk wdvn e| d vwdwlvwifdo whfkgltxh +PJhuv/ 4<<3,ehwwhu vkruw iruhfdvwIGIE Y433 a<gs @ 33<<48< Iq
Wkh fs IS v|vwhp xvhv yh Fkhelvkhy sro|qrplO wkh ixwxuh shulrg:33  4<88/ dqg ehwwhu orgj whup
dov=WiH ,/VH w 4 /WK w 4,/ WHw 4, ddg WHw 4,1 jruhfdvwig) DUY433 4<< @ 3437598 1g4:33  4<i<1
Wkxv/ whq yduldeohv duh sdvvhg dv whuplgdo@  wkh Ipsruwdgw revhuydwirg Iq Wdeoh 5 Iv wkdviswigh
Hw 4> {w 5>==52§>{w o>V == Wkh Nr}dOvw|oh sro|qgrpldo ihdwxuhv d frqvighudeo| Ipsuryhg jhghudo0
JS Iv pdgh xvigj vig dqgfrv Ig rughu wr surgxth ixaf0  [3dwirq hvshfldoo| Ig wkh wzrxwxuh shulrgvl WkhuhO
wirgv ziwk viplodu uhsuhvhgwdwlirg srzhul Wkh txhvwirqruh/ wkh xvh ri rvfloodwlaj exloglgj eorfnv uhdoo| fdq
wkdw zh ulvh Iv zkhwkhu ru grw vi&dS vivwhp fdg  |gfuhdvh wkh suhglfwdelolw| ri wkh dftxluhg uhvxowvl Lw

rxwshuirup VWURJDQRII dqg wudglwlrgdo JSB vkrxog eh grwhg wkdw wRit{W uhhGhswksdudphwhu
Iv xvhg Ig rughu wr frgvwudlq wkh pd{lpdo prgho ghO
814 SURFHVVLQJ WKH VXQVSRWV GDWD juhh iru idlu frpsdulvrgqvl Wkh frpsoh{lwlhv ri wkh ehvw

uhvxowv irxqg e| wkh vivwhpv duh= 5; frh flhqwv Iq
Wkh Vxqvsrwv vhulhwzhljhgg hw dd/ 4<<5 frgqwdlqv VWURJDQRII/ 58 frh flhgwv Iqg ~ fs JS1
5;3 gdwd srigwv glylghg lqwr rgh wudlglgj dgg wzr whvwO

lqj vxevhwyl Dq dssur{lpdwhg vhjphgw ri wkh Vxgvsrwv vhulhv €|

wkh ehvw ohdughg ghwzrun idsplS Iv sorwwhg Iq 11j0
Wdeoh 5 ghprgvwudwhv wkdw xvlgj Fkhelvkhy sro|grplO xuh 71 Wkh dftxluhg gxphulfdo uhvxowv Iq Wdeoh 5 frq0
dov khosv wr dfklhyh Ipsuryhg uhvxowv frpsduhg wr wkhup wkh wkhruhwlfdo h{shfwdwlirg wkdw xvlgj rvfloodwlgj
fdvh zlwkrxw vxfk exloglgj eorfnvl Rqgh fdg vhh Ig WdO exloglgj eorfn frpsrghgwv Ig wkh uhsuhvhgwdwlrg fdq

eoh 5 wkdw wkh prghov ohdughg e| VWURJDQRII dgg khos wr prgho zhoo vsinhv Iq wkh vhulhv dv wkhvh Ig 11j0
wkh gryho yhuvir@s JS h{klelw kljkhu dffxudf| rq wkh xuh 71 Lw Iv olnho| wkdw zkhq wkh wlph vhulhv frqwdIigv
wudlglgj vhulhv dv zhoo dv kljkhu jhghudol}dwlirg rq wkhvsinhv/ d vxshulru JS shuirupdgfh pd| eh h{shfwhg
whvwlgj vhulhv wkdq wudglwlrgdo JS1 xvlgj wkh gryho uhsuhvhgwdwirgl



dovr ehvw rq orgj whup +3 733, suhglfwirg zlwk

DUY3 733 @ 33357;61 Wkh voljkw gl huhgfhv Iq wkh
uhvxowv jlyhq Ig Wdeoh 6 duh gxh wr wkh idfw wkdw wkt
vprrwk fxuydwxuh ri wkh Pdfnh|0Jodvv vhulhv hssur{O

Ipdwhg e| prghov ri uhodwlyho| kljk ghjuhhl

1.2 M\

1.0

816 SURFHVVLQJ ILQDQFLDO GDWD

0.8

Yt

H{shulphgwv zlwk JS duh shuiruphg dwwhpswlqgj wr
Ighgwli] grqOolghdu wuhqgv Iq fxuuhgf| h{fkdgjh udwhv
wdnhq iurp wkh qdgfldo pdunhwl Zzh uhsruw uhvxowv

0.6

—————— MackeyGlass ghulyhg zlwk d uhdo qdgfldo vhulhv ri 2333 gdwd uh0
0a | —— Approx. odwlgj wkh fkdgjhv ehwzhhq wkh groodu +XVG, dqg wkh
100 ‘ - ‘ 200 Mdsdghvh |hg +MS\, rewdlghg rq ghpdqgg e| d gdgfldo
Series Points frpsdqg| gxulgj d fhuwdlg s hulrg ri wiphl
6}hiD  TThL 4@|i_ ti}4i?| uhL4 |i «@Ul) B*@tt  Wkh jlyhq qdgfido gdwd vhulhv Iv suhOsurfhvvhg e| d
Uhi M) [i Mit| TL*)?L4 @* @h4L? U 2i|Lh! iL*i_ gl huhgwldo whfkgltxh lg rughu wr holplgdwh revfxulgj
| UB ?Dfh?tt?} &'f fffe lgirupdwlirg Ig wkh gdwd/ dqg wr hpskdvith wkh udwhv
A@M HOJE L2 [ .@Uli) B*@tt tihit }2ih@]i_ ri l(_:]lur:jf\k/]vl;qg;sfkdqjhv Ig wkh vhulhv dv iroorzied dqg
IG @ f 26K f «c{'+cLM@?_ ?Dfh?tt Qinrodhy/ 5333=
7}G -@%Aoee(eR| ' ? 5A+B 66 @?_ UBc {g @{W {W 4 +<,

«@%Aoee(eR| 'H ? |h@_|L?@* Bc @2&'f fffe

zkhuh {\ Iv wkh gdwd srlgw dw wipth Wkxv/ ghO

UU h@U)E-T Bi?ih@* 3@| LE-T Odl yhfWrUV duh Iruphgr{ @+{g > =::9>5>\6b:::8>yw
foff f 2ff feff dgg sdvvhg iru wkh JS vlvwhpv wr ohdugq wkh uhjxodu0
B 333875< 338369<4| 3335:<7 Iwlhv dprgj wkhpl Wkh wuhh olplw sdudphwhuv ri wkh
5A+B 3337:84 3836836| 33358<4| \wxglhg JS vljvwhpv duh=Pd{WuhhGhswk@ 58 Iq
UB 33366<3 | 3835<85| 333576 | \WURJDQRIIdgg fsJS/ dqg Pd{WuhhGhswk@ 83
lg wudglwlrgdo JS1 Dg dssur{lpdwhg vhjphqw e| wkh
815 SURFHVVLQJ WKH PDFNH\0JODVV ehvw uhvxow iufp JS Iv sorwwhg Iq lljxuh 91
VHULHV

WEkh fkdudfwhulvwifv ri wkh ehvw hyroyhg uhvxowv duh phd(

D wudmhfwru| ri 733 srigwv iurp wkh ehgfkpdun vxuhg zlwk wk_h phdq vtxduh huur@¥H , dqg zlwk wkh
Pdfnh|0Jodvv vhulhv+Pdfnh| dqg Jodwv/ 4<::, Iv  Kiw shufhqwdih hvwipdwh +Wdeoh 7,1 kikkhuthqwdjh
ghulyhgl Wkh uvw 433 srigwv duh xvhg iru wudlq’t'f'—W vkrzv krz dffxudwho| wkh wuhqg gluhfwirgv kdyh
|qj/ dqg wkh uhpdlqlqj iru WhVW|qjl Ddeq wkh uvw ehhq Wudfnhg e| wkh prghd_ed dqg anrodhy/ 5333
yh Fkhelvkhy sro|grpldov duh frgvighuhg= { @ Q Q
Hw a>{w 5> == §>{v o> Wb ===3¥Wkh v|vwhpv duh KLW@ X=X+ <94 -0rzg 43,
wxghg wr hyroyh prghov ri xs wr d suhgh ghg pd{lpdo Q

ghjuhh wr pdnh idlu frpsdulvrgvl Wkh frpsoh{lwlhv ri  zkhuh Qs xs phdqv gxpehu ri wiphv zkhg wkh prgho
wkh ehvw uhvxowv duh= 58 frh flhgwv Ig VWURJIDQRII/ rxwfrph dgg wkh jlyhg rxwfrph h{klelw erwk xszdug
dqg 55 frh flhgwv Ig fs JS1 Wkhfs JS v|vwhp orfdwhv  udlvlgj whaghgff/ dgg Qgrzq _gzq Phdgv gxpehu ri
voljkwo| pruh sduvlprglrxv prghov qrw rqo| ehfdxvh  wiphv zkhg wkh prgho rxwfrph dqg wkh jlyhqg rxwfrph
wkh wghvv ixgfwlrg idyrxuv vipsohu prghov/ vigfh wklv h{klelw erwk idoolgj whgghgf|1

wghwv Iv dovr xvhg e| wkiwkhu JS/ exwdovr ehfdxvh

wkh Fkhelvkhy exloglqj eorfnv frqwulexwh gluhfwaig0 Rah fdq vhh Iq Wdeoh 7 wkdw VWURJDQRII Iv grw .

olghdulwlhv wr wkh uhsuhvhgwdwirgl ehwwhu wkdqg wudglwlirgdo Nr}dvalo_h JS g th_vhqvh ri
hfrgrplf  KLW vdfklhyhphgwvl Wkh jrrg uhvxow iurp

Vhyhudo revhuydwlrgv fdq eh pdgh iurp wkh uhvxowwudglwirgdo JS fdq eh h{sodighg zlwk Iwv kljieVH

lg Wdeoh 6=, 4wkh VWURJDQRII dqg fsJS v|vO zklfk phdgv wkdw Iw grhv grw ryhu w wkh gdwdl Lw kdv

whpv rxwshuirup wkh wudglwlrqdo JS rq wklv wdvnehhq douhdg| wxglhg wkdw VWURJDQRII whqgv wr

5, wkh gryhofsJS Iv ehvw rq dffxudf] +3 433 hyroyh ryhuwwilgj sro|grpldov zkifk kdyh dozd|v wr

zlwk DUY3 433 @ 33366<3 h{fhoohqw rg vkruw whup eh frgwuroohg e| dsso|lqgj wkh uhjxodul}dwlrq whfkgltxh

43 533 suhglfwirg zlwk DUY3 533 @ 3335<85/ dqg +QInrodhy dqg Led/ 5334
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UB 33333567 S

Wkh fs JS v|vwhp vkrzv orzhvw phdq vitxduh huuru
PVH @ 33333567 rq wkh wudlglgj vhulhv/ dggpgh0
vwudwhv vxshulru suhglfwdel&IbWv@ :; X rq wklv
wdvnl Ghvslwh h{klelwlgj orzhvw husrdS grhv grw
vhhp wr ryhuw wkh wudlglgj gdwdl Wkh ghulyhg ehwyew eh frgvighuhg gluhfwo| iru SFD vigfh wkh hyroyhg
sro|grpldo ghvfulehv zhoo wkh gluhfwirqdo fkdgjhv Iq sro|grpldov kdyh gl huhgw gxpehu ri frh flhquwvl

wkh vhulhv xs ru grzefljxuh 9 ,/ zklfk Iv d surplvigj
ihdwxuh iru wkh sudfwlfdo dssolfdwlirgfsiJS1

+ & &&

Rvfloodwlqj Exloglgj Eorfnv
Fkhelvkhy sro|grpldov iru Iqwurgxflgj uhdg| qrgolg0

hdu exloglgj eorfnv Iq ixgfwlrq uhsuhvhgwdwlrgv/ xvhg

1

WKkh hpsor|phgw ri

lg JS v|vwhpv euhhglgj sro|grpldov/ vkrzhg vxffhvvO

ixo uhvxowv rq vhyhudo wiph vhulhv suhglfwlrq wdvnvl
ehgh w iurp vxfk exloglgj eorfnv Iv olnho| wr eh wkh

glvfryhu| ri sro|grpldo prghov zlwk Ipsuryhg jhghuO
dol}dwlirq rq ixwxuh xqvhhq gdwdl Rgglgjv frqfhug

h{solflwo| wkh fdvh zkhg wkh vhdufk frqwuro ri JS Iv
pdgh zlwk waghvv ixgfwlrgv wkdw frgwdlq erwk d vith

ghshqghagw frpsrghqw dqg d frh flhqwv dpsolwxgh ghO
shqghgw frpsrghgwl Li vrph ri wkhvh wzr frpsrghqwv

duh plwvlgj Ig wkh wghvv ixgfwlrq wkh h hfw iurp wkh

gryho uhsuhvhgwdwlrqg pd| grw eh wkh vdphl

Rwkhu dowhugdwlyhv iru Igfoxglgj grgolghdu rvfloodwlgj
frpsrghgwv Iq wkh sro|grpldo uhsuhvhgwdwlirg duh dovr
srvvleohl Iru h{dpsoh/ fxuuhgwo| xqghu Igyhvwljdwirg
v d whikgltxh zlwk kduprglf frpsrghgwv zlwk qrgO
pxowlsoh iuhtxhgflhv ghulyhg dqdo|wlfdoo| xvigj wkh glvO
fuhwh Irxulhu wudgqvirupl

