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‡Département de Génie Électrique et de Génie Informatique
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Abstract

This paper presents some lens system design
and re-engineering experimentations with ge-
netic algorithms and genetic programming.
These Evolutionary Algorithms (EA) were
successfully applied to a design problem that
was previously presented to expert partici-
pants of an international lens design confer-
ence. Comparative results demonstrate that
the use of EA for lens system design is very
much human-competitive.

1 INTRODUCTION

Designing a lens system is a complex task currently
done by experimented optical engineers, using CAD
tools that can optimize a roughly shaped design. The
work presented in this paper is motivated by a de-
sire to completely automate this design task, using
Genetic Algorithms (GA) and Genetic Programming
(GP) techniques.

The paper first presents the theory related to lens
systems, before addressing a brief survey of modern
design methods. Then, experimental results are pre-
sented for the automatic design of a benchmark prob-
lem for both the design (using GA and GP) and the
re-engineering (using GP) of a lens system.

2 THEORY ON LENS SYSTEM
DESIGN

A lens system is an arrangement of lenses with different
refractive indexes, surface curvatures, and thicknesses.
Figure 1 shows an example of a 2 lenses system. Given

c
1
c
2

c
3

c
4

n
1

n
2

n
0

t
1

d
1

t
2

Figure 1: Parameters of a Two Lenses System. The ni

variables denote the refractive indexes of the media,
the ci represent the lens surface curvatures, the ti are
the lens thicknesses, and d1 is the lens spacing.

an object of a certain size, at a certain distance, its
function is to produce an image of this object. Al-
though many lens arrangements can generate images
of the same size, the problem of lens system design is
to seek the one with the least amount of aberration.

Aberrations are the difference between a real image
and the corresponding approximated image computed
with Gauss optics (O’Shea, 1985). Gauss optics con-
stitute a usable framework to characterize an optical
system with various Gaussian constants such as the
effective focal length, stop, f -number of the system,
and image distance and magnification. Aberrations
come from the fact that Gauss optics are used during
the design process; real physics of lens systems are too
complex to be usable.

To characterize lens systems we need to do what is
called ray tracing. Starting at a given point on the
object and a given initial angle, a ray trace is the com-
putation of the trajectory of a light ray through the
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Figure 2: Illustration of Snell-Descartes First Law of
Refraction

optical system until it reaches the image plane. The
exact (real) ray trace is obtained from the first law of
refraction (Snell-Descartes) that governs the behavior
of light passing through the interface between two me-
dia having different refractive indexes. The path of
a ray passing from medium 1 to medium 2 obeys the
following equation:

n1 sin θ1 = n2 sin θ2 (1)

where n1 and n2 are refractive indexes of media 1 and
2, and θ1 and θ2 are incident and refracted angles rel-
ative to the normal of the interface between the two
media. Figure 2 illustrates this first law of refraction.
On the other hand the paraxial approximation consists
in assuming that all rays lie close to the optical axis.
Using the sine expansion:

sinφ = φ− φ3

3!
+

φ5

5!
− · · · (2)

then φ ≈ 0 =⇒ sinφ ≈ φ. Equation 1 becomes:

n1θ1 ≈ n2θ2 (3)

This approximation is the basis of Gauss optics or first
order optics.

The quantification of the aberrations of an optical sys-
tem is done by computing the difference between the
real image (i.e. the one that stems from Equation 1),
and the image that results from the paraxial approxi-
mation. In other words, two ray traces emerging from
the same point on the object with the same angle, one
exact and one approximated1, will strike the image
plane at different positions. These correspondence er-
rors, averaged over a whole set of distinct rays, could
provide a convenient basis for building a quality mea-
sure.

Finally, in the sine expansion of Equation 2, it is in-
teresting to note that if we also consider the second
term, than we obtain what is called third order optics.

1The approximative ray trace is virtual and computed
with Gauss optics.
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Figure 3: Illustration of: a) Spherical Aberration, and
b) Distortion.

The difference between first and third order optics rep-
resents the five Seidel aberrations: spherical aberra-
tion, coma, astigmatism, field curvature, and distor-
tion (O’Shea, 1985). Figure 3 illustrates two of these.
The spherical aberration (Figure 3a) is caused by the
fact that, for spherical lenses, rays coming from infin-
ity and parallel to the optical axis do not converge to
the same focus point, depending on the ray distance
from the optical axis. The result of this type of aber-
ration is a blurred image. Another type of aberration
is distortion, that causes pincushion (positive distor-
tion) or barrel (negative distortion) shaped images, as
shown in Figure 3b.

3 EXISTING METHODS

Modern design of lens systems is generally done with
specialized CAD softwares that help designers to vi-
sualize the lens system, evaluate its quality following
precise criteria, and locally optimize the system’s vari-
ables. This optimization is often done by using lo-
cal search algorithms like the Damped Least Square
(DLS) method. But the typical search space of optical
system design is a complicated multidimensional space
comprising several peaks, non-linearities and strong
correlation between parameters (Sturlesi and O’Shea,
1990). Hence, a local search explores only the im-
mediate neighborhood of the initial solution, making
the result very dependent on the competence and ex-
perience of the designer. But since the beginning of
the 1990’s, some applications of global search methods
have been made in optical design. A few researchers
have successfully used simulated annealing for optical
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design (Forbes and Jones, 1990; Hearn, 1990). Others
have modified local optimization algorithms, like the
DLS algorithm, to allow exploration beyond local op-
tima (Isshiki, 1998). These two approaches have been
recently integrated in some optical CAD tools.

But not much work has been done using Evolution-
ary Algorithms (EA). As far as we know, only (Ono
et al., 1998) have designed some lens systems using
real-coded genetic algorithms. They were able to au-
tomatically design lens systems made of more than 10
parts, for some imaging applications. They also exper-
imented with multi-objective optimization of optical
systems by using the Pareto optimal selection strat-
egy. Other research on application of EA to optical
systems includes (Ben Hamida et al., 1999), which use
two evolutionary approaches to design an optical sur-
face, and (Nosato et al., 2001), that use EA for the
automatic alignment of optical devices.

