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Abstract

Giving positive feedback to good solutions
is a common base technique in model-based
search algorithms, such as Ant Colony Op-
timization, Estimation of Distribution Algo-
rithms, or Neural Networks. In particular,
the reinforcement of components of good so-
lutions by positive feedback is known as a
successful technique in tackling hard combi-
natorial optimization problems. We show by
a simple model-based search algorithm for
the node-weighted k-cardinality tree prob-
lem that this strategy doesn't guarantee
steadily increasing performance of the algo-
rithm in general. It is rather possible that for
some \problem"-"probabilistic model" com-
binations the average performance of the sys-
tem is decreasing and even the average proba-
bility of sampling good solutions is decreasing
over time. The result is proven analytically
and the consequences are studied in some em-
pirical case studies.

1 Introduction

Model-based search (MBS) [10] algorithms are increas-
ingly popular methods for solving combinatorial opti-
mization problems. In MBS algorithms, such as Ant
Colony Optimization (ACO) [2] or Estimation of Dis-
tribution Algorithms (EDAs)1 [7, 8], candidate solu-
tions are generated using a parametrized probabilistic
model that is updated using the previously seen solu-
tions in such a way that the search will concentrate in
the regions of the search space containing high qual-
ity solutions. In particular, reinforcment of solution
components depending on the solution quality is an

�Corresponding author
1EDAs are covering several algorithms emerging from

the �eld of Evolutionary Computation.

important factor in the development of heuristics to
tackle hard combinatorial optimization problems. It
is assumed that good solutions don't occur sporadi-
cally, but consist of good solution components. To
learn which components contribute to good solutions
can help to assemble them to better solutions. In gen-
eral, a model-based search approach attempts to solve
an optimization problem by repeating the following
two steps:

� Candidate solutions are constructed using some
parametrized probabilistic model, that is, a
parametrized probability distribution over the so-
lution space.

� The candidate solutions are used to modify the
model in a way that is deemed to bias future sam-
pling toward low cost solutions.

Often it is implicitly assumed that the average per-
formace of model-based algorithms is increasing over
time. However, during empirical investigations of an
Ant Colony Optimization Algorithm for the Group
Shop scheduling problem2 we observed that for some
of the probabiltistic models chosen the performance
of the system was decreasing over time. This trig-
gered us to explore \problem"-"probabilistic model"
combinations where the expected performance of a
model-based search algorithm decreases over time. As
a test case we chose the node-weighted k-cardinality
tree problem, an NP -hard combinatorial optimization
problem.

The paper is organized as follows. In Sec. 2 we briey
present the node-weighted k-cardinality tree problem.
In Sec. 3 we outline a simple model-based search al-
gorithm for the k-cardinality tree problem. Section 4
contains the analytical analysis of the system for a

2Group Shop scheduling is a general formulation of
scheduling problems covering Job Shop scheduling and
Open Shop scheduling



small problem instance. Section 5 deals with empiri-
cal results and Sec. 6 �nally o�ers conclusions and an
outlook to the future.

2 The node-weighted k-cardinality
tree problem

The k-cardinality tree problem is a combinatorial op-
timization problem that generalizes the well{known
minimum weight spanning tree problem. It consists
in �nding in a node- or edge-weighted graph a subtree
with exactly k edges, such that the sum of the weights
is minimal. Due to various applications, such as oil-
�eld leasing [6], facility layout [4], quorum-cast routing
[1] and telecommunications [5], it has gained consid-
erable interest in recent years. In this paper we deal
with the k-cardinality tree problem in node-weighted
graphs. The problem can be formally de�ned as fol-
lows. Let G = (V;E) be a graph (where jV j = n and
jEj = m) with a weight function w : V ! IN on the
nodes. We denote the set of all k-cardinality trees in
G by Tk. Then the node-weighted problem (G;w; k) is
to �nd a k-cardinality tree Tk 2 Tk that minimizes

w(Tk) =
P

v2V (Tk)
w(v): (1)

The general problem is NP -hard, and in [9] NP -
completeness results have been obtained for grid and
split graphs.