Wkh Huuru Wudmhfwrul Wkh suhvhgwhg sorwv ri
wkh holwh huuru wudmhfwru| vxjjhvw wikickjk cmvsO

lgj ri wkh elgdu| wuhh vwuxfwxuhv/ wkh hpsor|phgw
ri Fkhelvkhy sro|grpldov dv exloglgj eorfnv fdxvhv
wkhfs JS wr rz rq gl huhgw vhdufk odqgvfdshv wkdq
VWURJDQRII1 Wkh rvfloodwru| exloglgj eorfnv Ip0
sdfw wkh odqggvfdsh fkdudfwhulvwlifv/ 11h1 pdnh Iw pruh
ru ohvv gl fxow wr vhdufk/ wkurxjk wkh wghwvv ixgfwirgl
Wkh qgryho sro|grpldov itdwxuh gl huhgqw vgvhv ehO
fdxvh wkh Igfrusrudwhg Fkhelvkhy whuplgdov frqwulexwh
gl huhgw grgolghdulwlhv Ig wkh prgho/ dgg/ wkxv/ wkh
Fkhelvkhy whuplgdov Ipso| gl huhgw huuruv ri w1l Wkh
ghyhorshgfs JS uhsuhvhgwdwlIrg vhhpv wr pdnh wkh wO
ghvv odqgvfdsh hdvihu wr vhdufk ghvslwh wkh xvh ri wkh
vdph wghvv ixgfwirg Ig erwk JSvl Wklv fdg eh vhhq
iurp wkh wudmhfwru| sorwv Iq lljxuhv 5 dgqg 61

D forvh phwkrgrorj| xvigj SFD wr h{dplgh wkh frhiO
flngwv2zhljkw fkdgjhv kdv ehhq sursrvhg iru ghxudo
ghwzrun ohduglgpddoodjkhu dqg Grzqv/ 4<<;1 Wkh
suhvhgqwhg khuh SFD ri wkh holwh srsxodwlirg huuru Iv
pruh jhghudo dv e| h{sodlglgj wkh huuru yduldgfh Iw
h{sodlgv wkh frh flhgwv dqg whup ohduglgj surfhvvhvl
WKIv Iv ehfdxvh wkh sro|grpldo huuru pdvxuhphgwv
dfwxdoo| uh hfw wkh dffxudf| ri Ighqwl fdwirq ri wkh
prgho frhflhgwv dgg wkh Ighgwl! fdwlrq ri surshu
prgho whupvl Pruhryhu/ Ig JS wkh frh flhqwv fdq

Lw Iv grw yhu| fohdu |hw zkhwKbudS Iv frgvighudeo|
ehwwhu rq shulrglf vhulhv/ rq dshulrglf vhulhv ru rq
erwk/ iru h{dpsoh rg wkh Vxgvsrwv vhultig JS vkrzv
forvh shuirupdgfh wr wklv ri wkh Nr}dOvw|oh JS exw rq
wkh qdgfldo gdwd vhullisrJS Iv frqvighudeo| ehwwhul

: &

Wklv sdshu frgwulexwhv wr wkh uhvhdufk Igwr Igfuhdvigj
wkh h{suhvvlyh srzhu ri wkh wuhhOvwuxfwxuhg JS uhsuhO
vhagwdwlrqv hvshfldoo| ixgfwirg dssur{lpdwirg wdvnv1l
Lglwldo uhvxowyv iurp wkh ghyhorsphqw ri d JS v|jvwhp xvO
lgj sro|grpldov Ig wkh ixgfwlrgdo grghv dqg Fkhelvkhy
sro|grpldov sdvvhg dv whuplgdov kdyh ehhqg uhsruwhgl
Wkh Fkhelvkhy sro|grpldov vhuyh dv vfloodwru| exlogO

lgj eorfnv zklfk fdswxuh zhoo wkh grgolghdu surshuwlhv

ri wkh jlyhg wudlglgj gdwd/ dgg wkhuh Iv d ghhg wr vhdufk
iru wkhvh exloglgj eorfnv wkdw vkrxog hgwhu wkh prgho dv



wkhlu ghvfulswlyh vljgl fdgfh Iv qrw ngrzq Ig dgydgfhl ~ Frqgil Jhghwif Dojrulwkpvl Vdq Pdwhr/ FD= Prujdqg
Lw zdv vkrzq wkdw wklv wuhhOvwuxfwxuhg sro|grpldo uhs@xipdqq/ ss16:306:91

uhvhgwdwirg kdv hgqdeohg wr glvfryhu vxshulru uhvxowv%llUl NId +4<<5hghwif Surudpplgj= Rq wkh Sur0

vhyhudo ehgfkpdun dgqg uhdoOzruog wiphOvhulhv SUhgljudpplqj i Frosxwhuv €| Phdgv ri Qdwxudo Vhohfo
wlirg sureohpvl

wlirgl Fdpeulgjh/ PD= Wkh PLW Suhvvl
Zh vxssrvh wkdw wkh gryho sro|grpldo uhsuhvhqwdO

wirg vfkhph frxog eh ri sudfwifdo Ipsruwdgfh dqg Iw
fdg eh xvhg vxffhvvixoo| iru dgguhvvlggrgsdudphwulf
dssur{lpdwlrg wdvnv ehfdxvh ri wkh iroorzlgj dgydq0

M1U1 Nr}d +4<<7,0hghwif Surjudpplqj LL= Dxwr0
pdwlf Glvfryhu| ri Uhxvdeoh Surjudpv 1 Fdpeulgjh/
PD= Wkh PLW Suhvv1l

wdjhv= 4, lw jhghudwhv h{solflw dgdo|wlfdo prghov Iqg wkKi Odqgf}rv +4<8:,1 Dssolhg Dqdo|vi¥ Orqgrg/ XN=

irup ri pxowlyduldwh kljkOrughu sro|grpldo ixgfwlrgv
dphgdeoh wr kxpdg xqghuvwdqglgj> dqg 5, Iw pdnhv
wkh sro|grpldov zhooO§glwlrghg/ wkxv frpsxwdwlirgO
doo| vwdeoh dqg vxlwdeoh iru sudfwifdo sxusrvhvl

Uhihuhgfhv

K1 Dndinh #4<9<1  %Srzhu Vshfwuxp Hvwlpdwirg
wkurxjk Dxwruhjuhvvirg Prgho llwwlgj%1Dgqdov Lgvwl
Vwdwl Pdwka=73:074<1

S1IM1 Dgjholghd<<71 %Jhghwlf Surjudpplgj dqg
Hphujlgj Lgwhooljhgfh%1 Lg H1NIgghdu MHgl/ DgO
ydgfhv Ig Jhghwif Surjudpplgj 1 Fdpeulgjh/ PD= Wkh
PLW Suhwv/ ss1:80<;1

P1 Jdoodjkhu dqg W1 Grzgwd<<:,1 %Zzhljkw Vsdfh
Ohduglgj Wudmhfwru| Yl}xdol}dwirq%l Lq P1Gdgh/

SuhgwlifhOKdool

U1Kl Plhuv +4<<3,1Fodwvifdo dqg Prghuq UhjuhvO
virg zlwk Dssolfdwlrgvl Fdpeulgjh/ FD= SZVONHQW
Sxeol/ Gx{exu| Suhwvl

D1V1 Qlvwhg dgg K1 Nrlylvwfi<<91 %Lghqwl fdwirq ri
Pxowlyduldwh Yrowhuud Vhulhv xvlgj Jhghwif Dakp®o/
Lg M1Dodqghidgl/ Surfl Vhfrqg Qruglf Zrunvkrs rq
Jhghwlf Dojrulwkpv dgg wkhlu Dssolfdwlrdv llgodqg=
Xqglyhuvlw| ri Yddvd Suhvv/ ss148404941

P1F1 Pdfnh| dgg O1 Jodwv#<:: ,1 %Rvfloodwlrq dqg
Fkdrv 1q Sklvirorjifdo Frqwuro V|vwhpv%1l Vflhgfh
4<: =5;:05;<1

Q1 Qlnrodhy dgg K1 Le#3341 %Uhjxodul}dwlrq DsO
surdfk wr Lggxfwlyh Jhghwlif Surjudpplgj%l LHHH
Wudgvl rg Hyroxwlrgdufrpsxwdwlrg g suhvyl

Surfl  Hljkwk Dxvwudoldg Frgihuhgfh rq Qhxudo QhwdNl Urgulixhjo Ydjxh)/ F1P1 Irqvhfd dgg S1IM1 lohpO

zrunv/ DFQQO0</ ss18808<1

H1 Jrph}OUdpluh}/ D1Sr}qldn/ D1Jrg}d oh}Oxghv
dqgg P1 DylodODoyduh} +4<<€&iDgdswlyh Dufklfwhfwxuh
ri Sro|grpldo Duwl fldo Qhxudo Qhwzrun wr Iruhfdvw
Qrgolghdu Wiph Vhulhv%1Surfl ri 4<<< Frgjuhvv rq
Hyroxwlirgdu| Frpsxwdwlrg/ FHFO4<<4 LHHH Suhwv/
yrol4/ ss164:06571

K1 Led/ K1 ghJddulv/ dgg W1 Vdwr<91 %Qxphulfdo
Dssurdfk wr Jhghwif Surjudpplqj iru V|vwhp Lghqwl0
fdwlrq%21 Hyroxwlrqdu| Frpsxwdwirg 6+7,1

K1 Led dgqg Q1 Qlnrodh$3331 %Jhghwif Surjudpplaj
Sro|grpldo Prghov ri llgdgfldo Gdwd Vhulhv%1 [Surfl
ri 5333 Frgjuhvv rq Hyroxwlrqdu| Frpsxwdwlrg/ FHFO
5333l LHHH Suhvv/ ss1478<047991

D1J1 Lydnkghgnr4<:4,1 %Sro|qgrpldo Wkhru| ri Frp0
soh{ V|vwhpv%LHHH Wudqvl rqg V|vwhpv/ Pdqg/ dqg
Flehughwlfv4+7,=69706:;1

L1W1 Mrooh4<;9,1 Sulgflsdo Frpsrghqw Dqdo|vivl
Qhz \run/ Q\= VsulgjhuOYhuodjl

K1 Ndujxswd/ dqg U1H1 Vplwid<<41 %V|vwhp Lghg0
wl fdwlrq zlwk Hyroylgj Sro|grpldo Qhwzrunvl Lg
U1N1Ehohz dqg O1E1Errnhtdgvl/ Surfl 7wk Lqwl

lgj H<<:,1 %Dq Hyroxwlrqdu| Dssurdfk wr Qrg0OIlghdu
Sro|grpldo V|vwhp Lghgwl fdwlrq%l Léurfl 44wk

LIDF V|psrvixp rq V|vwhp Lghgwl fdwlrg/  ss156<80

57331

M1 Urvfd dqg G1K1 Edoodug +4<<8,1 %GlIvfryhu| ri Vxe0

urxwlghv Iq Jhghwlif Surjudpplqj%/ Lq S1Dgjholgh dgg
N1Nlqghdu MuiHgvl/ Dgydqgfhv Iq Jhghwlif SurjudpO
plgj LL 1 Fdpeulgjh/ PD= Wkh PLW Suhvv/ ss14::05351

D111 Vkhwd dgg D1K1 DehoOZdke<<<1 LgSurfl ri
4<<< Frgjuhvv rq Hyroxwlrgdu| Frpsxwdwlrg/ FHFO
4<<<l LHHH Suhvv/ yrol4/ ss155<05681

D1V1 zhljhqg dqg Q1D1 Jhuvkhgiho#dgvl +<<71
Wiph Vhulhv Suhglfwirg  Uhdglgj/ PD= Dgglvrq0
Zhvoh|1

E10W1 Kdqgj/ S1 Rkp/ dgg K1 P,xkohgehlq #<<:,
%Hyroxwlrqdu| Lggxfwlrg ri Vsduvh Qhxudo WuhRy%o/
oxwlrgdu| Frpsxwdwlrg8+5,=54605691
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Abstract Grammar debned introns are then introduced, followed by a
description of the experimental approach adopted to test the

We describe an investigation into the design of dif- effects of introns, before a discussion on bias and introns.

ferent grammars on Grammatical Evolution. As
part of this investigation we introduce introns us- 2 Grammatical Evolution
ing the grammar as a mechanism by which they
may be incorporated into Grammatical Evolution.
We establish that a bias exists towards certain pro-
duction rules for each non-terminal in the grammar,
and propose alternative mechanisms by which this
bias may be altered either through the use of in-
trons, or by changing the degeneracy of the genetic
code. The benebpts of introns for Grammatical Evo-
lution are demonstrated experimentally.

Unlike standard GP [Koza 1992], GE uses a variable length
binary string to represent programs. Each individual con-
tains in its codons (groups of 8 bits) the information to select
production rules from a Backus Naur Form (BNF) grammar.
BNF is a notation that represents a language in the form of
production rules. It is comprised of a set of non-terminals
that can be mapped to either elements of the set of terminals,
or to elements of the set of non-terminals, according to the
production rules. An excerpt from a BNF grammar is given
. below. These productions state that S can be replaced with
1 Introduction any one ofexpr , if-stmt , orloop .