4 MONOCHROMATIC QUARTET
PROBLEM

To evaluate the capability of our approach for lens sys-
tem design, we chose a problem stated in the 1990 In-
ternational Lens Design Conference (ILDC). This con-
ference, held every four years, includes a friendly de-
sign competition for its participants. The 1990 prob-
lem (O’Shea, 1990) became a benchmark to evaluate
the performance of optimization algorithms for lens
system design because the 11 best solutions proposed
by human experts make up only two different classes
of similar solutions, and the organizers concluded that
these solutions appear to be global optimums of the
solution space.

The problem is named the Monochromatic Quartet.
Essentially, it consists in finding an optical system
made of four spherical lenses. Here is the formal state-
ment of the problem (O’Shea, 1990).

Design a 4-element, f/3, 100 mm effective
focal length lens of BK7 glass, illuminated by
helium d wavelength (i.e., n = 1.51680). The
object is at infinity, the object field covers 30◦

full field (15◦ semi-field angle) and the image
field is flat.

Constraints on the construction includes:
only spherical surfaces, no aspherics, GRIN
elements, Fresnel lenses, binary elements,
holographic optical elements, etc. The min-
imum glass thickness is 2 mm, but there is
no upper limit on the size of the lens. The
distortion must be less than 1% and there

should be no vignetting. The last is intended
to assure that vignetting could not be used
to improve the edge performance on the lens.
No requirement is put on the location of the
stop of the system.

The merit function consists of the average
of the RMS blur spot for three fields : on-
axis, 10.5◦, and 15◦, weighted equally.

The f -number (also written f/#) measures the light-
collecting ability of the lens system. An effective focal
length for a lens system is similar to the focal length of
an equivalent single lens. The focal length itself is the
inverse of the lens power, which is the capacity of mak-
ing rays converge over short distances. The BK7 glass
is just an ordinary type of glass frequently used for
lens fabrication. The helium d wavelength constraint
specifies that the problem is monochromatic, that is
the considered wavelength is fixed and thus the refrac-
tive indexes are also fixed (otherwise we would have
to consider the so-called chromatic aberrations). This
system must not have vignetting, i.e. the image must
not be truncated. It is also possible to include a stop,
that is an aperture in the optical system which limits
the amount of light in the system, allowing to reduce
aberrations. Its diameter can be linked directly with
the effective focal length and the f -number.

The error measure of the problem seeks to separate
distortion from other types of aberrations. The prob-
lem statement specifies that distortion must not ex-
ceed 1% and thus implies that below this level, one
should only concentrate on other aberrations. Using
exact computations (Equation 1), the RMS blur spot
method traces several parallel rays at a given entrance
angle. These angles must be set successively at 0◦,
10.5◦, and 15◦ as specified by the problem statement.
Using paraxial approximation, all the rays with the
same entrance angle converge at a single point. But
with exact ray traces, they will strike the image plane
at different points, generally in the neighbourhood of
the approximate point, and form a so-called blur spot,
as illustrated in Figure 4. The RMS blur spot is com-
puted from the variances of the position at the image
plane of different exact rays with the same entrance
angle. A reference ray traced with the paraxial ap-
proximation is used to evaluate the distortion, by mea-
suring its distance from the centroid of the exact rays
at the image. For more details, the interested reader
is referred to (Lambda Research Corporation, 2001).
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Figure 4: Illustration of the Blur Spot Measure

Table 1: Monochromatic Quartet Lens System Encod-
ing with GA. Units for thickness, distance and stop
location are mm. Units of curvatures are mm−1.
Type of # of
parameter par. Encoding Bounds
Curvature 7 16 bits [−0.04, 0.04]
Thickness 4 16 bits [2, 250]
Distance 3 16 bits [0, 250]
Stop Location 1 18 bits [0, 1000]

5 LENS SYSTEM DESIGN WITH
GA

As a first trial, we tried to design a lens system that
meets the monochromatic quartet criteria using classi-
cal GA, with bit string representations of fixed length
(Holland, 1975). The lens system modeling is straight-
forward and the problem has a total of 15 parameters
to optimize. Table 1 summarizes the encoding and the
upper/lower bounds for each parameter encoded in the
bit strings. The chosen bounds are large enough to al-
low the exploration of all physically feasible solutions.

The value of the last curvature and aperture stop are
not included in this table because these parameters are
not evolved. They are set so that the lens system re-
spects the problem specifications (effective focal length
and f -number). The distance between the last surface
and the image plane is also calculated in order that ap-
proximative rays having the same field angle focus on
the image plane. Also, the lens systems are validated
during the evolution to ensure that they are physically
possible (to prevent lens overlap, etc.). When impossi-
ble configurations appear, the problematic lens diam-
eters, distances between lenses or lens thicknesses are

Table 2: Evolution Parameters with GA
Evolution parameter Value

Population size 5000
Number of generations 1000
Crossover probability 0.03
Mutation probability 0.01

Participants to tournament selection 3

corrected until the system become physically feasible.

To implement this GA, we used a C++ framework
for evolutionary computations named Open BEAGLE
(Gagné and Parizeau, 2002). Also a C++ library,
named Library for Lens System Ray Tracing (Gagné
and Beaulieu, 2001), was developed to compute ray
tracing through a given lens system. This library fa-
cilitates the fitness measure calculation, that needs to
evaluate several exact and approximative ray traces.

For the fitness measure, we defined the following equa-
tion:

Fitness =


1.0

1.0 + RMS
%dist ≤ 1.0

1.0
%dist

× 1.0
1.0 + RMS

%dist > 1.0

where %dist is the maximum percentage of distortion
observed, and RMS is the average value of the RMS
blur spot for the three initial field angles mentioned in
the problem statement. This fitness equation provides
a measure spectrum, normalized between 0 and 1, that
is detailed enough to adequately differentiate individ-
uals. It also ensures that the lens system having more
than 1% of distortion are sufficiently penalized during
the evolutions. Experimentally, we observed that all
the best solutions obtained do not have more than 1%
of distorsion.

Preliminary tests were first conducted in order to ob-
tain a good idea of evolution parameters to use for this
problem. The used parameters are presented in Table
2. Then, 30 evolution runs were conducted using these
parameters, each needing about 2 to 3 hours of CPU
time on an Athlon processors running at 1.2 GHz (the
runs were conducted in parallel on a Beowulf cluster
of 25 nodes).