3 A simple MBS algorithm for the
k-cardinality tree problem

In this section we briey outline a simple model-based
search algorithm based on positive feedback for the
k-cardinality tree problem. It is constructed in a
straight-forward manner and it is representative for
the class of model-based algorithms. The pseudo-code
for this algorithm is shown in Alg. 1. In Alg. 1, T i

k

Algorithm 1 A model-based algorithm for the node-
weighted k-cardinality tree problem

input: A problem instance (G;w; k)
InitializeModelParameters(�)
while termination conditions not met do
for i = 1; :::; ns do
T i
k  ConstructSolution(�)

end for

ApplyModelParameterUpdate(� ,T 1
k ,...,T

ns
k )

end while

output: A k-cardinality tree T best
k

denotes the ith solution constructed in the current it-
eration, ns � 1 is the total number of solutions con-
structed in every iteration, and � = f�v1 ; :::; �vng is

a set of model parameters. After initialization of the
model parameters, in every step of the algorithm ns
solutions are constructed using the current values of
the model parameters. These solutions are then used
to update the model parameters which are de�ned as
follows: To every node v 2 V (G) we have associated a
model parameter �v . The components of Alg. 1 are to
be explained in more detail in the following.

InitializeModelParameters(�): At the beginning of the
algorithm, the model parameters �v are all initialized
to the same small numerical value c > 0.

ConstructSolution(�): In order to construct solutions
to the problem we have to formalize how to use the
model parameter values to construct solutions3. For
constructing a solution, k + 1 construction steps are
done as shown in Alg. 2. In every step of the construc-

Algorithm 2 Solution construction

V (T0) ; and E(T0) ;
J0  V (G)
Choose v? 2 J0 with probability p(v? j T0)fSee eqn.
(2)g
V (T0) V (T0) [ v

?

for t = 1 to k do

Jt  fv 2 V (G) n V (Tt�1) j 9 e[vr; v] 2
E(G) with vr 2 V (Tt�1)g
Choose v? 2 Jt with probability p(v? j Tt)
Find an edge e connecting v? with Tt
E(Tt) E(Tt�1) [ feg
V (Tt) V (Tt�1) [ fv

?g
end for

tion phase, we can only add a node v to the partial
k-cardinality tree Tt (t 2 f1; :::; k � 1g) if there is an
edge e 2 E(G) that connects one of the nodes in Tt
with v. The probabilities p(vi j Tt) for all vi 2 Jt are
then de�ned in the following way.

p(vi j Tt) =

( �viP
v2Jt

�v
if vi 2 Jt

0 otherwise
(2)

where Jt is the set of nodes allowed to be added next
to the partial k-cardinality tree Tt (see Alg. 2).

ApplyModelParameterUpdate(� ,T 1
k ,. . . ,T

ns
k ): Once

all solutions of an iteration are constructed, a rule up-
dating the model parameters is applied. For the set
of model parameters f�v1 ; :::; �vng this update rule is
de�ned as:

�vi  (1� �) � �vi +
1
ns
�
Pns

j=1�� jvi (3)

3We have to de�ne a method of using the model to
sample the search space.



where

�� jvi =

(
1

w(T
j

k
)

if vi 2 T
j

0 otherwise :
(4)

In (4), T j is the jth solution produced in the cur-
rent iteration, w(T j) is the quality of solution T j and
0 < � < 1 is a parameter supporting the intensi�cation
of the search (a similar parameter in ACO algorithms
is called evaporation rate). This update rule is simi-
lar to update rules used in Ant Colony Optimization
and some other population-based methods from the
�eld of Evolutionary Computation. It should lead to
an increase of model parameter values associated with
solution components which have been found in better
quality solutions compared with other solution com-
ponents, hence increasing the expected performanc of
the algorithm over time. In the following section we
will prove that this expectation is not always met in
practice.

4 A counterexample: Decreasing
average performance of a MBS
algorithm over time

In this section we choose a small problem instance
of the k-cardinality tree problem and we show that
the expected performance of Alg. 1 is decreasing.
The problem instance under consideration is shown
in Fig. 1. It shows an undirected graph G = (V;E)
formally de�ned as follows.