Grammatical Evolution (GE) is an evolution-

ary algorithm that can evolve code in any lan- S n= expr (0)
guage, using linear genomes [OONeill & Ryan 2001] | if-stmt (1)
[Ryan C., Collins J.J. & OONeill M. 1998]. We have previ- | loop (2)

ously presented results relating to an analysis of some of
GEOS.dIStII’ICtlve features, such as its dggen_erate genetic ¢ deCerer to select a rule in GE, the next codon value on the
wrapping operator and crossover [OONeill & Ryan 19990 enome is generated and placed in the following formula:
[OONeill & Ryan 1999a]. We now present the brst result '
from an investigation into the role of the grammar in GE.

Specibcally, we introduce a mechanism by which introns can

be incorporated into the genotypic representation through

the grammar, and conduct an analysis on the effects of these

grammar debned introns on the performance of GE. We also

establish the existence of a bias towards the use of certajpthe next codon integer value was 4, given that we have
production rules for each non-terminal, dependent upon theg rules to select from as in the above example, we get
ordering in the grammar, and propose a mechanism by which . S will therefore be replaced with the
this bias can be altered as desired through the use of grammasn-terminal f-stmt.

debPned introns. o . )
Beginning from the left hand side of the genome, codon in-

We begin with a brief overview of GE, for a more completeteger values are generated and used to select rules from the
description we refer the reader to [OONeill & Ryan 2001]. BNF grammar, until one of the following situations arise:



1. A complete program is generated. This occurs when all [intron ©
the non-terminals in the expression being mapped are _
transformed into elements from the terminal set of the/Vhen a codon evaluates to tirgron  rule being selected
BNF grammar. we simply skip over this codon, and the code undergoing the

mapping is unchanged. In this case the non-termitia¢>
2. The end of the genome is reached, in which case th@ould remain asline> iftheintron ruleis selected, and
wrapping operator is invoked. This results in the re- the next codon is read.
turn of the genome reading frame to the left hand side
of the genome once again. The reading of codons will
then continue, unless an upper threshold representing the
maximum number of wrapping events has occurred dur-
ing this individual®s mapping process. When choosing a production rule to be applied to a non-
terminal during the mapping process, there is a bias towards
3. In the event that a threshold on the number of Wrapgerain choices. The amount of bias depends on the number
ping events has occurred and the individual is still in-¢ choices that are to be made, and on the number of genet-

completely mapped, the mapping process is halted, and codes that are used to represent each choice. Taking the
the individual is assigned the lowest possible btness Valéxample of the non-terminabp>:

Bias in Grammatical Evolution

ue.

<op> i = left() (A)
GE uses a steady state replacement mechanism, such that two | right() (B)
parents produce two children, the best of which replaces the | move() (©)

worst individual in the current population if the child has a

greater btness. The standard genetic operators of point milere aré 3 possible mappings foop> that can be made in
tation, and crossover (one point) are adopted. It also enflliS case. Given a 2-bit codon, there are 4 possible genetic
ploys a duplication operator that duplicates a random numb&Pdes representing these choices. This results in a strong bias
of codons and inserts these into the penultimate codon pogpwards the brst choice with a probability of selection of 0.5
tion on the genome. A full description of GE can be found®S opposed to 0.25 for both of the other rules, see Table 1.

in [OONeill & Ryan 2001]. Genetic Code  Choice

00 A
3 Grammar Debned Introns 01 B

10 C
The benebt, or otherwise, of introns in evolutionary computa- .11 A
tion have been hotly debated for some time [Levenick 1991] Choice  Probability
[Altenberg 1994] [Angeline 1994] [Nordin & Banzhaf 1995] A 2/4
[Nordin, Francone & Banzhaf 1995] [Wu & Lindsay 1995] B 1/4
[Andre & Teller 1996] [Wineberg & Oppacher 1996] C 1/4

Haynes 1996] [Wu & Lindsay 1996 Lobo et al. 1998 .
{Sm%th & Harri]es 1[998] [Luke 2%00] ]In [the standard im]— Table 1: Probabilities of selecting a production rule using 2-

plementation of GE, introns can only occur at the end of z?it codons.

chromosome due to the nature of the mapping process. The,ever, given an 3-bit codon the bias due to the probability
role of an !ntron in the preservgtlon of bU|Id|r_19. b!ock; duey using any one rule is reduced, see Table 2.

to destructive crossover events is therefore minimised in GE. _ _

We wish to investigate the effects introns might have on thdaking the case of an 8-bit codon as adopted in the standard
performance of GE and, as such, have devised a mechanidaf implementation this bias is minimised even further, see
by which they may be incorporated into the system. Welable 3.

call this mechanlsm' Grammar II_)ebned. Introns, whereby thﬁ] the case of there being two choices as in

grammar is used to incorporate introns into the genome. This

is achieved by allowing codons to be skipped over duringl) <code> :: = <line> (A)

the mapping process, by usiigtron s as a choice(s) for |<code><line> (B)

non-terminals.

, , . there is no bias to either choice no matter how many codes
For example, the following non-terminal uses an intron as &,is;.

rule:
One approach to alleviate the problem of bias was that used
<line> :: = <if-statement> (A) by [Paterson & Livesley], who duplicated certain rules. Un-
|<op> (B) fortunately, that system was difbcult to control, and not very



Genetic Code Choice (B) <line> :: = <if-statement> (0)

000 A |<op> (1)

001 B

010 C (C) <if-statement> :: = if(food_ahead()){

011 A <line>

100 B }

101 C else{ <line> }

110 A

111 B (D) <op> i = left() 0)
Choice  Probability | right() (1)

A 3/8 (.375) | move() (2

B 3/8 (.375) ) )

C 2/8 (.25) To determine the effect of introns on the performance of GE,

grammar debned introns were placed at various points in the
Table 2: Probabilities of selecting a production rule using 3.grammar, and the cumulative frequency of success measured

bit codons. on the target problem.
Choice  Probability For example, 100 runs were conducted where an intron was

A 86/256 (.336) placed at position zero of Rule (A) as follows:

B 85/256 (.332) '

C  85/256(.332) (A) <code> :: = intron 0)

[<line> (1)

Table 3: Probabilities of selecting a production rule using 8- |<code><line> 2)
bit codons.

100 runs were then conducted with the intron placed at the

other two remaining positions:
successful at removing the bias. Another approach that GE

can employ is to minimise the bias towards any one rule byA) <code> :: = <line> (0)

increasing the size of the codon. |intron (1)

This paper will consider both the possibility of introducing |<code><line> ©)

and removing bias through the incorporation of introns. and

5 Experimental Approach (A) <code> :: = <line> (0)
|<code><line> D
lintron (2)

The aim of this paper is to examine bias in the grammar and
alter any bias effects that might be observed. We also wish tgyoving a choice (i.e. Rules B and D).

establish if introns may be useful to GE. _ _ . .
To take into account the bias that might result from using a

We conduct our experimentation on the Santa Fe ant tralmaier codon size, we repeat the above experiments using a
problem. A tableau describing this problem and parameters_pit codon instead of the 8-bits used normally.

can be seen in Table 4. The default grammar used for this
problem is outlined below.
6 Results

Cumulative frequencies of success for each of the experi-
ments outlined in the previous section are given in Figures
1,2,3and4.

Figure 1 shows results for the insertion of an intron at the var-
ious positions of rule A. With the intron in position zero, a

And can be represented as: success rate superior to standard GE is achieved in the case of
both 8-bit and 2-bit codons, with little difference between the
(A) <code> :: = <line> ) 8-bit and 2-bit results. In the cases of positions one and two,
|<code><line> (1) it can be seen that the presence of the intron has the similar

effect of improving success over standard GE. With the addi-



Objective : Find a computer program to control an artibcial ant
so that it can bnd all 89 pieces of food located on
the Santa Fe Trail.

Terminal Operators: left(), right(), move(), foodahead()

Fitness cases One btness case

Raw Fitness Number of pieces of food before the
ant times out with 615 operations.

Standardised Fitness Total number of pieces of
food less the raw btness.

Hits Same as raw btness.
Wrapper Standard productions to generate C functions
Parameters =500, =50

=0.01, =

Table 4: Grammatical Evolution Tableau for the Santa Fe Trail

tion of an intron to Rule A, we change the number of choice$.1 Discussion
from two to three, thus biasing the rule in position zero.
These results suggest that it is quite possible for a grammar to

In the case that the intron is in position zero and therefor‘ﬁnplicitly contain bias. This, in turn, can have severe impli-

biased towa_rds (stronger bias in the case of a Z't.)it codqn) W&tions for the type and quality of individuals explored by the
see a superior performance to standard GE, particularly in thgystem

case of a 2-bit codon.

revious results [OONeill & Ryan 1999a] have shown that
hen degeneracy was removed from the system, the perfor-
ance dropped dramatically. Indeed, Figures 2 to 4 illustrate
ust how poorly the 2 bit representation (minimal degeneracy)

ares.

These results would suggest that by inserting bias towarc{%
the choice of an intron we achieve an improved performancq,h
comparing to what would otherwise be an unbiased rule
choice. When 8-bit codons are adopted (reduction in bi
towards the rule at position zero), the improvement in per- ~
formance by placing an intron at position zero is less evidenhile it wasnOt clear from earlier work exactly why a degen-
than in the case of 2-bit codons. erate encoding was better, these results suggest that degener-

. . . : " acy acts to remove bias from the search. The performance of
In the case of inserting an intron in positions 1 or 2, we

) . } o . the 2 bit representation with bias removed approaches that of
are creating a bias towards the rule in position 0, i.e

. This also gave us superior perfor-
mance comparing to standard GE. This seems to suggest
forcibly inserting a bias towards certain rules, we can guide
the system to make its choices, thus improving the overaffinally, it is clear from the results that sometimes the removal
performance. of bias towards a grammar production rule will not improve
v%erformance. This in turn suggests that bias in grammars can

the 8 bit representation, but on no occasion does it outperform
he 8 bit with bias removed. This suggests that degeneracy is
%ing more than counteracting bias.

Similar resul_ts are observed for rule B, see Figure 2. Th uide the system to better choices, thus improving the search
presence of introns generally enhances the performance o I a solution

standard GE, with positive effects due to the insertion of bias

either towards introns, or towards existing rules. These Pndings are, however, limited to the problem domain

. . . . . examined, and as such, further investigations will be required

Inse'rtlo'n of an intron into r.ule D has the opposite effect to N+ determine their generality.

sertioninto rules A and B, i.e. change from an uneven number

of choices (3) to an even number (4), see Figure 3 and 4. With

the addition of an intron, the bias towards any one of the pro7 Conclusions & Future Work

duction rules is removed. The results demonstrate that with

the intron placed at all the positions other than position ze-

ro, a reduction in performance over standard GE with 8-biA technique called Grammar DePned Introns is introduced

codons is observed. The change in success rate when pladedncorporate introns into GE. Following a discussion on the

in position zero appears to be less evident in the case of 8-diias that exists towards certain production rules of the BNF

codons, but much larger for 2-bit codons. grammar, we demonstrate that the creation of bias has posi-
tive effects in the case of the problem domain and grammar
examined here. In particular, bias towards introns has been
shown to have benebpcial effects, thus suggesting that introns
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We show that degeneracy can remove the effect of bias, anthe authors wish to thank Maarten Keijzer and Mike Cattoli-
that, in many cases, using a degenerate code can outperforra@for the many conversations that helped to form the founda-

tweaked insertion of introns. In certain cases, a combinatiotions of this work.

of Grammar Debned Introns and degenerate code produces
the best performance.

References

The effect of counteracting bias can be dramatic, and this
suggests that much care should be taken in the design of[Altenberg 1994] Altenberg L. 1994. The evolution of evolv-

grammar. Future work will consider the possibility of ideal
numbers of productions, and also examine the effects of re-

moving/introducing bias on other problems.

1994.

ability in genetic programming. In Kenneth E. Kinnear,
Jr., Ed. Advances in Genetic ProgrammingIT Press,

[Andre & Teller 1996] Andre D., Teller A. 1996. A Study in
Program Response and the Negative Effects of Intron-
s in Genetic Programming. IRroceedings of Genetic
Programming 1996: Proceedings of the First Annual
ConferenceJohn R. Koza, David E. Goldberg, David
B. Fogel, & Rick L. Riolo, Eds. Stanford, USA 1996,

pp 12-20.