6 RESULTS USING GA

The best solution obtained with GA produces an av-
eraged RMS blur spot of 0.0019 mm, compared with
0.0024 mm for the best human result reported at the
1990 ILDC monochromatic quartet contest. This RMS
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Figure 5: Best Monochromatic Quartet Presented at
the 1990 ILDC

Table 3: Parameters of the Best Monochromatic Quar-
tet Presented at the 1990 ILDC

Radius Thickness Aperture Glass
140.0 2.0 60.0 BK7
90.6 8.8 55.0 air

155.86 206.8 55.0 BK7
0.0 11.2 13.757654 BK7

-134.7 0.05 30.0 air
72.6 106.0 25.0 BK7

357.38 7.9 25.0 air
-45.82 2.0 30.0 BK7
-1458.1 0.1 30.0 air

(Bold surface is the aperture stop.)

blur spot is the average of three statistical measures
of many exact rays scattering from the three given en-
trance angle. The RMS value is dependent on both
these entrance angles, but also on the choice of the
computed rays for each angle. Moreover, when the
RMS is very small, as in this case, it is not highly ac-
curate due to rounding errors and image plane place-
ment. Varying the image plane position may lower a
little bit the RMS. The RMS measures reported here
have been calculated with the well known CAD tool
OSLO (Lambda Research Corporation, 2001), in or-
der to eliminate any bias that our own RMS measure
might introduce. Using our own RMS measure could
have favored the evolved systems relatively to the hu-
man designed ones.

The best system evolved with GA is thus 23% bet-
ter than the best presented at the 1990 ILDC (follow-
ing the OSLO RMS measure). Figure 5 and Table 3
present the best 1990 ILDC design, while Figure 6 and
Table 4 present the best GA design.

7 LENS SYSTEM DESIGN AND
RE-ENGINEERING WITH GP

As a second trial, the same monochromatic quartet
problem was tackled, using the same EC environment

Figure 6: Best Design Found with GA

Table 4: Parameters of the Best Design Found with
GA

Radius Thickness Aperture Glass
194.6968 173.638 160.0 BK7
101.6046 207.408 160.0 air
69.2262 24.8946 35.0 BK7
42.8546 2.43763 25.0 air
70.8426 49.7265 25.0 BK7

0.0 46.3269 12.172236 BK7
-72.1277 34.6571 40.0 air
66.8914 29.2579 40.0 BK7
834.9267 23.7954 40.0 air

(Bold surface is the aperture stop.)

(Open BEAGLE), but this time specialized for GP.
The evolving genetic programs represent some modi-
fications to apply on a given initial lens system. The
evolving programs are made of three types of primi-
tives. The first type includes primitives that can in-
crement/decrement an iterator that points to a lens
surface. The second type is composed of primitives
that modify a parameter of the current lens surface.
The other type includes classic arithmetic operations.
The terminals of the genetic trees are ephemeral con-
stants (Koza, 1992), randomly generated between -1
and 1. Two ADFs (Koza, 1994) were also added to fa-
vor emergence of building blocks, which can be useful
for this type of problem. Table 5 presents the com-
plete set of primitives. Note that we intentionally en-
couraged the search to be in the initial solution neigh-
borhood by allowing mostly small parameter modifi-
cations.

To evaluate each individual, an iterator is affected to
the first surface of the initial lens system. Once the
system is modified, it is validated to ensure that it re-
spects the problem specifications and that it is physi-
cally feasible, as explained in section 5. Thereafter, the
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Table 5: GP Primitives Used to Evolve Lens Systems

Primitives Inputs Description
First, Last 1 Set the iterator to the

first/last surface.
Next, Prev 1 Iterate to the

next/previous surface.
Curv+, Dist+ 1 Add 0.1 × ∆ × input

to the surface curva-
ture/distance valuea.

Curv*, Dist* 1 Multiply the surface
curvature/distance
value with 1.0 + input.

Stop+, Stop* 1 Add to/multiply the
stop location value
(as with the curva-
ture/distance).

+, -, *, / 2 Add, subtract, multiply,
or divide two floating-
point numbers.

Ephemerals 0 Randomly generated
constants in [−1, 1].

aThe ∆ term represents the maximum value for the cor-
responding variable. For curvature ∆ = 0.04, for distance
∆ = 250, and for stop location ∆ = 1000 (see Table 1).

lens system fitness is calculated. The fitness measure
is the same as the one used for GA evolutions.

Two different approaches were applied to solve the
monochromatic quartet problem with GP. Firstly, we
tried the re-engineering of good solutions by using so-
lutions obtained with GA as initial lens systems for the
evolving process. Secondly, we tried the re-engineering
using a raw lens system made of four “lenses” of zero
curvature (see Figure 7 and Table 6). With this ap-
proach, the capacity of the GP to design a lens system
from scratch is evaluated.

Using GP this way is interesting because the repre-
sentation isolates the genotype from the phenotype
(Gruau, 1994; Koza et al., 1999). The evolved pro-
grams (the genotypes) modify the initial lens system
to spawn better ones (the phenotypes).

Again, preliminary tests were made to find adequate
evolution parameters (see Table 7). For the raw sys-
tem as a starting point, 16 differents runs were con-
ducted, while 8 runs were made for the re-engineering
of each of the 5 lens system designs selected from the
GA results. The chosen GA designs are a representa-
tive set of results with GA, i.e. we chose some bad,
good and very good lens systems in order to compare

Figure 7: Raw System Used for Lens System Design
with GP

Table 6: Parameters of the Raw System Used for Lens
System Design with GP

Radius Thickness Aperture Glass
0.0 50.0 80.0 BK7
0.0 50.0 80.0 air
0.0 50.0 80.0 BK7
0.0 50.0 80.0 air
0.0 50.0 80.0 BK7
0.0 50.0 80.0 air
0.0 50.0 80.0 BK7
0.0 50.0 80.0 air

(Bold surface is the aperture stop.)

the re-engineering in each case. Each evolution needed
an average of 36 hours for design and 3 hours for re-
engineering on a single Athlon 1.2 GHz processor.

8 RESULTS USING GP

Table 8 presents the best GP re-engineering results
for the 5 chosen GA solutions. Note that the best
GA design (GA-1) is still the best result after the GP
re-engineering, with a RMS blur spot of 0.0016 mm.
This overall best result is 34% better than the best
1990 ILDC design. Table 9 presents the parameters
of this overall best lens system. For all the best GP
re-engineering, the topology remains unchanged from
the initial lens system. This indicates that the GP
re-engineering is probably doing a local search.