V (G) = fv1; v2; v3; v4g (5)

E(G) = fev1;v2 ; ev2;v3 ; ev3;v4g (6)

w(vi) = wi > 0; for i = 1; :::; 4 (7)

For the weights we choose

w2; w3 > w1; w4; (8)

and for the sake of simplicity we choose

w1 = w4and w2 = w3 : (9)

In graph G we want to solve the 1-cardinality tree
problem with the model-based search algorithm out-
lined in the last section. In G we can �nd 3 di�erent
1-cardinality trees:

T a with V (T a) = fv1; v2g; E(T
a) = fev1;v2g

) w(T a) = w1 + w2

T b with V (T b) = fv2; v3g; E(T
b) = fev2;v3g

) w(T b) = w2 + w3

T c with V (T c) = fv3; v4g; E(T
c) = fev3;v4g

) w(T c) = w3 + w4

Because of (8) and (9) it holds that

w(T a) = w(T c) < w(T b): (10)

Therefore T a and T c are both optimal solutions of
this problem instance and T b is the worst solution.
With model parameter values �v1(t); :::; �v4 (t) at dis-
crete time steps t = 0; 1; :::, the probabilities pa(t),
pb(t) and pc(t) to construct solutions T a, T b and T c

are the following:

pa(t) =
�v1 (t)P
4

i=1
�vi (t)

+
�v2 (t)P
4

i=1
�vi (t)

�
�v1 (t)

�v1 (t)+�v3 (t)
(11)

pb(t) =
�v2 (t)P
4

i=1
�vi (t)

�
�v3 (t)

�v1 (t)+�v3 (t)

+
�v3 (t)P
4

i=1
�vi (t)

�
�v2 (t)

�v2 (t)+�v4 (t)
(12)

pc(t) =
�v4 (t)P
4

i=1
�vi (t)

+
�v3 (t)P
4

i=1
�vi (t)

�
�v4 (t)

�v4 (t)+�v2 (t)
(13)

We use the notation pvi for the probability of node vi
to be found in a solution constructed. These probabil-
ities are obviously the following ones.

pv1(t) = pa(t) (14)

pv2(t) = pa(t) + pb(t) (15)

pv3(t) = pb(t) + pc(t) (16)

pv4(t) = pc(t) (17)

Let us now examine the evolution of the model param-
eter values over time.

Evolution of �v1 over time: After every construc-
tion step there are two possibilities. Either v1 is a
part of the constructed solution, or it is not. Then the
expected value of �v1 at time t+ 1 is the following.

E(�v1(t+ 1)) =
�
(1� �) � �v1(t) +

1
w1+w2

�
� pv1(t)

Æ
��
Æ
��
Æ
��
Æ
��

w1 w2 w3 w4

v1 v2 v3 v4

Figure 1: The problem instance consists of four nodes
v1, v2, v3 and v4, connected by three edges. The node
weights of the nodes vi are indicated by wi.



+ (1� �) � �v1(t) � (1� pv1(t))

= �v1(t)pv1(t)� ��v1(t)pv1(t)

+ 1
w1+w2

pv1(t) + �v1(t)� �v1(t)pv1(t)

� ��v1(t) + ��v1(t)pv1(t)

= �v1(t) +
�

1
w1+w2

� pv1(t)� ��v1(t)
�

As pv1(t) = pa(t) we get

E(�v1 (t+ 1)) = �v1(t) +
�

1
w1+w2

� pa(t)� ��v1(t)
�
(18)

Evolution of �v2 over time: After every construc-
tion step there is { as above for �v1 { the possibility
that v2 is a part of the solution constructed. But there
are also two di�erent solutions v2 can be part of. In
the following pa+b will stand for pa + pb, w1+2 will
stand for w1 + w2, and w2+3 will stand for w2 + w3.