Cumulative Freq. Of Success

920

80

70

60

50

40

30

20

Grammatical Evolution - Santa Fe Trail

Grammatical Evolution - Santa Fe Trail

T T T T T T T T T
sTosbic  + I —
STD 2bit = S
[Rule 4, Pos. 0 8bit ----%--- o ERg=r, ]
Rule 4, Pos. 0 2bit & e’ oo
W meged
o
Jalicl=l =
o -
L * r Be.
v X%
o s
wrd 4t e
T x
* >
L Fio <X il
* >
* >
-
X B o~
L : + < i
* @
* o X
FoB o+ >
L ; - i
* i+ <
F-I <
L *o < i
a8 x
x
Ko+
L Bt x i
*
i
*
L Fas, )
i x
& %
Bx
R
gt | . . . . . . . .
o 5 10 15 20 25 30 35 40 45 50

Generation

Cumulative Freg. Of Success

920

80

70

60

50

40

30

20

10

. . : . : : . . .
sTD BBt + J—.
STD 2bit > JEE
| Rule 4, Pos. 1 8bit ----*--- +
Rule 4, Pos. 1 2bit = ++ ",
.
+++ Xx«xxx“
+ * =l=]
= -t **  _oooeegg, "
2 oemEeERg,
. meePT
. o
R E.gnmxxxx
L - - |
.
It
R ST
<
. Vol
L s |
i
. dek x
=%
L L g |
R
5 7
v
L a K |
s
frox
@8 §v><><x
.
L *gs 4
¥
E?‘f
[ §g§ )
L
2
s 10 15 20 25 30 35 40 a5 50

Generation

Cumulative Freg. Of Success

920

70

60

50

40

30

20

10

Grammatical Evolution - Santa Fe Trail

T T T T T T T T T
STD 8bit  + S
STD 2bit = JEE
[Rule 4, Pos. 2 Bbit - d
Rule 4, Pos. 2 2bit & o of
- o
I
o
. JRHHHABR
x
r A -
exd wos x
v x
FE <
. *® mee®
; <
L ok B e i
» x
; x
e
L Jdx 4
Boe” <
+ 2 ox
i
L Ny 4
[r==alee
o/
=
*
L « 4
ﬁﬁ x
B
0
&
L i 4
<
2‘5
L o< 4
Q
ok
i
PR . . . . . . .
o 5 10 15 20 25 30 35 40 45 50

Generation

Figure 3: The effects of inserting introns for the Prst three choices on the fourth non-teominal

Grammatical Evolution - Santa Fe Trail

Grammatical Evolution - Santa Fe Trail

90 90
STD 8bit  + —
STD 2bit % L
Rule 4, Pos. 3 8bit ----%---
80 N - 80 STD 8bit —+— -
Rule 4, Pos. 3 2bit -~ T STD 2bit -
. >
*
-+
o xx*xxx"‘x
70 - s F oo 70 - e h
x
+* oo™ oo e o
- X = <
5 e e
60 | + w X =) Bl 60 | Pl B
. * x e X
& e o e X
g ¥ ox X
s s <
2 s0 - * 2 mma® B 50 - P B
5 s, 2 %
g o e g ¥
2 v ¥ xm £ ¥
= ¥ ox £ h
£ 4o | + jod 4 a0 | i
= + ;s P
g -l /
3 o eds 2t
30 | Foxe B 30 # B
+ ;n ol
g st
LA *
.
20 | . B 20 | 4 B
b = #
+. /
10 | gém g 10 | [ g
o
%
x
a3
- . . . . . . . . ° f . . . . . . . .
o 5 10 15 20 25 30 35 40 45 50 o 5 10 15 20 25 30 35 40 45 50

Generation

Generation

Figure 4: (Left) The effects of inserting introns for the fourth choice on the fourth non-tergnéRight) Results for 2-bit
and 8-bit codons using the standard grammar

[Angeline 1994] Angeline P.J. 1994. Genetic Programming
and Emergent Intelligence. In Kenneth E. Kinnear, Jr.,

al Conference on Genetic Algorithpi’.K. Belew and
L.B. Booker Eds. San Diego, CA 1991, pp 123-127.

Ed.,Advances in Genetic ProgrammindIT Press, pp

75-98.

[Goldberg 1989] Goldberg, David E. 1989. Genetic Algo-
rithms in Search, Optimization and Machine Learning.

Addison Wesley.

[Koza 1992] Koza, J. 1992Genetic Programming MIT

Press.

[Haynes 1996] Haynes T. 1996. Duplication of Coding Seg-
ments in Genetic Programming. Rroceedings of the
Thirteenth National Conference on Artibcial Intelli-

gence Portland, OR, pp 344-349.

[Lobo et al. 1998] Lobo F.G., Deb K., Goldberg D.E., Harik
G., Wang L. 1998. Compressed Introns in a Linkage
Learning Genetic Algorithm. lsenetic Programming
1998: Proceedings of the Third Annual Conference
Madison, Wisconsin, pp 551-558.

[Luke 2000] Luke S. 2000. Code Growth Is Not Caused by
Introns. INGECCO02000as Vegas, pp

[Nordin & Banzhaf 1995] Nordin P. and Banzhaf W. 1995.
Complexity compression and evolution.Pnoceedings
of the 6th International Conference on Genetic Algo-
rithms (ICGA-95), Pittsburgh, L. Eshelman (ed.), Mor-
gan Kaufmann, San Francisco, 1995, pp. 310 - 317.

[Levenick 1991] Levenick J. R. 1991. Inserting Introns Im-[Nordin, Francone & Banzhaf 1995] Nordin P., Francone F.,

proves Genetic Algorithm Success Rate: Taking a Cue
from Biology. In Proceedings of the 4th Internation-

and Banzhaf W. 1995. Explicitly dePned introns and de-
structive crossover in genetic programming. In Kenneth



E. Kinnear, Jr. and Peter J. Angeline Edsdyvancesin  [Wu & Lindsay 1995] Wu A. S. and Lindsay R. K. 1995.

Genetic Programming.2VIT Press.

[OONeill & Ryan 2001] OONeill M., Ryan C. Grammatical

Empirical studies of the genetic algorithm with noncod-
ing segments=volutionary ComputatioB3, pp 121-48.

Evolution. IEEE Trans. Evolutionary Computation [Wu & Lindsay 1996] Wu A. S and Lindsay R. K. 1996. A

2001.

[OONeill & Ryan 2000] OONeill M., Ryan C. 2000.
Crossover in Grammatical Evolution: A Smooth
Operator? Lecture Notes in Computer Science 1802,
Proceedings of the European Conference on Genetic
Programming pages 149-162. Springer-Verlag.

[OONeill & Ryan 1999a] OONeill M., Ryan C. 1999. Genetic
Code Degeneracy: Implications for Grammatical Evo-
lution and Beyond. IrProceedings of the Fifth Euro-
pean Conference on Artibcial Life

[OONeill & Ryan 1999b] OONeill M., Ryan C. 1999. Under
the Hood of Grammatical Evolution. IRroceedings of
the Genetic & Evolutionary Computation Conference
1999

[OONeill & Ryan 1999¢c] OONeill M., Ryan C. 1999. Evolv-
ing Multi-line Compilable C Programd.ecture Notes
in Computer Science 1598, Proceedings of the Second
European Workshop on Genetic Programmimpgges
83-92. Springer-Verlag.

[Paterson & Livesley] Paterson N., Livesley M. Evolving
Caching Algorithms in C by Genetic Programming. In
GPO97: Proceedings of the Second Annual Conference
pages 262-267.

[Ryan C., Collins J.J. & OONeill M. 1998] Ryan C., Collins
J.J., OONeill M. 1998. Grammatical Evolution: Evolv-
ing Programs for an Arbitrary Languadescture Notes
in Computer Science 1391, Proceedings of the First Eu-
ropean Workshop on Genetic Programmipgges 83-
95. Springer-Verlag.

[Smith & Harries 1998] Smith P.W.H., and Harries K. 1998.
Code Growth, Explicitly DebPned Introns, and Alterna-
tive Selection SchemeBvolutionary Computatiof:4,
pp 339-360.

[ICGA Workshop 1997] Workshop on Exploring Non-
coding Segments and Genetics-based Encodings,
International Conference on Genetic Algorithms 1997,
MI, USA.

[Wineberg & Oppacher 1996] Wineberg M. and Oppacher F.
1996. The Benebts of Computing with Introns, In John
R. Koza, David E. Goldberg, David B. Fogel, and Rick
L. Riolo Eds.,Genetic Programming 1996: Proceed-
ings of the First Annual ConferencMIT Press, pages
410-415.

survey of intron research in genetics,Rroceedings of
the 4th Conference on Parallel Problem Solving from
Nature Berlin, Germany, September 1996.



1

Exact Schema Theory for GP and Variable-length GAs
with Homologous Crossover

Riccardo Poli
School of Computer Science
The University of Birmingham
Birmingham, B15 2TT, UK
R.Poli@cs.bham.ac.uk

Abstract

In this paper we present a new exact schema the-
ory for genetic programming and variable-length
genetic algorithms which is applicable to the
general class of homologous crossovers. These
are a group of operators, including GP one-point
crossover and GP uniform crossover, where the
offspring are created preserving the position of
the genetic material taken from the parents. The
theory is based on the concepts of GP crossover
masks and GP recombination distributions (both
introduced here for the brst time), as well as the
notions of hyperschema and node reference sys-
tems introduced in other recent research. This
theory generalises and rebnes previous work in
GP and GA theory.

Introduction

Nicholas Freitag McPhee
Division of Science and Mathematics
University of Minnesota, Morris
Morris, MN, USA
mcphee@mrs.umn.edu

crossover [1] in that they require that the offspring being
created preserve the position of the genetic material taken
from the parents.

The paper is organised as follows. Firstly, we provide a re-
view of earlier relevant work on GP schemata and cover the
key debnitions and terms in Section 2. Then, in Section 3
we show how these ideas can be used to debne the class
of homologous crossover operators and build probabilis-
tic models for them. In Section 4 we use these to derive
schema theory results and an exact debnition of effective
btness for GP with homologous crossover. In Section 5 we
give an example that shows how the theory can be applied.
Some conclusions are drawn in Section 6.

2 Background

Schemata are sets of points of the search space sharing
some syntactic feature. For example, in the context of GAs
operating on binary strings, the syntactic representation of
a schema is usually a string of symbols from the alphabet
0,1,* , where the character * is interpreted as a OdonOt

Genetic programming theory has had a difbcult child-careO symbol. Typically schema theorems are descriptions

hood. After some excellent early efforts leading to dif- Of how the number of members of the population belonging

ferent approximate schema theorems [1, 2, 3, 4, 5, 6, 7f0 @ schema vary over time. Let  denote the proba-

only very recently have schema theories become availabl@ility at time - that a newly created individual samples (or

which give exact formulations (rather than lower bounds)matches) the schema, which we term theotal transmis-

for the expected number of instances of a schema at th@on probabilityof . Then an exact schema theorem for a

next generation. These exact theories are applicable tgenerational system is simply [17]

GP with one-point crossover [8, 9, 10], standard crossover 1)

and other subtree-swapping crossovers [11, 12, 13], and

different types of subtree mutation and headless chickewhere is the population size, is the number

crossover [14, 15]. ofindividuals sampling atgeneration and  isthe

. . expectation operator. HollandOs [18] and other worst-case-

Here we extend this work by presenting a new exact ; : :

) : L .~ _scenario schema theories normally provide a lower bound

schema theory for genetic programming which is applica .
X . for or, equivalently, for

ble to a very important and general class of operators which

we call homologous crossovers. This group of opera-One of the difbculties in obtaining theoretical results on

tors generalises most common GA crossovers and includgsP using the idea of schema is that Pnding a workable def-

GP one-point crossover and GP uniform crossover [16]inition of a schema is much less straightforward than for

These operators differ from the standard subtree swappinGAs. Several alternative debnitions have been proposed in



the literature [1, 2, 3, 4, 6, 7, 5]. For brevity here we will the Prst argument of this function is the variaklee) the
describe only the debnition introduced in [6, 7], since thissecond argument of the function is any valid node in the
is what is used in the rest of this paper. We will refer to thisterminal set. One of the results obtained in [10] is

kind of schemata axed-size-and-shape schemata

X0 X0 XO 2
Syntacticaly a GP bxed-size-and-shape schema @)
is a tree composed of functions from the setwhere
and terminals from the set , where and

are the function and terminal sets used in a GP run. The ,, 3)
primitive  is a OdonOt careO symbol which standsfor a
gleterminal or function. A schema represents the set of
all programs having the same shape aand the same la-
bels for the non- nodes. For example, if= +, * and

=X y theschemg x (=y =) representsthe and: isthe crossover probability; is the selection
four programs(+ x (+ y x)) , (+* x (* Y ¥)) .  probability of the schema ;> , ,  areanenumer-
(+x (yx) and+x(yy) . ation of all the possible program shapes, i.e. all the possi-
In [6, 7] a worst-case-scenario schema theorem was derivedl® Pxed-size-and-shape schemata contaiisigns only;
for GP with point mutation and one-point crossover; as dis- is the number of nodes in the common re-
cussed in [8], this theorem is a generalisation of the ver@ion between shape and shape ; is the
sion of Holland®s schema theorem [18] presented in [1§€t Of indices of the crossover points in such a common
to variable size structures. One-point crossover works by€91on; is the hyperschema obtained by replacing

using the same crossover point in both parent programgll the nodes on the path between crossover poamd
and then swapping the corresponding subtrees like standafd€ root node with= nodes, and all the subtrees connected
crossover. To account for the possible structural diversityf© those nodes wit# nodes; is the hyperschema
of the two parents, the selection of the crossover point i®Ptained by replacing the subtree below crossover point
restricted to theommon regionthe largest rooted region With a# node; if a crossover pointis in the common re-
where the two parent trees have the same topology. Th@/On between two programs but it is outside the schema

common region will be dePned formally in Section 3. , then and are debned to be the empty
set. The hyperschemata and are impor-

One-point crossover can be considered to be an instanggnt pecause, if one crosses over at poiahy individual
of a much broader class of operators that can be debnggd with any individual in , the resulting

through the notion of the common region. For example offspring is always an instance of. The steps involved

in [16] we dePned and studied a GP operator, caliel jn the construction of and for the schema
form crossover(based on uniform crossover in GAs), in ¢ = (+ x 9)) are illustrated in Figure 1.

which the offspring is created by independently swapping _ . _ _

the nodes in the common region with a uniform proba-AS discussed in [8], it is possible to show that, in the ab-
bility. If a node belongs to the boundary of the commonSence of mutation, Equations 2 and 3 generalise and rebne
region and is a function then also the nodes below it ard!0t Only the GP schema theorem in [6, 7] but also the ver-
swapped, otherwise only the node label is swapped. Man§'on of HollandOs schema theorem [18] presented in [19],
other operators of this kind are possible. We will call them@S Well as more recent GA schema theory [21, 22].

homologous crossoveraoting that our dePnition is more Veery recently, this work has been extended in [11] where a
restrictive than tha_t in [_20]. A _formal description of these general, exact schema theory for genetic programming with
operators will be given in Section 3. subtree swapping crossover was presented. The theory is
The approximate schema theorem in [6, 7] was improve(Pased ona generalisation of the notion of h_yperschema and
in [9, 10], where an exact schema theory for GP with one2n & CarteS|a_n node reference syst_em which makes it pos-
point crossover was derived which was based on the nosible to describe programs as functions over the space

tion of hyperschema. AP hyperschem a rooted tree  The Cartesian reference system is obtained by considering

composed of internal nodes from and leaves the jdeal inbnite tree consisting entirely of nodes of some
from - Again, = is a OdonOt careO symbolxed maximum arity .. This maximal tree would in-
which stands for exactly one node, whitestands for any  |ude 1 node of arity max at depth 0, e Nodes of arity
valid subtree. For example, the hyperschéim# (= x nax @t depth 1, . nodes of arity . at depth 2, and

=)) represents all the programs with the following char-
acteristics: a) the root node is a product, b) the brst argu- where is the number of
ment of the root node is any valid subtree, c) the secong¢es in the schema at time , is their mean btness, and
argument of the root node is any function of arity two, d) is the mean btness of the trees in the population.