For the GP re-engineering using the raw system as
starting point (design from scratch), the best result
was an RMS blur spot of 0.0039 mm, which is 60%
worse than the best 1990 ILDC design. The corre-
sponding design is presented in Figure 8 and Table 10.
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Table 7: Evolution Parameters with GP
Evolution parameter Value
Population size 5×1000
Migration type Unidirectional ring
Number of migrants 10
Number of generations 1000 (re-engineering)

5000 (design)
Crossover probability 0.9
Swap mutation probability 0.5
Participants to tournament
selection

3

Initial tree height [4, 7]
Maximum tree height 20

Table 8: Best Results Obtained with GP (Re-
Engineering)

Original Re-engineered RMS
Case RMS (mm) RMS (mm) Shift
GA-1 0.0019 0.0016 -14%
GA-2 0.0084 0.0071 -16%
GA-3 0.0187 0.0139 -25%
GA-4 0.0308 0.0105 -66%
GA-5 0.0909 0.0843 -7.3%

9 DISCUSSION

Results show that GA and GP are capable of high
quality lens system design. Indeed, they have spawn
comparable or even better solutions (in terms of RMS
blur spot) than the best designs presented by human
experts. Thus they meet one of the criteria for human-
competitiveness in evolutionary computations (Koza
et al., 2000).

The best obtained result, however, has a topology that
differs significantly from the two best system classes
presented at the 1990 ILDC. Thus, the evolving pro-
cess has probably discovered a new optimum topology
class for the monochromatic quartet problem. The
best obtained RMS blur spots with GA design and
GP re-engineering are respectively 23% and 34% bet-
ter than the best previously reported human result
(1990 ILDC).

The search space in lens system design is very complex
and comprises correlations between the different pa-
rameters. This makes the lens system design difficult
with GA because good schemes of parameters that are
far together on the bit string are likely to be destroyed
by the crossover operation. For the lens system design

Table 9: Parameters of the Best Re-Engineering De-
sign Found with GP

Radius Thickness Aperture Glass
194.6968 173.638 160.0 BK7
101.5659 207.496 160.0 air
68.9403 24.829 35.0 BK7
42.8546 2.42726 25.0 air
70.8426 44.7725 25.0 BK7

0.0 51.2809 12.210297 BK7
-72.0648 34.6571 40.0 air
66.4712 31.4814 40.0 BK7
948.4696 21.9564 40.0 air

(Bold surface is the aperture stop.)

Figure 8: Best Design Found with GP (Using the Raw
System as Starting Point)

with GP, we intentionally restricted the search in the
initial system neighborhood. This has probably dis-
favored the convergence toward optimums that were
situated far from the starting point.

10 FUTURE WORKS

For future works, we plan to experiment with an hy-
brid GA-GP approach, to benefit from the capacity
of GA to optimize numerical parameters, using a GP
variable length representation. We also plan to use a
multi-objective merit function using different types of
Seidel aberrations (see (O’Shea, 1985) for details) and
lens costs as evolving criteria. Furthermore, we could
use a database of existing commercial lenses, with as-
sociated prices to simulate real life design situations.

We will also study more deeply the re-engineering of
good solutions for lens system design and for other
applicative contexts. We will try to develop methods
that make good compromises between local and global
optimization, to enable sufficient search space explo-
ration that facilitates the discovery of the best solu-
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Table 10: Parameters of the Best Design Found with
GP (Using the Raw System as Starting Point)

Radius Thickness Aperture Glass
318.8959 47.4182 117.0 BK7
131.18 47.9761 117.0 air

298.4896 102.302 100.0 BK7
0.0 50.0 100.0 air

135.1501 50.0 75.0 BK7
0.0 50.0 75.0 air

62.973 51.5426 35.0 BK7
0.0 49.1266 7.029558 BK7

334.1364 9.3196 35.0 air
(Bold surface is the aperture stop.)

tions. Finally, we expect to integrate cultural evolving
aspects (Spector and Luke, 1996) to define new generic
evolutionary way of proceeding for re-engineering.
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Abstract
In the past, we have extrinsically evolved continuous
time recurrent neural networks (CTRNNs) to control
physical processes.  Currently, we are seeking to create
intrinsic CTRNN devices that combine a hardware ge-
netic algorithm engine on the same chip with
reconfigurable analog VLSI neurons.  A necessary step
in this process is to identify a genetic algorithm that is
both amenable to hardware implementation and is suffi-
ciently powerful to effectively search CTRNN spaces.
In this paper, we will propose and test several varia-
tions of the compact genetic algorithm (CGA) for
searching these spaces.  We will then benchmark the
best variant using the De Jong functions, outline a
hardware implementation, and discuss future plans to
develop an integrated evolvable hardware device control-
ler.

1. INTRODUCTION

The author has proposed the use of Continuous Time Re-
current Neural Networks (CTRNNs) as an enabling
paradigm for evolving analog electrical circuits. In previ-
ous work we focused almost exclusively on extrinsically
evolved CTRNNs that were created in simulation and only
later implemented in hardware.  We are currently interested
in producing intrinsic CTRNN devices that evolve online
as they are controlling physical processes. We feel that a
necessary step in achieving this goal is to combine recon-
figurable analog CTRNNs and a hardware evolutionary
search engine onto a single VLSI device.  Half of the
problem, the feasibility of implementing CTRNNs in
analog VLSI, has been addressed elsewhere [Gallagher and
Fiore, 2000].  This paper will address the feasibility of
searching CTRNN spaces with hardware based genetic al-
gorithm that can be fabricated on the same chip with
reconfigurable CTRNN hardware.

Several hardware based evolutionary algorithms (EAs) have
been proposed in recent years [Kajitani, T., et.al., 1998]
[Scott and Seth, 1995] [Yoshida and Yasuoka., 1999]  One
in particular, the Compact Genetic Algorithm (CGA)
[Harik, Lobo, and Goldberg 1999] is especially well suited
for efficient hardware implementation using common VLSI
techniques [Aporntewan and Chongstitvatana, 2001]. The
Compact Genetic algorithm, however, is a very weak evolu-
tionary algorithm -- only equivalent to a first-order simple
GA with uniform crossover and tournament selection [Harik,
Lobo, and Goldberg 1999]. Although it is well suited to
efficient hardware implementation, the standard CGA is not
powerful enough to effectively evolve practical CTRNN
device controllers. This paper will propose several simple
variations of the CGA designed to increase the effectiveness
of the search with respect to CTRNN devices. We will test
the performance of the standard CGA and our variants
against a benchmark locomotion control problem and show
that, with simple modifications that do not significantly
complicate hardware implementation, we can effectively
evolve effective CTRNN control devices.  Further, we will
demonstrate that the performance of our modified CGA is,
for this problem, superior to the simple genetic algorithms
we have employed in the past.     