E(�v2 (t+ 1)) =�
(1� �) � �v2(t) +

pa(t)

pa+b(t)
1

w1+2
+

pb(t)

pa+b(t)
1

w2+3

�
� pv2(t)

+ (1� �) � �v2(t) � (1� pv2(t))

As pv2 = pa+b we get

E(�v2(t+ 1)) = (1� �) � �v2(t) � pa+b(t) +
pa(t)

w1+2

+
pb(t)

w2+3
+ (1� �) �v2(t) (1� pa+b(t))

= �v2(t)pa+b(t)� ��v2(t)pa+b(t)

+
pa(t)

w1+2
+

pb(t)

w2+3
+ �v2(t)

� �v2(t)pa+b(t)� ��v2(t)

+ ��v2(t)pa+b(t) :

Therefore we get

E(�v2 (t+ 1)) = �v2(t) +
�
pa(t)

w1+2
+

pb(t)

w2+3
� ��v2(t)

�
:

(19)
For the evolution of �v3and �v4 the computations are
the same as for �v2 and �v1 respectively. Consequently

E(�v3(t+ 1)) = �v3(t) +
�
pc(t)

w3+4
+

pb(t)

w2+3
� ��v3(t)

�
(20)

and

E(�v4(t+ 1)) = �v4(t) +
�

1
w3+4

� pc(t)� ��v4(t)
�

:

(21)
It is common practice in Genetic Algorithm research
to analyse the bahaviour of the algorithm with in�nite
population size. Therefore, in the following we con-
sider the limit case of ns !1. In this case the law of
large number says that the actual value of �vi(t) con-
verges in probability to the expected value. Therefore

we use �vi(t) instead of E(�vi(t)) in the following.
The algorithm at time t = 0 starts with �v1(0) =
�v2(0) = �v3(0) = �v4(0) = c > 0. With (9), (11)
and (13) it follows that pa(0) = pc(0). With (18) and
(21) it follows that �v1(1) = �v4(1) and with (19) and
(20) it follows that �v2(1) = �v3(1). In turn this implies
with (9) that pa(1) = pc(1). By induction it follows
that for t � 0

�v1(t) = �v4(t) and �v2(t) = �v3(t) (22)

pa(t) = pc(t) : (23)

This means that the evolution of �v1(t) is equal to the
evolution of �v4 (t), the evolution of �v2(t) is equal to
the evolution of �v3(t) and the probability to produce
tree T a is equal to the probability to produce tree T c.
This allows us to simplify equations (11), (12) and
(13) expressing everything in terms of �v1(t) and �v2(t).
Substituting �v3(t) by �v2(t) and �v4(t) by �v1(t) in
equations (11), (12) and (13) results in

pa(t) = pc(t) =
�v1 (t)

2(�v1 (t)+�v2 (t))
�
�
1 +

�v2 (t)

�v1 (t)+�v2 (t)

�
(24)

pb(t) =
�v2 (t)

�v1 (t)+�v2 (t)
�

�v2 (t)

�v1 (t)+�v2 (t)
: (25)

Theorem 1 In the settings described above the fol-
lowing holds. The probability pb(t) to produce T b (the
worst 1-cardinality tree to be found in graph G as de-
�ned in equations (5){(9)) is increasing from the �rst
step of Alg. 1 onward as long as

1
w2+3

pb(t) � �v1 >
1

w1+2
� pa(t) (�v2 � �v1) : (26)

Proof: In the following we will write �v1+v2(t) for
�v1(t) + �v2(t). Then

pb(t+ 1) > pb(t)
,�

�v2 (t)+
�
pa(t)

w1+2
+

pb(t)

w2+3
���v2 (t)

�
�v1+v2 (t)+

�
2pa(t)

w1+2
+

pb(t)

w2+3
��(�v1+v2 (t))

��2

>�
�v2 (t)

�v1+v2 (t)

�2
, (taking the square root)�

�v2(t) +
�
pa(t)

w1+2
+

pb(t)

w2+3
� ��v2(t)

��
� (�v1+v2(t))

>

�v2(t) �
�
�v1+v2(t) +

�
2pa(t)

w1+2
+

pb(t)

w2+3
� �(�v1+v2(t))

��
,

�v2(t)�v1(t) + (�v2(t))
2
+

pa(t)

w1+2
�v1 (t) +

pa(t)

w1+2
�v2(t)