In  btness proportionate  selection



L(H.1) UH.1) L(H.3) U(H.3) The theory in [11] is also applicable to standard GP

H
ol
N\, : ’ C ’ crossover [1] with and without uniform selection of the
/\ %\ /(\ /\ /\ crossover points, one-point crossover [6, 7], size-fair
i /\ ) / - / } % } % crossover [20], strongly-typed GP crossover [23], context-
AN \ \ \ \ preserving crossover [24], and many others. The theory has
) L )T “1 7 also been recently extended to subtree mutation and head-
less chicken crossover [14, 15]. It does not, however, cur-
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3 Modelling Homologous Crossovers

| |
]( \ / \ Given a node reference system it is possible to debne func-
= # # A tions over it. An example of such functions is thety
/Z\ function which returns the arity of the node at
o coordinates in . For example, for the tree in Fig-
ure 2, . and

Figure 1:Example of a schema and some of its potential hyper-

schema building blocks. The crossover points imre numbered Similarly, it is possible to debne tttemmon region mem-

as shown in the top left. bership function which returnstrue when
0 1 ) 3 4 g  Column is part of the common region of and . Formally,
. ! when either or
1 A
2 where max and is the integer-part function.
This allows us to formalise the notion cdbmmon region
3|
(4)
Layer

d This is the notion of common region used in the schema

Figure 2: Syntax tree for the prograriF (AND x1 x2) Fheprem for one-point crossover in Equation 2. As
(OR x1 x3) x1) represented in a tree-independent Cartesiarindicated before, one-point crossover selects the same
node reference system for nodes with maximum arity 3. Unusedrossover point in both parents by randomly choosing a
nodes and links of the maximal tree are drawn with dashed linesnode in the common region. An alternative way to inter-
Only four layers and six columns are shown. pret the action of one-point crossover is to imagine that
the subset of nodes in below such a crossover

generally .. nodes at depth. Then one could imag- ; )
; . . . : ._point are transferred from parent into an empty coor-
ine organising the nodes in the tree into layers of increasing,. : - !

inate system, while all the remaining nodes in

depth (see Figure 2) and assigning an index to each node Ule taken from parent . Clearly, nodes representing the
alayer. The layer numberand the index can then be used P ' Y, P g

. . gaves of the common region should be transferred together
to debne a Cartesian coordinate system. Clearly, one could. : .
with their subtrees, if any. Other homologous crossovers

also use this reference system to locate the nodes of non- " . : .
. L . . can simply be debPned by selecting subsets of nodes in the
maximal trees. This is possible because a non-maximal treée mmon reaion differentl
can always be described using a subset of the nodes and 9 Y-
links in the maximal tree. This is illustrated for the pro- A good way to describe and model the class of homologous
gram(IF (AND x1 x2) (OR x1 x3) x1) in Fig-  crossovers is to extend the notions of crossover masks and
ure 2. So, for example, thé& node would have coordi- recombination distributions used in genetics [25] and in the
nates (0,0), th&NDwould have coordinates (1,0), and the GA literature [26, 27, 28]. In a GA operating on bxed-
x3 node would have coordinates (2,4). In this referencdength strings a crossover mask is simply a binary string.
system it is always possible to bnd the route to the rooWhen crossover is executed, the bits of the offspring cor-
node from any valid coordinate. Also, if one choosgs,  responding to the 10s in the mask will be taken from one
to be the maximum arity of the functions in the function parent, those corresponding to 00s from the other parent.
set, it is possible to use this reference system to represefor example, if the parents are the strirggaaaa and
the structure of any program that can be constructed witbbbbbb and the crossover maskid0100 , one offspring

that function set. would beaababb . For operators returning two offspring it



is easy to show that the second offspring can be obtained bincluding only unary functions and initialising the popula-
simply complementing, bit by bit, the crossover mask. Fortion with programs of the same length. Since in a linear
example, the complement of the maksk0100 , 001011, GP system with bxed length programs every individual has
gives the offspringpbabaa . If the GA operates on strings exactly the same size and (linear) shape, only one common
of length , then different crossover masks are possi- region is possible. Therefore, only one bxed-size-and-
ble. If, for each mask, one debnes a probability,, that  shape recombination distribution is required to charac-
the mask is selected for crossover, then it is easy to see hotgrise crossover. In variable length GAs and GP, multiple
different crossover operators can simply be interpreted abxed-size-and-shape recombination distributions are nec-
different ways of choosing the probability distribution essary, one for every possible common region

For example, for strings of length the probability

distribution for one-point crossover would be for 4 Exact GP Schema Theory for Homologous
the crossover masks and oth- Crossovers

erwise, while for uniform crossover for all 16

Os. The probability distribution is called arecombina-

tion distribution Using hyperschemata and GP recombination distributions

for homologous crossover, we obtain the following:
Let us now extend the notion of recombination distributions
to genetic programming with h0m0|ogous Crossover. |:orTheorem 1. The total transmission probablllty for a bxed-
any given shape and size of the common region we cafize-and-shape GP schemaunder homologous crossover
debne a set oGP crossover maskshich correspond to is given by Equation 2 with
all possible ways in which a recombination event can take )
place within the given common region. Because the nodes ™
in the common region are always arranged so as to form
a tree, it is possible to represent the common region as a
tree or an equivalent S-expression. So, GP crossover masks
can be thought of as trees constructed using 00s and 10s
that have the same Size and Shape as the common regidﬁhere: the brst two SummationS are over a.” the indiVidU'

So, for example, if the common region is represented bydls in the population; is the common region be-
the set of node coordinate0,0),(1,0),(1,1), then there ~fween program and program is the set of
are eight valid GP crossover mask8: 0 0) ,(0 0 1) ,  crossover masks associated with ;  isafunc-
(010,011,200 ,1201 ,3210 tion which returns 1 if is true, O otherwise; is

and(1 1 1) The complement of a GP crossover maskdePned below;is the complement of crossover mask
is an obvious extension, where the complemehas the
same structure as maskut with the 00s and 10s swapped.
In the following we will use to denote the set of the
crossover masks associated with the common regio

is debned to be the empty set fontains any node
notin . Otherwise it is the hyperschema obtained by re-
Hlacmg certain nodes in with either= or # nodes:

, Where is the number of nodes in Since we are . .
. . . . Ifanodein correspondsto (i.e., has the same coor-
typically interested in the common region debned by two dinates as) a non-leaf node ithat is labelled with a
trees, weOll use as a shorthand for

0, then that node in is replaced with &.
Once is debPned we can debPnebxed-size-and-shape

recombination distribution which gives the probability If anode in  corresponds to a leaf node ithat is

labelled with a 0, then it is replaced with#a

that crossover mask will be chosen for crossover

between individuals having common region Then the All other nodes in  are left unchanged.

set , which we call aGP recombination distribu-

tion, completely dePnes the behaviour of a GP homologoug, for example, (* = (+ x =)) , as indicated in
crossover operator, different operators being characterisedigure 3(a), then is obtained by brst replac-

by different assignments for the. For example, the GP ing the root node with & symbol (because the crossover
recombination distribution for uniform GP crossover with mask has a function node 0 at coordinates (0,0)) and then
50% probability of exchanging nodes is : replacing the subtree rooted at coordinates (1,1) with a

GP crossover masks and GP recombination distribution§YMpol (because the crossover mask has a terminal node
generalise the corresponding GA notions. Indeed, as alsp @t coordinates (1,1)) obtainilg = #) . The schema
discussed in [8], GAs operating on bxed-length strings are » which forms a complementary pair with
simply a special case of GP with homologous crossovefthe previous one, is instead obtained by replacing the sub-

This can be shown by considering the case of function setEree rooted at coordinates (1,0) with*asymbol obtaining
* # (+ x =) ,asillustrated in Figure 3(b).



Schema H SchemaH  ~ coum  This corresponds to the proportion of times the offspring of

Column
0 1 2 3 o 0 1 2 i

‘ ‘ ol : ‘ and arein

\\ | ‘ | 2 ‘\ ‘ We can write

Layer
d . . .
Crossover Mask (010)_ . Crosslover l\gask (130 ]c)o._umn where is the conditional probability that
C— S T ' crossover mask will be selected when the parents are

0 A
0 D\ ‘ ‘ \ and , while and are the selection

0
I

11 0 ‘ ‘ e ! ‘ ‘ probabilities for the parents. In homologous crossover
2 2| = ) . . , SO
Lacsirer La&/er
(H,(010)) oo (H,(101) Column
0 1 2 i 0 1 2 i
ofT ol
1 ‘\# 1 1 L\ : Substituting this into Equation 6 with minor simplibcations
\\ leads to the expression of, in Equation 5.
2 > ) > 2| o ) X >
Layer Layer Equations 2 and 5 allow one to compute the exact total
(@) (b) transmission probability of a GP schema in terms of mi-

croscopic quantities. It is possible, however, to transform
Figure 3: A complementary pair of hyperschemata for  this model into the following exact macroscopic model of
theschema (* = (+ x =) . schema propagation

The hyperschemata and are generalisations Theorem 2. The total transmission probability for a pxed-
of the schemata and used in Equation 2 sjze-and-shape GP schemaunder homologous crossover
(compare Figures 1 and 3). In general if one crosses ovgg given by Equation 2 with

using crossover maskanyindividual in with any
individual in , the resulting offspring is always an
instance of .

x0 ()

Once the concept of is available, the theorem can
easily be proven.
Proof. Let us start by considering all the possible program
Proof. Let be the probability that, at genera- shapes , , . These schemata represent disjoint
tion , the selection-crossover process will choose parentsets of programs. Their union represents the whole search
and and crossover mask Then, let us consider the space, so
function

. We insert the I.h.s. of this expression and of an analogous
Given two parent programs, and , and a schema of o1 assion for in Equation 5 and reorder the
interest , this function returns the value 1 if crossing over ;..o obtaining:

and with crossover maskyields an offspring in .
It returns O otherwise. This function can be considered as xo
a measurement function (see [27]) that we want to apply to
the probability distribution of parents and crossover masks

attime , .If . and are stochastic vari-
ables with joint probability distribution , the
function can be used to debPne a stochastic
variable . The expected value ofis:

(6)

Since is a binary stochastic variable, its expected value
also represents the proportion of times it takes the value 1. 2Note that



Let us imagine that we have a function set
including only unary func-

tions, and the terminal set . Since,

all functions are unary, we can unambiguously represent

expressions without parenthesis. In addition, since the only

terminal in each expression is the rightmost node, we can

remove the subscripts without generating any ambiguity.

Thus, every member of the search space can be seen as a

variable-length string over the alphabet

and GP with homologous crossover is really a non- blnary

Since variable-length GA.

(and similarly for ), this equation ~ Let us now consider the scherAB=. We want to measure
completes the proof of the theorem. its total transmission probability (with,, ) under bt-
ness proportionate selection and an arbitrary homologous
This theorem is a generalisation of Equations 2 and 3crossover operator for the following population:
These, as indicated in Section 2, are a generalisation of a re-

cent GA schema theorem for one-point crossover [21, 22] Population Fitness

and a rebnement (in the absence of mutation) of both the AB 2
GP schema theorem in [6] and GoldbergOs version [19] of BCD 2
Holland®s schema theory [18]. The schema theorems in ABC 4
this paper also generalise other GA results (such as those ABCD 6

summarised in [29]), as well as the resultin [27, appendiX],
since they can be applied to linear schemata and even Dxel‘lﬁjI ibl h . Let be=
length binary strings. So, in the absence of mutattbe, € possible program shapes, -, etc.. Le e=

== be===and be====. We do not need to

schematheory in this paper generalises and rePnes not on '
earlier GP schema theorems but also old and modern G onsider other, larger shapes because the population does

schema theories for one- and multi-point crossover, uni- hot contain any larger programs. We then need to evaluate

form crossover and all other homologous crossovers the shape of the common regions to determine
for all valid values of and . In this case the common

order to apply Equation 7 we prst need to number all

Once the value of is available, it is trivial to ex- regions can be naturally represented using integers which
tend (as we did in [10, 11]) the notion of effective btnessrepresent the length of the common region. Since the
provided in [21, 22] obtaining the following: length of the common region is the length of the shorter
parent, we know . Then, for each
Corollary 3. The effective btness of a bxed-size-and-shapgmmon region we need to identify the hyperschemata
GP schema under homologous crossover is AB= for all the meaningful crossover masks
and calculate AB= for all meaningful values

of . These calculations are shown in Table 1. Using this
table we can apply Equation 7, obtaining, after simplibca-
tion and omitting and the superscriptfrom  for brevity,

X0

AB=  ,, AB=
(8)

5 Example

Since the calculations involved in applying exact GP

schema theorems can become quite lengthy, we will limit

ourselves here to one extremely simple example. For ap-

plications of this and related schema theories see [12, 13,

14, 15, 30]. To make clearer the relationship between

this work and our theory for one-point crossover, we will

use the same example as in [10], this time using generallhis equation is valid for any homologous crossover op-
homologous crossover operators instead of just one-poirgrator, each of which is debned by the set af It is
crossover. easy to specialises it for one-point crossover by using the



Mask  AB= AB= We believe that this paper extends this series of break-
0 4 - == e o throughs. Here we have presented a new schema the-
1 AB= AB= ory applicable to genetic programming and both variable-
00 =# == ===  ==== and bxed-length genetic algorithms with homologous
01 =B= =B= crossover. The theory is based on the concepts of GP
10 A# A= A== A=== crossover masks and GP recombination distributions, both
(1)(1)0 'isz 'ZE: e introduced here for the brsttime. As discussed in Section 4,
001 === ——— this theory also generalises and rebnes a broad spectrum of
010 =B# =B= =B== previous work in GP and GA theory.