2. THE BENCHMARK PROBLEM

Our benchmark problem is the control of legged locomotion
in a simple, single-legged artificial agent. For the agent to
walk, the leg must alternate swing and stance phases. A
swing begins with the leg in its full backward position (at
negative leg angle range limit) and the foot raised in the air.
Then the leg rotates clockwise to swing the foot forward.  A
stance begins by placing the foot of a fully forward leg on
the ground.  Then the leg rotates counterclockwise to propel
the body forward.  Figure 1 shows the agent at the begin-
ning of a stance phase. The leg contains three effectors and
one sensor that returns the leg’s angular position in radians.
One effector governs the state of the foot (FT) and the other
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two generate clockwise (BS) and counter-clockwise torques
(FS) about the leg’s single joint with the body.  The torques
about each joint are summed, and depending on the state of
the foot will either translate the body forward (foot down) or
rotate the leg about its joint (foot up).  Each leg has a lim-
ited range of angular motion (±π/6 radians - corresponds to
the light gray wedge in Figure 1). A supporting leg may
stretch outside of this range, but provides no transitional
forces when doing so.  The leg may not stretch outside an
absolute limit (±1 radians - corresponds to the dark gray
wedge in Figure 1). This behavior is intended to model the
reduced ability of a hyper-extended leg to provide propulsion.
When the leg is lifted from the ground, the agent "falls" and
its velocity is immediately set to zero.  

The agent’s behavior is controlled by a fully connected con-
tinuous time recurrent neural network (CTRNN) [Beer,
1995] with the following state equation:

τ σ θi
i

i ji i i
j

Ndy

dt
y w y= − + +( )

=
∑

1

where y  is the state of each neuron, τ  is its time constant,
wji  is the strength of the connection from the jth to the ith

neuron, θ  is a bias term, and σ ( ) /( )x e x= + −1 1  is the
standard logistic activation function. States were initialized
to uniform random numbers in the range ±0.1 and circuits
were integrated using the forward Euler method with an inte-
gration step size of 0.1. In each evolved CTRNN, three
units are motor neurons and provide control efforts to the
forward swing (FS) and backward swing (BS) and FOOT
(also called FT). The remaining neurons in each leg control-
ler have no pre-specified role.  For the experiments reported
in this paper, the controlling CTRNNs receive no sensory
input from the outside world.

3. COMPACT GENETIC ALGORITHM

In a compact genetic algorithm [Harik, Lobo, and Goldberg,
1999], the population is represented by a probability vector
that codes the chance that each bit in an individual will be a
one or a zero.  Each generation is a single tournament be-
tween two individuals randomly generated from the global
probability vector.  The probabilities governing each bit are
adjusted according to the result of the tournament.  Tourna-
ments are run until the probability vector converges.  The
basic CGA can be summarized as follows:

1. Initialize probability vector
for i:=1 to l do p[i]=0.5

2. Generate two individuals from the vector
a := generate(p);
b := generate(p);

3. Let them compete
winner, loser := evaluate(a,b);

4. Update the probability vector toward the better
one
for i := 1 to l do

if winner[i] <> loser[i] then
  if winner[i] = 1 then p[i] +=1/n
  else p[1] -= 1/n

5. Check if the probability vector has converged
for i = 1 to l  do

if p[i] > 0 and p[i] < 1 then
goto step 2

6. P represents the final solution

In the above description, l represents the number of bits in
the genome and n represents the size of the simulated popu-
lation.  In this paper, we will systematically consider two
modifications to the basic CGA.  These are:

a) Elitism
We will implement elitism (the best individual seen to
date stays in the population) by modifying step 2 of the
basic CGA so that only the “losing” contestant of each
tournament is randomly generated at the beginning of
the next tournament.  This ensures the best individual
seen to date remains in consideration.  We may more
formally state this modification by rewriting step 2 of
the standard CGA as follows:

π
6

-1.0

direction of travel

−π
6

Figure 1: The Single Legged Agent

EVOLVABLE HARDWARE164



2) Generate one individual from the vector

if fitness(a) > fitness(b) then
b = generate(p);

else   
a = generate(p);

b) Mutation
We will implement mutation by adding a secondary
tournament to each cycle that compares the performance
of the current elite string with a mutated version of it-
self.  If the mutated version wins, it replaces the old
champion as the elite string for the next tournament.
The bit positions that changed also have their probabili-
ties returned to 0.5, or some other user selected value.
Our implementation of mutation presumes elitism. We
can more formally describe this modification by altering
step 2 as described above and adding a new step as fol-
lows:

4.5) Mutate Champ and Evaluate
if fitness(a) > fitness(b)

{ c = mutate(a);
  evaluate(c);
  if fitness(c)>fitness(a) then

 { a = c;
  prob_fix(p);
}

  }
else { c = mutate(b);

             evaluate(c);
  if fitness(c) > fitness(b) then

{ b = c;
                    prob_fix(p);
                  }

}
    
The prob_fix() routine resets p[x] to 0.5 for every
position x that was mutated.  Heuristically, this is
meant to represent the fact that a mutation in that posi-
tion seems like a good idea, but that we don’t want to
commit to it completely.  Rather, we want to remain
undecided (there’s a fifty percent chance of either bit set-
ting occurring) and let a history of evaluations
determine which way that bit position should be set.

It should be noted that with the introduction of muta-
tion, CGA convergence can no longer be guaranteed.
One must modify the end condition appropriately, per-
haps by setting a maximum number of tournaments to
be run.

In later sections of this paper, we will refer to the standard
CGA simply as “CGA”.  We will refer to a CGA with the
elitism modification as “eCGA”. We will refer to a CGA

with both the elitism and mutation modifications as the
“modified CGA”, or  the “mCGA”.