+
pb(t)

w2+3
�v1(t) +

pb(t)

w2+3
�v2(t)� ��v2(t)�v1(t)� � (�v2 (t))

2

>

�v2(t)�v1 (t) + (�v2(t))
2
+

2pa(t)

w1+2
�v2(t) +

pb(t)

w2+3
�v2 (t)

���v2(t)�v1 (t)� � (�v2(t))
2

,
1

w2+3
pb(t) � �v1 >

1
w1+2

� pa(t) (�v2 � �v1) :



As in the �rst iteration of Alg. 1 all model parame-
ter values are equal and greater than 0, it holds that
pb(1) > pb(0). qed

Remark 1 With (22) it is now also clear that in the
case pb(t+ 1) > pb(t) it holds that

pa(t+ 1) < pa(t); (27)

pc(t+ 1) < pc(t); (28)

pa(t+ 1)� pa(t) = � 1
2
(pb(t+ 1)� pb(t)) ; (29)

pc(t+ 1)� pc(t) = � 1
2
(pb(t+ 1)� pb(t)) :(30)

If we now measure the performance P(t) of Alg. 1 as
the expected average quality of a solution produced at
any time t � 0 as

P(t) = w1+2 � pa(t) +w2+3 � pb(t) +w3+4 � pc(t); (31)

then it is clear that for pb(t+ 1) > pb(t) the expected
performance of the system is decreasing from time t

to time t+1. Using Theorem 1 it follows that the ex-
pected performance of Alg. 1 is decreasing from t = 0
to an unknown time tstop > 0 which may be �nite or in-
�nite. To summarize, we have shown that it is possible
to �nd circumstances where the expected performance
{ as formalized in (31) { of Alg. 1 is decreasing. In the
next section we will con�rm the outcomes outlined in
this section empirically.

5 Analytical curves and empirical
con�rmation

In this section we present analytical and empirical re-
sults for Alg. 1 on two di�erent weight settings for the
k-cardinality tree problem instance de�ned in equa-
tions (5){(9). The �rst setting of the weights is

w1 = w4 = 1:0 and w2 = w3 = 2:0 (32)

further on referred to as problem instance 1. The sec-
ond setting is

w1 = w4 = 1:0 and w2 = w3 = 100:0 (33)

further on referred to as problem instance 2. We
used the formulas derived in the last section4 to pro-
duce the analytical curves showing (i) the performance
of the system as de�ned in (31), and (ii) the evolu-
tion of the four model parameter values over time.
We also run Alg. 1 with 10000 solution constructions
per iteration for four di�erent values for parameter
� 2 f0:5; 0:1; 0:05; 0:01g on both problem instances to
see the empirical behavior of the system. The results
are shown in Fig. 3{5. In Fig. 3 and Fig. 4, we observe

4Formulas (18){(21) for the evolution of model param-
eter values, and formulas (11){(13) for the evolution of the
probabilities to produce the di�erent solutions.
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Figure 2: This graph shows four di�erent empirically
obtained performance curves for problem instance 1,
� = 0:05 (averaged over 100 experiments). The curve
labeled \no perturbation" is the curve for the system
starting with model parameter values �v1 = �v2 =
�v3 = �v4 = c, where c is the starting value for the
model parameters. The other curves show the perfor-
mance of the system when there is a random pertur-
bation on the starting model parameters. 0:1% per-
turbation for example means that for every model pa-
rameter value we were tossing a coin: this means that
to equal probability we either added 1

1000
� c to �vi or

we subtracted 1
1000
� c from �vi . We did that for each

of the four model parameter values independently.

that the performance of the system in the analytical
and also in the empirical case decreases quite drasti-
cally in the �rst couple of hundred iterations. Then,
the analytic curves seem to converge (with still de-
creasing performance) to a �xed point of the system
(not being one of the solutions). This �xed point is im-
plicitly de�ned by equation (26)5. On the other hand,
the empirically obtained curves show even a slightly
higher decrease in performance at the beginning, but
then near the equilibrium the sensitivity to sampling
errors seems to increase rapidly. As a result, the sys-
tem converges to one of the two optimal solutions (Ta
or Tb). For problem instance 2, the number of itera-
tions needed for both, the analytical and the empirical
curves, to reach there limits is lower than for prob-
lem instance 1. Qualitatively the results are the same
for the two di�erent weight settings. This is in accor-
dance with the results of the last section, which are not
dependent on the relative di�erence between weights
w1 = w4 and w2 = w3.