(1)(1)% ;\E; AE; p— Clearly this paper is only a brst step. We have not yet
101 == == made any attempt to use our new schema evolution equa-
110 AB# AB=  AB== tions to understand the dynamics of GP or variable-length
(1)(1330 AB= AB= GAs with homologous crossover or to design competent

GP/GA systems. In other recent work, however, we have
specialised and applied the theory for other operators to un-
derstand phenomena such as operator biases and the evolu-
Table 1: Crossover masks and schemata necessary to calcuIaPeOn of size in variable length GAs [12, 13, 14, 15]. In the
Uture we hope to be able to do the same and produce ex-

citing new results with the theory presented here.

X0

recombination distribution , ,
and for all other
crossover masks. This leads to the same result as in [10].

Acknowledgements

It is also easy to specialise the previous equation to uni:rhe authors would like to thank the members of the EE-

form crossover by using the recombination distributionBIC (Evolutionary and Emergent Behaviour Intelligence
Where is the length of crossover and Computation) group at Birmingham, for useful discus-

mask . Doing so in this case yields AB= sions and comments. Nic thanks to The University of Birm-

For the same example, in [10] we obtainedAB= ingham School of Computer Science for graciously hosting
for one-point créssover which indicates that uni- MM during his sabbatical, and various ofpces and individu-

form crossover is slightly less Ofriendly® towards th@ls at the University of Minnesota, Morris, for making that

schema. We can also use Equation 8 to compute the ef;_abbancal possible.

fective btness for the schemddB= for both uniform and
one-point crossover, obtaining values of approximately 3.References
and 4.1, respectively. These values are very close to the
actual average btness of the schema in the current popuIaLl]
tion, 4, suggesting that in this case disruption and creation
effects tend to balance out. This is not always the case,
however, as is shown in [10].

J. R. Koza,Genetic Programming: On the Programming of
Computers by Means of Natural Selecti@ambridge, MA,
USA: MIT Press, 1992.

2] L. Altenberg, OEmergent phenomena in genetic program-
ming,O irEvolutionary Programming N Proceedings of the
Third Annual ConferencéA. V. Sebald and L. J. Fogel,

6 Conclusions eds.), pp. 233b241, World Scientibc Publishing, 1994.

[3] U.-M. OOReilly and F. Oppacher, OThe troubling aspects of

Unlike GA theory, which has made considerable progress
in the last ten years or so, GP theory has typically been
scarce, approximate and, as a rule, not terribly useful. This

is not surprising given the youth of GP and the complex-
ities of building theories for variable size structures. In [4]
the last year or so, however, signibcant breakthroughs have
changed this situation radically. Today not only do we have
exact schema theorems for GP with a variety of operators
including subtree mutation, headless chicken crossover/[5]
standard crossover, one-point crossover, and all other sub-
tree swapping crossovers, but this GP theory also gener-
alises and rebnes a broad spectrum of GA theory, as indi-
cated in Section 2.

a building block hypothesis for genetic programming,O in
Foundations of Genetic Algorithms @. D. Whitley and

M. D. Vose, eds.), (Estes Park, Colorado, USA), pp. 73D88,
Morgan Kaufmann, 31 JulyD2 Aug. 1994 1995.

P. A. Whigham, OA schema theorem for context-free gram-
mars,0 in1995 IEEE Conference on Evolutionary Computa-
tion, vol. 1, (Perth, Australia), pp. 1780181, IEEE Press, 29
Nov. - 1 Dec. 1995.

J. P. Rosca, OAnalysis of complexity drift in genetic pro-
gramming,O irGenetic Programming 1997: Proceedings
of the Second Annual Conferen¢® R. Koza, K. Deb,
M. Dorigo, D. B. Fogel, M. Garzon, H. Iba, and R. L. Riolo,
eds.), (Stanford University, CA, USA), pp. 286294, Mor-
gan Kaufmann, 13-16 July 1997.



[6] R. Poliand W. B. Langdon, OA new schema theory for ge-[17] R. Poli, W. B. Langdon, and U.-M. OOReilly, OAnalysis of

(7]

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

netic programming with one-point crossover and point mu-
tation,O irGenetic Programming 1997: Proceedings of the
Second Annual Conferen¢& R. Koza, K. Deb, M. Dorigo,
D. B. Fogel, M. Garzon, H. Iba, and R. L. Riolo, eds.),
(Stanford University, CA, USA), pp. 278b285, Morgan
Kaufmann, 13-16 July 1997.

R. Poli and W. B. Langdon, OSchema theory for genetic
programming with one-point crossover and point mutation,(118]
Evolutionary Computatianvol. 6, no. 3, pp. 2319252, 1998.

R. Poli, OExact schema theory for genetic program-[lg]
ming and variable-length genetic algorithms with one-point
crossover,Genetic Programming and Evolvable Machines
vol. 2, no. 2, 2001. Forthcoming. [20]
R. Poli, OHyperschema theory for GP with one-point
crossover, building blocks, and some new results in GA
theory,O irGenetic Programming, Proceedings of EuroGP [21]
2000(R. Poli, W. Banzhaf, andt al, eds.), Springer-Verlag,
15-16 Apr. 2000.

R. Poli, OExact schema theorem and effective btness for
GP with one-point crossover,0 froceedings of the Ge-
netic and Evolutionary Computation Conferer(@ Whit- [22]
ley, D. Goldberg, E. Cantu-Paz, L. Spector, I. Parmee, and
H.-G. Beyer, eds.), (Las Vegas), pp. 469D476, Morgan Kauf-
mann, July 2000.

[23]

R. Poli, OGeneral schema theory for genetic programming
with subtree-swapping crossover,@Ginetic Programming,
Proceedings of EuroGP 2001NCS, (Milan), Springer- [24]
Verlag, 18-20 Apr. 2001.

R. Poli and N. F. McPhee, OExact schema theorems for GP
with one-point and standard crossover operating on Iinear[25]
structures and their application to the study of the evolution

of size,O irGenetic Programming, Proceedings of EuroGP
2001, LNCS, (Milan), Springer-Verlag, 18-20 Apr. 2001.

N. F. McPhee and R. Poli, OA schema theory analysis o;
the evolution of size in genetic programming with linear
representations,0 ®Benetic Programming, Proceedings of
EuroGP 2001LNCS, (Milan), Springer-Verlag, 18-20 Apr.
2001. [27]
R. Poli and N. F. McPhee, OExact GP schema theory for
headless chicken crossover and subtree mutatiorRoin
ceedings of the 2001 Congress on Evolutionary Computa-
tion CEC 2001 (Seoul, Korea), May 2001.

N. F. McPhee, R. Poli, and J. E. Rowe, OA schema the-
ory analysis of mutation size biases in genetic programming
with linear representations,0 Rroceedings of the 2001
Congress on Evolutionary Computation CEC 20(8eoul, [29]
Korea), May 2001.

R. Poli and W. B. Langdon, OOn the search properties o
different crossover operators in genetic programming,O i
Genetic Programming 1998: Proceedings of the Third An-
nual ConferencdJ. R. Koza, W. Banzhaf, K. Chellapilla,
K. Deb, M. Dorigo, D. B. Fogel, M. H. Garzon, D. E. Gold-
berg, H. Iba, and R. Riolo, eds.), (University of Wisconsin,
Madison, Wisconsin, USA), pp. 293301, Morgan Kauf-
mann, 22-25 July 1998.

30]

schema variance and short term extinction likelihoods,0 in
Genetic Programming 1998: Proceedings of the Third An-
nual ConferencdJ. R. Koza, W. Banzhaf, K. Chellapilla,
K. Deb, M. Dorigo, D. B. Fogel, M. H. Garzon, D. E. Gold-
berg, H. Iba, and R. Riolo, eds.), (University of Wisconsin,
Madison, Wisconsin, USA), pp. 284D292, Morgan Kauf-
mann, 22-25 July 1998.

J. Holland, Adaptation in Natural and Artibcial Systems
Ann Arbor, USA: University of Michigan Press, 1975.

D. E. Goldberg,Genetic Algorithms in Search, Optimiza-
tion, and Machine Learning Reading, Massachusetts:
Addison-Wesley, 1989.

W. B. Langdon, OSize fair and homologous tree genetic pro-
gramming crossovers,Genetic Programming And Evolv-
able Machinegsvol. 1, pp. 959119, Apr. 2000.

C. R. Stephens and H. Waelbroeck, OEffective degrees of
freedom in genetic algorithms and the block hypothesis,O in
Proceedings of the Seventh International Conference on Ge-
netic Algorithms (ICGA97{T. Back, ed.), (East Lansing),
pp. 34b40, Morgan Kaufmann, 1997.

C. R. Stephens and H. Waelbroeck, OSchemata evolution
and building blocks,&Evolutionary Computatianvol. 7,
no. 2, pp. 109b124, 1999.

D. J. Montana, OStrongly typed genetic programmiBggd
lutionary Computationvol. 3, no. 2, pp. 1999230, 1995.

P. DOhaeseleer, OContext preserving crossover in genetic
programming,O iProceedings of the 1994 |EEE World
Congress on Computational Intelligenosol. 1, (Orlando,
Florida, USA), pp. 256261, IEEE Press, 27-29 June 1994.

H. Geiringer, OOn the probability theory of linkage in
Mendelian heredity,Annals of Mathematical Statistics
vol. 15, pp. 25B57, March 1944.

26] L. B. Booker, ORecombination distributions for genetic

algorithms,0 iINFOGA-92, Foundations of Genetic Al-
gorithms (Vail, Colorado), 24b29 July 1992. Email:
booker@mitre.org.

L. Altenberg, OThe Schema Theorem and PriceOs Theorem,0
in Foundations of Genetic Algorithms(B. D. Whitley and

M. D. Vose, eds.), (Estes Park, Colorado, USA), pp. 23D49,
Morgan Kaufmann, 31 Julyb2 Aug. 1994 1995.

8] W. M. Spears, OLimiting distributions for mutation and re-

combination,O iRroceedings of the Foundations of Genetic
Algorithms Workshop (FOGA g)V. M. Spears and W. Mar-
tin, eds.), (Charlottesville, VA, USA), July 2000. In press.

D. Whitley, OA genetic algorithm tutorial,O Tech. Rep. CS-
93-103, Department of Computer Science, Colorado State
University, Aug. 1993.

R. Poli, J. E. Rowe, and N. F. McPhee, OMarkov chain
models for GP and variable-length GAs with homologous
crossover,0 iRroceedings of the Genetic and Evolutionary
Computation Conference (GECCO-2001$an Francisco,
California, USA), Morgan Kaufmann, 7-11 July 2001.



Markov Chain Models for GP and Variable-length GAs
with Homologous Crossover

Riccardo Poli Jonathan E. Rowe Nicholas Freitag McPhee
School of Computer Science School of Computer Science  Division of Science and Mathematics
The University of Birmingham The University of Birmingham University of Minnesota, Morris
Birmingham, B15 2TT, UK Birmingham, B15 2TT, UK Morris, MN, USA
R.Poli@cs.bham.ac.uk J.E.Rowe@cs.bham.ac.uk mcphee@mrs.umn.edu
Abstract a Vose-like Markov-chain model for genetic programming

with homologous crossover [25]: a set of operators, in-
cluding GP one-point crossover [16] and GP uniform
crossover [28], where the offspring are created preserving
the position of the genetic material taken from the parents.
We obtain this result by using the core of Vose’s theory in
conjunction with a specialisation of the schema theory for
such operators. This formally links GP schema theory and
Markov chain models, two worlds believed by many people
to be quite separate.