4. PRELIMINARY COMPARISON
    OF CGA VARIATIONS

Our first set of experiments was designed to compare the
relative efficacy of the three variations on the CGA described
above.  For these experiments, the parameter settings of a
five neuron, fully connected CTRNN were encoded on a bit
string genome using eight bits per parameter.  Values were
encoded as fixed-point binary numbers and were simply con-
catenated into a single string.  For five neuron CTRNNs,
there were 40 parameters resulting in a bit string of length
320.  The fitness of a particular CTRNN was the amount of
distance it caused the agent to walk in a fixed amount of
time.  No special scaling was applied to the fitness. One
hundred three (103) searches each were run using CGA,
eCGA, and mCGA.  We found that the CGA failed terribly.
Not one of the 103 runs of the CGA produced an agent ca-
pable of locomotion.  Approximately 34% of the runs of
eCGA produced agents capable of walking at a speed of at
least 80% of optimal.  71% of the runs of mCGA produced
agents capable of walking at a speed of at least 80% opti-
mal.  These results are summarized in Table 1.  For this
benchmark CTRNN search problem, mCGA is clearly supe-
rior. Further, mCGA compares very well to the simple
genetic algorithm.  Previous results using the simple GA
for the same problem produced a yield of approximately 75%
and an average performance of 91.1% of optimal.

5. mCGA and the CTRNN Benchmark

The preliminary benchmark results of the last section sug-
gest that, of the CGA variants discussed, mCGA is the best
suited to searching CTRNN spaces.  Further, those bench-
marks suggest that mCGA is, for searching CTRNN spaces,
at least as effective as the standard simple genetic algorithm.
Our second set of experiments was aimed at producing a

Search Type Yield Avg. Perform
CGA 0% 0%

ECGA 33.7% 89.0%
MCGA 71.0% 92.9%

Table 1: Relative Performances of CGA Variants
Yield shows the percentage of runs that resulted in a
CTRNN controller that was at least 80% of optimal.  Avg.
Performance shows the mean of the performances of all
controllers that achieved better than 80% of optimal.  Note
that both the yield and relative quality is greater for mCGA
than for eCGA.  Also note that the standard CGA is totally
ineffective for this problem.
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more detailed picture of the efficacy of mCGA in searching
CTRNN spaces.  

Approximately 100 GA searches were run over each of eight
architecture sets.  The base architectures searched were 3, 4,
5, 6, 7, 8, 9, and 10 neuron fully-connected CTRNNs. The
purpose of these tests as to examine how well mCGA scaled
to more difficult searches. The results of these experiments,
as well as the results of previously reported applications of
the simple genetic algorithm to the same problems [Galla-
gher, 1998], are shown in Table 2.  mCGA runs were
limited to a maximum of 100,000 tournaments to ensure
that approximately the same number of candidate evalua-
tions were made in both mCGA and simple genetic
algorithm experiments. In terms of either the quality of so-
lutions or yield of successful solutions, there is no
significant difference between the simple GA and mCGA for
small CTRNNs.  However, there is a significant difference
in both yield and quality of solution for CTRNNs of six or
more neurons.  The simple genetic algorithm simply can
not cope with longer bit strings, while the mCGA seems
quite capable of searching these larger spaces.

The reason for the relatively poor yields of CPG3 networks
has been identified and discussed extensively in other works
[Beer, Chiel, and Gallagher; 1999][Chiel, Beer, and Galla-
gher; 1999]. In short, three-neuron CTRNNs lack
sufficiently many degrees of freedom to properly solve the
locomotion problem.  The relative scarcity of three-neuron
solutions increases the difficulty of the search.  It also puts
a cap on the maximum effectiveness of the solutions
evolved.  Our data shows that mCGA performs no worse
than the simple GA in the face of these difficulties.  Pre-
liminary experiments with single elimination tournaments
in the mCGA, however, show an increase in the yields of
CPG3s to 68%.  We are currently engaged in further ex-
perimentation to better characterize this surprising
phenomenon.

6. mCGA and the De Jong Test Functions

mCGA was developed against a specific CTRNN bench-
mark problem.  During that development, we saw that
though both the addition of elitism and mutation were use-
ful, it was the addition of mutation that seemed to provide
the most benefit.  Both as a means of evaluating the effect
of differing mutation rates and as means of evaluating the
mCGA against standard benchmarks, we tested it against
the De Jong test functions [De Jong, 1975].  We ran 100
mCGA searches for each of the five De Jong test functions
for bitwise mutation rates of 0.0, 0.5, 0.1, 0.15, and 0.20.
Each objective function parameter was coded with same
precision and range as in De Jong’s thesis.  Because mCGA
as formulated above doesn’t converge for higher mutation
rates, we capped the number of generations at 100,000 to be
consistent with the CTRNN benchmarks previously dis-
cussed.  Simulated population size was set to 100 for
similar consistency with the CTRNN benchmarks.

mCGA always succeeded in finding the global optimal for
De Jong F1.  This is perhaps not surprising, as the uni-
modal and symmetric F1 represents a very easy
optimization problem.  We did note, however, that for F1,
small mutation rates allowed for faster searching.  On aver-
age, mCGA found the F1 global optimal after about 672
generations with a mutation rate of 0.0.  With a mutation
rate of 0.05, this was halved to about 332 generations.
Higher rates, resulted in delayed appearances of the optimal.
At mutation rates of 0.1, 0.15, and 0.2 it took on average
537, 1589, and 13363 generations respectively to find the
global optimal.