5This claim is supported by the fact that if we take the
analytically obtained convergence values (exact up to four
decimal digits) for the four model parameter values and
substitute them in equations (24), (25) and (26) we get
equality in (26) for up to decimal digits.



We also compared the evolution of the four model pa-
rameter values over time, analytically as well as empir-
ically. The graphs are shown in Fig. 5. In the analytic
case, the evolution of model parameter values �v1 and
�v4 (resp. �v2 and �v3) is the same whereas in the em-
pirical case the evolution is the same at the beginning,
until the system nearly reaches the equilibrium and
then, due to the sampling error, begins to drift toward
one of the two optimal solutions.

The last set of experiments we performed was to in-
vestigate the inuence of perturbations of the starting
model parameter values. To perturb the model param-
eter values (initially set to a constant c), a value 1

x
� c

was either added or substracted to equal probability.
For x we considered values 10, 100 and 1000. The re-
sults are shown in Fig. 2. With x = 1000 (just a slight
perturbation) the convergence of the system seems to
be slightly slowed down, but at the end it is reaching
the state of convergence slightly faster than the system
without perturbation. With the choice of x = 100, we
notice a bigger advantage in convergence speed in all
phases. The choice of x = 10 (which corresponds to a
strong perturbation) shows a much higher convergence
speed until about 1000 iterations at which point the
speed of convergence gets really slow and the system
does not even converge before the 1500 iteration limit.
These results suggest that a slight perturbation of the
initial model parameter values is useful (but it must
neither be too low nor too high).

6 Conclusions and outlook to the
future

In this paper we showed that { unlike what is usually
expected { the expected performance of model-based
search algorithms using positive feedback can decrease
over time in certain settings. We want to make clear at
this point, that the results presented in this paper have
not uncovered a general weak point of learning systems
based on positive feedback as such. We believe that
it is rather in the nature of algorithms such as Ant
System [3] and related algorithms such as Population
Based Incremental Learning (PBIL) and Estimation of
Distribution algorithms (EDAs) that such phenomena
can occur when applied to a certain kind of problem or
problem instances with a certain kind of structure. In
the case of the problem and problem instance chosen
in this paper we have a structure of two equally good
solutions competing in the system and a bad solution
taking pro�t from that. We also point out that the
update rule is a crucial component of a model-based
search algorithm. If we chose a di�erent update rule in
the example presented { for instance a rule only using
the best solution found since the start of the algorithm
for updating the model parameter values { the algo-

rithm wouldn't show a decreasing performance. In the
future we intend to investigate into the interactions
between parameter model and model parameter up-
date rule in order to improve the understanding about
phenomena related to the one presented.
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Figure 3: Performance curves for problem instance 1. The graph in the upper left corner shows the analytic
curves for four di�erent values for � 2 f0:5; 0:1; 0:05; 0:01g. In contrast to that the graph in the right upper corner
shows the empirically obtained curves for 10000 solution constructions per iteration (the curves are averaged
over 100 experiments). The other four graphs show the comparison of the analytic and the empirical curve for
every one of the four settings for �.
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Figure 4: Performance curves for problem instance 2 (higher weights on v2 and v3). The graph on the left shows
the analytic curves for four di�erent values for � 2 f0:5; 0:1; 0:05; 0:01g. In contrast, the graph on the right shows
the empirically obtained curves for 10000 solution constructions per iteration (the curves are averaged over 100
experiments).
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Figure 5: The three graphs show the evolution of the four model parameter values exemplary for problem instance
1, � = 0:05. The top graph shows the analytic curves (there are just two curves visible, because the curves for
�v1 and �v4 (�v2 and �v3 respectively) are exactly the same). In contrast, the two lower graphs show the evolution
of model parameter values empirically obtained. In the graph on the left the system is converging to solution
Ta, and in the graph on the right to the solution Tc.