In this paper we present a Markov chain model
for GP and variable-length GAs with homolo-
gous crossover: a set of GP operators where the
offspring are created preserving the position of
the genetic material taken from the parents. We
obtain this result by using the core of Vose’s
model for GAs in conjunction with a specialisa-
tion of recent GP schema theory for such opera-
tors. The model is then specialised for the case  The paper is organised as follows. Given the complexity
of GP operating on 0/1 trees: a tree-like general-  of the GP mechanics, exact GP schema theories, such as
isation of the concept of binary string. For these the exact schema theory for homologous crossover in [25],
symmetries exist that can be exploited to obtain tend to be relatively complicated. Similarly, Vose’s model

further simpli cations. In the absence of muta- for GAs [3] presents signi cant complexities. In the fol-
tion, the theory presented here generalises Vose’s  |lowing section, we will summarise these theories providing
GA model to GP and variable-length GAs. as much detail as reasonable, occasionally referring to [3]

and [25] for more details. Then, in Section 3 we present
the extensions to both theories which allow the construc-
1 Introduction tion of a Markov chain model for GP and variable-length
GAs with homologous crossover. In Section 4 we indi-

After a strong initial interest in schemata [1, 2], the inter- cate how the theory can be simpli ed thanks to symmetries
est of GA theorists has shifted in the last decade toward¥hich exist when we restrict ourselves to 0/1 trees: a tree-
microscopic Markov chain models, such as Vose’s modellike generalisation of the concept of binary string. In Sec-
possibly with aggregated states [3, 4, 5, 6, 7, 8, 9, 10, 11].tion 5 we give an example. Some conclusions are drawn in

Section 6.
In the last year or so the theory of schemata has made con-

siderable progress, both for GAs and GP. This includes sev-
eral new schema theorems which give exact formulation

(rather than the lower bounds previously presented in th? Background

literature [12, 13, 14, 15, 16, 17, 18]) for the expected num-

ber of instances of a schema at the next generation. Thegel Nix and Vose’s Markov Chain Model of GAs

exact theories model GP with one-point crossover [19, 20,

21], standard and other subtree-swapping crossovers [2Zhe description provided here is largely based on [3, 29]
23, 24], homologous crossover [25], and different types ofand [4]. See [30] for a gentler introduction to this topic.
subtree mutation and headless chicken crossover [26, 27I]_'et

While considerable progress has been made in GP schema be the set of all possible strings of lengthi.e.

theory, no Markov chain model for GP and variable-length - Let be the '_“’mber of ele
ments of such a space. Letbe a population represented
GAs has ever been proposed. .
as a multiset of elements from let be the popula-

In this paper we start lling this theoretical gap and presenttion size, and let be the number of possible populations;



in [3] it was shown that vector representing a particular population, we de ne an
operator , called theselection schemewhich computes
the selection probabilities  for all the members of .
For proportional selection

Let be an matrix whose columns represent the

possible populations of size. The th column Then we organise the probabilities into  arrays
_ of is the incidence vector for theh of size , calledmixing matricesthe elements of

population . That is is the number of occurrences which are We nally de ne an oper-

of s_trlng in (\_/vher_e is unamb|guo_usly mterpr(_ated S ator . called themixing scheme
an integer or as its binary representation depending on the

context).

Once this state representation is available, one can mod@jhich returns a vector whose components are the expected
a GA with a Markov chain in which the columns of — ,roh0rtion of individuals of each type assuming that indi-
represent the states of the model. The transition matrix fo{;q,,als are selected from the populatiomandomly (with

the model, ,isan matrix where the entry  rep- replacement) and crossed over.

resents the conditional probability that the next generation

willbe  assuming that the current generation is Finally we introduce the operator , which pro-

} vides a compact way of expressing the probabilities
In order to determine the values let us assume that we since (for tness proportionate selection)

know the probability of producing individual in the
next generation given that the current generation isTo
produce population we need to getexactly copies of

string for . The probability of this joint
event is given by a multinomial distribution with successwhere the notation  is used to represent théh compo-
probabilities for , S0 [31] nent of a vector. So, the entries of the transition matrix for
the Markov chain model of a GA can concisely be written
as
1)
(4)

The calculations necessary to compute the probabilitieﬁ] [29, 3, 4] it is shown how, for xed-length binary GAs

depend crucially on the representation and the OP€Ta; e operator can be calculated as a function of the mix-

tors chosen. In [4] results for various GA crossover operas | oo trix onlv. This is done by using a set of per-
tors were reported. As noted in [3], it is possible to decom- 9 - y 9 P

pose the calculations using ideas rstly introduced in [29] mutatl_on operators which permute the components of any
generic vector

as follows.
Assuming that the current generation is we can write (®)
where is a bitwise XORZ Then one can write
(2)
(6)
where is the probability that crossing over strings
and vyieldsstring and s the probability of select- 2.2 Exact GP Schema Theory for Homologous
ing from . Assuming tness proportionate selection, Crossover

In [25] the following exact schema theorem for GP with
homologous crossover was reported:

3

. . !In this paper we have chosen to use the symbutsb represent
where is the tness of string . both the selection scheme of a GA and the function set used in

. . GP, since this is the standard notation for both. This produces
We can map these results into a more recent formulatio 0 ambiguity since the selection scheme is not used outside this

of Vose’s model [4] by making use of matrices and Oper-section, and the function set is not referred to inside it.
ators. We start by treatlng the tnhess funCtIOI’l as a vector 2'|'he Operators can also be interpreted as permutation ma-
of components . Then, if is the incidence trices.



is de ned to be the empty set ifcontains any
node not in . Otherwise it is the hyperschema ob-
(7 tained by replacing certain nodes in with either=
or # nodes:

— Ifanodein correspondsto (i.e., has the same
coordinates as) a non-leaf node irhat is la-
belled with a 0, then that node in is replaced
with a=.

— Ifanodein correspondsto a leaf node ithat
is labelled with a 0, then it is replaced witha

— All other nodes in are left unchanged.

where

is a GP schema, i.e. a tree composed of functions

from the set and terminals from the set

, where and are the function and terminals is the complement of the GP crossover maskhe
sets used in our GP system and the primitivés a complement of a mask is a tree with the same structure
“don’t care” symbol which stands forsingleterminal but with the 0's and 1's swapped.
or function.

is the probability that a newly created individ- 3 Markov Chain Model for GP
ual matches the schema.
In order to extend Vose’s model to GP and variable-length
is the crossover probability. GAs with homologous crossover we de neto be an in-
dexed set of all possible trees of maximum deptthat
is the selection probability of the schema can be constructed with a given function seaind a given
terminal set . Assuming that the initialisation algorithm
,,  are all the possible program shapes, i.e.selects programs in, GP with homologous crossover can-
all the possible schemata containingigns only. not produce programs outside and is therefore a nite
. ) search space. Again, is the number of elements in
is the common region between programshe search space; this time, howeveis not . All other
of shape and programs of shape . The common gy antities de ned in Section 2.1 can be rede ned by sim-
region between two generic treesand is the set ply replacing the word “string” with the word “program”,
provided that the elements of are indexed appropriately.
With these extensions, all the equations in that section are

. . . . . also valid for GP, except Equations 5 and 6.
where is a pair of coordinates in a Cartesian

node reference system (see [22, 25] for more deThese are all minor changes. A major change is instead
tails on the reference system used). The predicatéequired to compute the probabilities  of generating

is true if . It also the th program in when the population is . For-
true if and tunately, these probabilities can be computed by apply-
is true, where returns ing the schema theory developed in [25] and summarised
the arity of the node at coordinates in in Section 2.2. Since schema equations are applicable to

and is the integer-part function. The schemata as well as to individual programs, it is clear that:
predicate is false otherwise. ®)

For any given common regionwe can de ne a set . . .
9 g where is calculated for population . This can be done

of GP crossover masks , which contains all differ- b];( specialising Equation 7. Doing this allows one to instan-

ent.trees W'th the same size and shape as the COmm?late the transition matrix for the model using Equation 1.
region which can be built with nodes labelled 0 and 1'However it is possible to express  in terms of more

TheGP recombination distribution gives the prob- ~ Primitive quantities as follows.

ability that, for a given common region crossover |et us specialise Equation 7 for théh program in :
mask will be chosen from the set .

A GP hyperschemis a rooted tree composed of inter-
nal nodes from and leaves from .

Again, = is a “don’t care” symbols which stands for
exactly one node, whil# stands for any valid subtree.



for xed-length strings [4]. This idea can be generalised
to other nite search spaces (see [32] for the detailed the-
ory). However, in the case of GP, where the search space is
a set of trees (up to some depth), the amount of symmetry
is more limited and does not seem to give rise to a single
mixing matrix.

In this section we will look at what symmetry does exist
and the simpli cations of the mixing operator it produces
when we restrict ourselves to the spac®AMf trees These
are trees constructed using primitives from a terminal set
and from a function set where
, is a nite subset of , and the subscripts
0 and represent the arity of a 0/1 primitive.lt should
be noted that the semantics of the primitives in 0/1 trees is
unimportant for the theory, and that 0/1 trees are a general-
isation of the notion of binary strinds.

Let be the set of 0/1 trees of depth at moéwvhere a pro-
gram containing only a terminal has depth 1). Let be
the set of full trees of exactly depttobtained by using the

where we used the fact that

Assuming the current population is, we have that primitive set where  is the maximum elementin
- S0, the last equation can be rewritten in . We termnode-wise XORhe operation which, given two
the same form as Equation 2 provided we set trees and in , returns the 0/1 tree whose nodes are

labelled with the result of the addition (modulo 2) of the
9) binary labels of the nodes inand having corresponding
coordinates; this operator is denoted

For example, if we represent 0/1 trees in preXx
notation, (1(101)(001)) (0(L00)(011))
Note that this equation could have been obtained by di-(1 (0 0 1) (0 1 0)). is a group under node-wise XOR.
rect calculation, rather than through the specialisation ofNotice that the de nition of extends naturally to pairs of
a schema theorem. However, this would still have requiredrees with identical size and shape.
the de nition and use of the hyperschema-returning func-
tion and of the concepts of GP crossover masks and G
recombination distributions. Also, notice that the set of GP
crossover masks also include masks containing all ones.
These correspond to cloning the rst parent. Therefore, by,s follows. Given any tree we match up the
suitable readjustement of the probabilities ,wecan nodesin with the nodesin, recursively:
rewrite Equation 9 as

or each tree we de ne a truncation function

1. The root nodes are matched.

2. The children of a matched node inare matched to

(10) children of the corresponding node irfrom the left.
This formula is analogous to the case of crossover de ned  Recall that each node in has the maximum possi-
by masks for xed-length binary strings [4]. ble arity, and that has the maximum possible depth.
Note that the arity of nodes in will be reduced (if
4 Mixing Matrices for 0/1 Trees necessary) to that of the matching nodes.in

As has already been stated in Section 2.1, for the case dihis procedure corresponds to matching by co-ordinates.
xed-length binary strings, the mixing operator can be The effect of the operator on a tree is to
written in terms of a single mixing matrix and a group throw away all nodes that are not matched against nodes in
qf permu.tatlon matrices. This yvorks because the permUta_' 3Subscripts will be dropped whenever it is possible to infer the
tion matrices are a representation of a group that acts transjgjty of 5 primitive from the context.

tively on the search space. This group action describes the 4The space of 0/1 trees obtained when is isomorphic
symmetries that are inherent in the de nition of crossoverto the space of binary strings of arbitrary length.



. The remaining tree will then be of the same size (where we are indexing vectors by the elements)ofThen
and shape as. for each bxed shape of depth not bigger than there

For example, suppose the maximum depth is exists a mixing matrix

and the maximum arity is also 3. Let
be the tree (1(0110)(1011)(1110)) and let

(0(110)(01)). Then matching nodes and truncating such that if is of shape then
produces (1(011)(10)).
The group acts on the elements of as follows. Let
and . Then de ne for some
Proof: Let be of shape as required. Construct a

_ N maximal full tree of depth not bigger thanby appending
which means we apply addition modulo 2 on each matche@ suf cient number of 0 nodes to the treeso that each
pair of nodes. We have used the extended de nition of jnternal nodein has children®

since and are guaranteed to have the same size and .
shape. In our previous example we would have Now suppose are trees which cross together to

(1(101) (1 1)). form with probability . Because crossover is as-
- _ sumed to be homologous, the set of the coordinates on the

We can extend the de nition of further by setting nodesin must be a superset of the set of node coordinates
of . Likewise for .
The th component of is

for any and . The effect of this is essen-

tially a relabelling of the nodes of the treen accordance

with the pattern of ones found in

For each we de ne a corresponding per-

mutation matrix  with

Lemmal. Let and let . Then for

homologous crossover

Proof: Interpreting Equation 9 for 0/1 trees and , the

following hold: where we have used the lemma to show

and is the inverse of the group elementFor 0/1 trees
since , Where is the schema
representing the shape of the treesin .
and the result follows. The third assertion follows from the
fact that we are relabelling the nodes in tre@ccording to 5 A Linear Example
the pattern of ones in, and we relabel the nodes in the hy-

perschema according to exactly the same pattern. In this section we will demonstrate the application of this

Let us consider the GP schemaconsisting only of “="  theory to an example. To keep the presentation of the cal-
nodes representing the shape of some of the programs in culations manageable in the space available this example
We denote with  the element of obtained by replacing must perforce be quite simple, but should still be suf cient
the = nodesin with nodes. to illustrate the key concepts.

For this example we will assume that the function set con-

Theorem 2. On the space of 0/1 trees with depth at most tains only unary functions, with the possible labels for both

homologous crossover gives rise to a mixing operator
SFor example, if , , Is(==(==9))and
(11(1112),then (1(1000)(1110)(0000)).



functions and terminals being0 and 1 (i.e.,

). As a result we can think of our structures as beingshows that can be obtained by applying a permutation
variable length binary strings. We will let (i.e., we
restrict ourselves to strings of length 1 or 2), which means
that and

Clearly is very similar to . Indeed, Theorem 2

matrix to

where

We will also limit ourselves here to the mixing matrices
for GP one-point crossover and GP uniform crossover; we
could however readily extend this to any other homologous
crossover operator.