Figure 2 shows the average scores, based on 100 runs, of
the best solutions found for De Jong F2, F3, F4, and F5 for
the same bitwise mutation rates listed above.  Note that for
F2, F3, and F5, increased mutation leads to an increased
chance of finding the optimal.  Also note, however, that
just like with F1, increasing the mutation also increases the
number of generations, on average, that one needs to wait
for the optimal to appear.   F4 behaves differently.  A little

Arch Set Parameters Bit Length mCGA Yield sGA Yield mCGA Avg sGA Avg
CPG3 18 144 38.8% 40.4% 88.8% 89.1%
CPG4 28 224 61.2% 66.3% 90.3% 91.9%
CPG5 40 320 71.0% 74.5% 92.9% 93.2%
CPG6 54 432 79.0% 65.4% 92.2% 93.0%
CPG7 70 560 84.5% 63.3% 92.6% 92.0%
CPG8 88 704 87.9% 64.7% 94.4% 89.9%
CPG9 108 864 91.3% 57.0% 93.2% 88.9%
CPG10 130 1040 87.3% 59.8% 93.8% 88.8%

Table 2: mCGA vs. Simple Genetic Algorithm for Varying Search Space Sizes
Yield and avg. performances are as defined in Table 1.  mCGA refers to the CGA with mutation and elitism.  sGA refers to a stan-
dard simple genetic algorithm.  Mann-Whitney tests show no significant differences in either yield or average performance up
through CPG5.  After CPG5, both yields and average performances drop off sharply and significantly for the standard genetic
algorithm, while both yield and average performance hold steady for mCGA at least up through CTRNNs of nine neurons.
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mutation helps, but increasing it too much results in a deg-
radation of the quality of solutions found.  F4 is a simple
unimodal function with gaussian noise and is meant to test
how well an optimization algorithm deals with noisy objec-
tive functions. In the simple genetic algorithm, a mutation
of an individual that received a deceptively good score by
random chance would be likely to drop out of the popula-
tion eventually. We would expect it would not receive
deceptively good scores sufficiently often to allow it to
spread through the population.  mCGA, however, simulates
a mutated individual having spread widely into the popula-
tion instantaneously by modifying the probability vector
that simulates the population.  In a sense, the momentum
effects provided by having a real population are not present
in mCGA, and we could therefore expect it to be quite eas-
ily tricked by deceptive evaluations of individuals.  This
effect is magnified as we allow more mutation events to
occur in a search.  We will discuss possible fixes to this
problem later in this paper.

7. A Proposed Hardware Implementation

A design for a hardware implementation of the compact
genetic algorithm is in the literature [Aporntewan and
Chongstitvatana, 2001].  A hardware implementation of our
mCGA is not much more difficult to achieve.  In this sec-
tion, we will outline one possible hardware implementation
of the mCGA.  We will present a data path that supports all
the operations needed to implement the mCGA as described
in section three of this paper.  We will also provide a quali-
tative description of the actions that an on-chip
microcontroller needs to take to implement the mCGA.

A proposed data path is provided in Figure 3.  The design is
similar to that in [Aporntewan and Chongstitvatana, 2001],
but contains additional machinery to implement elitism and
mutation.  The bit probability for a genome position as well
as bits for that position for two candidates are held in a
number of “bit modules”.  In figure 3, two bit modules are   
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Figure 2: Average Errors Attained on De Jong F2 - F5
For each graph, the y-axis shows the average final error attained based on 100 runs.  In all cases, the bottom tick on the y-axis
represents the lowest attainable error score.  The x-axis shows setting of the mCGA bitwise mutation rate.
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shown enclosed in gray boxes and labeled 0 and 1.  Larger
genomes can be implemented by adding additional modules
as needed. The components in the data path are defined as
follows:

RNG : A random number generator.  When activated, this
device will generate a random eight-bit number

CMP : A standard multibit comparator

PRB : The probability register.  This register contains an
eight bit value that encodes the probability of that
bit position is a 1.  The device also has control lines
that allow incrementing, decrementing, or setting
the probability to 0.5.

BUF : A 2x1 memory device.  A select line allows one to
load a bit into the “top” or “bottom” bit position.
This device is used to hold bit values at a position
for the two candidates under consideration.

E : E is a one bit register that encodes which of the two
bits stored in each BUF (top or bottom) is part of
the current “elite individual.

FEV : The Function Evaluator.  This is hardware that pro-
vides an error score for the bit pattern supplied to it.
This hardware could be on chip or it could obtain the
error evaluation with off-chip circuitry.  We encode
the error score as an F bit number.

MR : Mutation Register.  This device acts like a normal
register except that it mutates bits according to a
user specified mutation rate.

RF: Register File.  A simple register file that stores the
F bit errors for the “top” and “bottom” candidates
stored in the bit modules.

MUX : Standard multibit multiplexers.  Shown in the data
path as unlabeled trapezoids.

The mCGA would be implemented by augmenting the data
path with a microcontroller that would complete the follow-
ing operations.

Figure 3: Sample Data Path for the mCGA
A sample data path capable of implementing the mCGA in hardware.  Components are defined in the text.  Bold gray lines are N
bit busses where N is the number of bits in the genome.  For large genomes, these wide busses can be replaced with serialized
communication channels.
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1. The Probability Registers (PRBs) are set to hold their
initial probabilities of 0.5. All registers and buffers are
zeroed.

2. Each RNG generates a random number.  This value is
compared with the contents of the corresponding PRB.
Each CMP produces a 1 if the generated random number
is less than the probability and a zero if it is greater.
Each generated bit in each of the bit modules is written
into the “top” slot of the buffer (BUF).  The E bit,
which was cleared in step one, designates the “top” slot
as holding the current elite individual.

3. Step 2 is repeated, except this time the bits generated by
each comparator are stored in the “bottom” slots of each
BUF.

4. One at a time, all the bits in the top buffers are routed
to the FEV module.  Each string is evaluated and the F
bit errors are stored in the “top” and “bottom” slots of
the register file.

5. The errors sent from the register file to a comparator.
The identity of the best score (top encoded as zero, bot-
tom encoded as 1) is sent back to and stored into the E
bit.  We now know which of the two initially generated
individuals is the better.

6. All the bits making up the current elite individual are
routed into the mutation register, creating a mutated
version of the current best individual.

7. The bits making up the mutated candidate string are
routed to a FEV.  The error resulting error score is
compared with the previously computed error score of
the best (taken from the register file).  If the mutated in-
dividual is better, all the bits from the mutation register
are copied into their corresponding bit modules into the
currently elite buffer slots.  The PRBs inside of bit
modules corresponding to bits that changed are also in-
structed to reset to hold a probability of 0.5.

8. Each RNG generates a random number, which is com-
pared with the corresponding PRB to generate a bit as
described in step two.  Each new bit is written into the
NON ELITE slot in each bit buffer (BUF).