5.1 GP one-point crossover The situation is more interesting for the mixing matrices

for
The key to applying this theory is to compute as

described in Equation 9. In other words, for each

we need to construct a matrix that contains

the probabilities that GP one-point crossover with parents
and will yield . Since , this will yield

SiX matrices. In the ( xed-length) GA case it would

only be necessary to specify one mixing matrix, since sym-

metries would allow us to derive the others through per-

mutations of the indices. As indicated in the previous sec-

tion, the symmetries in 0/1 trees case are more complex,

and one can not reduce the situation down to just one case.

In particular we nd, as mentioned above, that the set of

mixing matrices for our variable-length GA case splits into

two different subsets, one forof length 1, and one for

of length 2, and the necessary permutations are generated

by the group

To make this more concrete, let us consider and
each of which has exactly one non-zero coluinn:

Here again we can write these mixing matrices as permuta-
tions of

®Since these matrices are indexed by variable length binar§or
strings instead of natural numbers, we have indicated the indicegg
(0, 1, 00, 01, 10 and 11) along the top and left-hand side of each
matrix. In , for example, the value in position (1, 0) is 1 and

(01,0)is . where

of length 2:

,i.e.,

is as above.

, for example, can be written



5.2 GP uniform crossover these operators is entirely equivalent to a GA acting on
xed-length strings. For this reason, in the absence of mu-

Here will just show the mixing matrices and  since,  tation, our GP Markov chain model is a proper generalisa-

as we have seen, the other four matrices can be readily olfon Vose’s model of GAs. This is an indication that per-

tained from these using the permutation matrices haps in the future it will be possible to completely unify the
theoretical models of GAs and GP.

In the paper we analysed in detail the case of 0/1 trees
(which include variable length binary strings), where sym-
metries can be exploited to obtain further simpli cations in
the model. The similarity with Vose’s GA model is very
clear in this case.

This paper is only a rst step. In future research we in-
tend to analyse in more depth the general case of tree-like
structures to try to identify symmetries in the mixing ma-
trices similar to those found for 0/1 trees. Also, we intend
to study the characteristics of the transition matrices for the
GP model, to gain insights into the dynamics of GP.
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Table 4: Evolved Approximations for sgxj(

EXPRESSION COST ERROR
X/(X/(4.78576%/(9.17981+#/(15.39292+.04005697704)))+1.48335) 5 2.591348148
(x+.06288503787)/%9.04049)/(.05822627334%8.30072)+4.32524)+.795465 3 3.123452980
x/(5.5426193+.0655963588%)%+1.48335 2 8.935605674
.07262106112%+3.172308452 1 32.9532234%
7.011926 0 195.5193204

Table 5: Evolved Approximations for arcsing)(
EXPRESSION COST ERROR

1.86636*(1.277853316¢((.3868816181%(-2.90218)/(-4.88586x)+1.02145)*(- 17 3.361399200
1.122792357-.3868816189)-.03522759767*(-1.122792357-.3868816 181 tx+
4.86602)*k-.269326)/(.08407854¢+4.83551%)/(9.684284+2.08151)

1.86636*(.07017092454"2/((2*x+4.86602)*(3.111694208+4.83550)- 15 3.533969225
.03539134480%(.2502505059-.3868816181¢x+4.86602)*k-.269326)/(.0840785¢+
4.83551%)/(9.684284+2.0815K)

1.86636*(.0840785-.03522759767*(-1.122792357-.3868816481¢. 269326)+ 7 3.804858563
4.83551%)/(9.684284+2.0815K)

2.46147/(.4180284579-4.28068*1/(-2.299172064-.7261005920* 3 6.596080331
4.466119361%/(18.01575130+X)+1.32282 2 7.581253733
3.30409+.02369172728* 1 25.83927515
4.600931145 0 68.51916981

programming approach can be used on any function for
5 APPROXIMATING FUNCTIONS OF which data points can be generated. To test the ability of

genetic programming to evolve rational polynomial
MORE THAN ONE VARIABLE approximations for the type of function just described, an

For some functions of more than one variable, it isexperiment was conducted to evolve approximations of
possible to obtain a polynomial or rational polynomial the functionf(x)=x’ over the area O<==1, O<¥y<=1.
approximations using techniques designed to approximatBarameter settings were the same as described in the
functions of a single variable; this can be done by nestingection on Harmonic numbers, including the generation
and combining approximations. For example, to obtain dimit of 51.  Training data consisted of 100 (three
rational polynomial approximation for the function dimensional) points chosen at random from the given
f(x,y)=In(¥)*sin(y), one could compute a Padé rectangle. As in the previous section, a subset of 25
approximation for Inf) and a Padé approximation for examples was used to evaluate the individuals of each
cos§) and multiply the two together. To compute a generation.

rational polynomial approximi\ti_on for a more complex The approximations returned by the genetic programming
function such ag(x,y)=cos(In¢)*sin(y)), one could again gystem were further evaluated through Maple. As in the
compute two Padé approximations and multiply themprevious section, a Maple procedure was used to calculate
together, assign the, result to an intermediate variaple ihe minimum number of multiplications/divisions
and compute a Pade approximation for gps(However,  pecessary to compute the approximation, while the error
for any function of more than one variable that involves a\ 55 evaluated using a double Riemann integral with
non-arithmetic, non-unary operator whose set of operandggggg points. The Pareto front for this set of

contains at least two variables, there is no way to computgysroximations was then recomputed using the new cost
a polynomial or rational polynomial approximation using gnq error values. The results of this evaluation are
techniques designed to compute approximations fobresented in Table 6.

functions of a single variable. For the functid{x)=x’,

for example, there is no way to use Padé approximations
or Taylor series to obtain an approximation, since the
variables x and y are inextricably entwined by the
exponentiation operator. In contrast, the genetic



Table 6: Evolved Approximations fo?. presenting the full results of this experiment. We note,
however, that we are able to obtain 4 approximations in
EXPRESSION COST ERROR this manner which improve upon the Pareto front for our
X/ (YN 2+x-x*y"3) 4 .03643611691 original experiment (prior to refinement), which contains
~ ~ a total of 7 approximations. The experiment was
Xy 2Hxxty"2) 3 04650160477 conducted using the same settings as in sections 4 and 5,
X/(y+X-X*Y) 2 .04745973920 but with an error multiplier of 1000. Refinement in this
manner could be applied iteratively, to produce
X'y-y+.989868 L 05509570980 successively more accurate approximations. We have not
x+.13336555 0 .1401316648 investigated this possibility in any detail, but it is clear
from our preliminary findings that the technique of
refining approximations in this manner is indeed capable
The most accurate approximation evolved as a result abf producing significantly more accurate approximations.
this experiment was/(y*+x-xy’). Figures 4 and 5 present
graphs for the target surfacéx)=x' and for this
approximation, respectively.  Visually, the evolved
surface is quite similar to the target function.

In addition to refining evolved approximations using
genetic programming, it is also possible to refine
approximations generated through some other technique
(such as Padé approximations) through genetic
programming, or to refine approximations evolved via
genetic programming through a technique from numerical
analysis. Were the latter approach to prove effective, it
could be incorporated on-the-fly in the evalution of
individual approximations; one can imagine a rather
different approach to the problem in which all evolving
approximations are refined to a certain degree of accuracy
by adding terms based on Padé approximations or Taylor
series, and fitness is taken simply as the cost of the
resulting expression. This provides for an interesting
possible extension of the work reported in this paper.

7 FUTURE WORK

) The work presented in this paper suggests a number of

Figure 4:f(x)=x" possible extensions. First, by adding if-then functions
and appropriate relational operators such as less-than and
greater-than to the function set, one could evolve
piecewise rather than unconditional approximations to
functions. Second, as suggested in the previous section,
several extensions to this work based on the refinement of
approximations could be attempted. Third, little attempt
was made in this work to optimize parameters for the
problem of finding rational polynomial approximations in
general, and no parameter optimizations were made for
specific functions being approximated, so that alteration
of parameter settings represents a significant potential for
improvement on the results presented in this paper. These
results could also presumably be improved by using
additional computational power and memory, and by
employing a genetic programming system which allows
for automatically defined functions (Koza 1994).

Figure 5:x/(y*+x-xy’). Perhaps the ideal application of this technique would be
to perform th(_a equiva_lent of conducting the Harmonic
6 REFINING APPROXIMATIONS number experiment prior to 1734, the year that Leonhard

Euler established the limiting relation
It is possible to refine an approximati@fx) by evolving
an approximationd (x)) to its error function, then taking
the refined approximation aa(x)+a(x). To test the Wwhich defines Euler's constant (Eulero 1734). Such a
practicality of this idea, we performed refinement of result would represent "discovery” of an approximation
several evolved approximations to the function girqver ~ formula in the truest sense, and would be a striking and
the interval [0,/2]. Available space prohibits us from exciting application of genetic programming.

limn Hp-In(n)



8 CONCLUSIONS

L. Eulero (1734).
observationes.

De progressionibus harmonicus
InComentarii academiae scientarum

This paper has shown that genetic programming iSmperialis Petropolitana?(1734):150-161.

capable of rediscovering approximation formulae for
Harmonic numbers, and of evolving rational polynomial
approximations to functions which, under some

D. E. Goldberg (1989)Genetic Algorithms in Search,
Optimization, and Machine LearningReading, MA:

reasonable utility functions, are superior to Padgfddison-Wesley.
approximations. For common mathematical functions ofG. H. Gonnet (1984)Handbook of Algorithms and Data
a single variable approximated over a relatively largeStructuresLondon: Addison-Wesley.

interval, it has been shown that genetic programming cal
provide a set of rational polynomial approximations
whose Pareto front lies in part to the interior of the Paret
front for Padé approximations to the same function.
Though it has not been demonstrated explicitly in this

n

M. A. Keane, J. R. Koza, and J. P. Rice (1993). Finding
n impulse response function using genetic programming.
n Proceedings of the 1993 American Control
Conference3:2345-2350.

paper, one would expect that genetic programming would. R. Koza (1990). Genetic programming: A paradigm for
also be able to expand upon the Pareto front forgenetically breeding populations of computer programs to
approximations to functions of more than one variablesolve problems. Stanford University Computer Science
obtained by combining and nesting Padé approximationsDepartment technical report STAN-CS-90-1314.
Furthermore, for at least one function of more than oney
variable, genetic programming has been shown to provid(TD'rO
a way to evolve rational polynomial approximationsS
where the Padé approximation technique cannot b€
applied. Finally, we have presented results involvingJ. R. Koza (1994)Genetic Programming II: Automatic
evolutionary refinement of evolved approximations. Discovery of Reusable Program&ambridge, MA: MIT
Based upon these results, the authors regard the genefitess.

programming approach described in this paper as & | ke and L. Spector (1997). A comparison of

R. Koza (1992).Genetic Programming: On the
gramming of Computers by Means of Natural
election Cambridge, MA: MIT Press.

powerful, flexible, and effective technigque for the
automated discovery of approximations to functions.
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Abstract

We examine the effectiveness of gradient search
optimization of numeric leaf values for Genetic
Programming. Genetic search for tree-like
programs at the population level s
complemented by the optimization of terminal
values at the individual level. Local adaptation of
individuals is made easier by algorithmic
differentiation. We show how conventional
random constants are tuned by gradient descent
with minimal overhead. Several experiments
with  symbolic regression problems are
performed to demonstrate the approach’s
effectiveness. Effects of local learning are clearly
manifest in both improved approximation
accuracy and selection changes when periods of
local and global search are interleaved. Special
attention is paid to the low overhead of the local
gradient descent. Finally, the inductive bias of
local learning is quantified.

INTRODUCTION

W. F. Punch

Computer Science Dept.
Michigan State University
East Lansing, M| 48824
punch@cse.msu.edu

associated computational expense it was limited to 2-4%
of individuals. The presence of stochasticity in local
learning makes it relatively slow, even though some
hybrid algorithms vyield overall improvement. For
example, Iba and Nikolaev (2000) and Rodriguez-
Vazquez (2000) considered least squares coefficients
fitting limited to linear models. Apparently, the full
potential of local search optimization is yet to be realized.

The focus of this paper is on a local adaptation of
individual programs during the GP process. We rely on
gradient descent for improved generation of GP
individuals. This adaptation can be performed repeatedly
during the lifetime of an individual. The results of local
learning may or may not be coded back into the genotype
(reverse transcription) based on the modified behavior,
which is reported in the literature as Lamarckian and
Baldwinian learning, respectively (Hinton & Nowlan,
1987; Whitley et al., 1994). The resulting new fitness
values affect the selection process in both cases, which in
turn changes the global optimization performance of a
GP. Such an interaction between local learning, evolution
and associated phenomena without reverse transcription
are also generally referred to as the Baldwin effect.

We were motivated by a number of successful

The quest for more efficient Genetic Programming (Gp)applications of hybridization to neural networks (Belew et

is an important research problem. This is due to the facg: 1991, Zhang & Muhlenbein, 1993; Nolfi et al., 1994).
that a high computational complexity of GP is among itsBoth neural networks and GP trees perform input-output

distinctive features (Poli & Page, 2000). Especially now,
when variants of GP are being used on very ambitioud®SPect,
projects (Thompson, 1998; Koza et al., 1997), the spee
and efficiency of evolution are very crucial for such

problems.

mapping with a number of adjustable parameters. In this
terminal values (leaf coefficients) in a GP

gerform a similar function as weights in neural network.

A form of gradient descent is usually used to adjust
weights in a neural net architecture. In contrast, various
terminal constants are typically random within GP trees

Numerous modifications of the basic GP paradigm (Kozaand are rarely adjusted by gradient methods. The reasons
1992) are currently kn