9. If our end condition is not met, go to step 4.  

8. Conclusions and Discussion

We desire to combine reconfigurable analog neurons and a
hardware-based genetic algorithm into a single device to be
used to control and regulate physical processes.  For our
application, compact size is vital.  The CGA is particularly
amenable to implementation using standard VLSI techniques
and would result in extremely compact circuitry.  The CGA,
however, is known to be a weak search method.  We have
shown that the unmodified CGA is not sufficiently powerful

to evolve CTRNN controllers. However, by making simple
modifications that do not require major increases in the
number of gates necessary to implement the CGA in hard-
ware, we can produce a modified CGA that competes well
with the simple genetic algorithm.  In fact, we have shown
that our modified CGA, for this problem, is actually pro-
vides superior search performance for approximately the
same computational cost.  Additionally, we have shown
mCGA, for the most part, performs well on the five De
Jong test functions.  Where it performs less well, specifi-
cally on randomized error functions, we have identified the
problem and are in a position to fix it.  These results alone
are significant.  At least as significant, however, are the
interesting questions raised by these results

First, we expected that unmodified CGA would not be able
to search CTRNN spaces effectively.  We also expected that
with appropriate modification, we would be able to make
CGA work without incurring a great penalty in hardware
cost.  We did not expect that the modified CGA would out-
perform methods previously employed.  We intend to
carefully study our modified CGA to determine exactly why
we observed this improved performance.  We formulated our
modifications based on our experience about what works for
evolving CTRNNs.  Did, however, we stumble on some-
thing that searches other spaces well too?  We intend to
answer this question by applying the mCGA to difficult
search problems outside of our target problem domain.  If
more universally successful, we will more carefully and
formally analyze the algorithm.

Second, the introduction of single elimination tournaments,
unlike the other modifications we proposed, does somewhat
increase the number of gates required for hardware imple-
mentation.  Tournaments are, therefore, somewhat less
attractive for our stated problem domain.  However, that we
have already observed a significant gain in yield for the dif-
ficult CPG3 problem is interesting.  We intend to study the
tournament modification more carefully in the future.  It
may be the case that increases in effective yield might be
well worth the increased hardware costs.

Third, the single-leg CPG problem was not chosen arbitrar-
ily.  It happens to be the best studied, and because the
controller may not make use of sensory feedback, one of the
more challenging, locomotion control problems we have
considered to date. This makes it a reasonable initial
benchmark of mCGA efficacy.  We need, however, to apply
the search method to a wider variety of CTRNN control
problems.  Initial results are very encouraging.  We have
successfully used mCGAs to evolve hexapod locomotion
controllers and controllers correcting arrhythmia in simu-
lated human hearts.  These results also represent important
verifications against prior work.  However, we desire to be
careful and ensure that all our results possess a high degree
of statistical significance.  Therefore, we need to run more
experiments against these other problems before we have
enough instances to report more than anecdotally on wider
success.
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Fourth, we have extensively studied the neural dynamical
principles underlying the operation of CTRNN locomotion
controllers evolved using the simple genetic algorithm
[Beer, Chiel, and Gallagher, 1999][Chiel, Gallagher, and
Beer, 1999].  We have yet to rigorously study the principles
underlying the operations of the mCGA produced control-
lers.  One would expect them to operate using similar
principles -- however, we have three mCGA produced
CPG3’s that seem to defy explanation using the dynamical
systems techniques previously developed.  Analysis of these
devices is under way.  The differences in the resulting prod-
ucts may reveal that the mCGA is searching a portion of
CTRNN space difficult for previous methods to reach.  The
nature of the “difficult to reach space” may provide impor-
tant clues on why our modifications work so well and
perhaps, suggest additional modifications that might help
us search CTRNN spaces more reliably.

In the future, we intend to expand and optimize the hard-
ware mCGA.  This should be a fairly straightforward task
and we expect to have completely validated designs very
shortly.

In conclusion, we have demonstrated that the marriage of
the mCGA and reconfigurable CTRNN hardware is likely to
produce compact, capable EH chips.  In addition to provid-
ing an important feasibility result, we have also opened
several interesting new lines of inquiry that will likely pro-
vide equally interesting results as they are pursued. Our
mCGA is almost certainly well suited to CTRNN-EH, and
may be adaptable to other EH efforts as well.
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Abstract

One of the key areas in which evolvable hardware
has been shown to excel is in achieving robust
analogue and digital electronics. In this paper
this domain is investigated further by manipula-
tion of the digital abstraction. Some of the strict
requirements of digital gates are relaxed in or-
der to increase the complexity of the functional-
ity available to evolution in order to evolve fault
tolerant designs. Results from extrinsic evolu-
tion of a 2-by-2 bit multiplier, based on CMOS
technology under various noise and fault condi-
tions, illustrate the suitability of the messy gate
methodology used herein for evolution of a fault
tolerant design.

1 INTRODUCTION

Silicon is not a truly reliable technology. However, by us-
ing a digital abstraction we obtain a more robust platform
against signal variation and noise whilst sacrificing much
intrinsic complexity. That is, above and below the digital
thresholds we are not concerned with signal variations.

Each gate and its connections plays a crucial role in the
overall behaviour of a digital circuit. Unforeseen events
can easily prevent proper operation of a regular digital de-
sign. Why is this? The digital abstraction assumes that
the technology will always operate within the specifications
laid down by the abstraction mechanism and since silicon is
not a truly reliable technology, deviations may be expected.

A number of noteworthy efforts have already been con-
ducted within fault detection and repair based on the
principles of biological development. In the embryol-
ogy work conducted at York [OT99] and Ecole Polytech-
nique Fédérale de Lausanne (EPFL) [MSST00], experi-
ments have been conducted using FPGAs with extended

Configurable Logic Blocks (CLBs) to contain a complete
genotype of the circuit. Through repeated cell divisions, a
circuit develops from a single cell into a full-grown phe-
notype. An interesting approach was taken in [BOST00]
where principles of biological immune systems were
adopted to attain fault-tolerance. Work on achieving toler-
ance to temperature changes includes [TL00] and [SKZ01].

Inherent fault tolerance is present if the design is able to
continue its operation undisturbed by fault inducing events
without the need for explicit mechanisms for fault detec-
tion and recovery. This may be achieved by robust ways
of computation or by an underlying fault-detection and re-
pair from within the technology. The work of Haddow and
van Remortel [HvR01] considered possibilities for achiev-
ing fault detection and repair from within the technology
as well as more fault tolerant ways of distributing digi-
tal designs onto the technology based on the amorphous
computing concept [Aea99]. Hounsell and Arslan [HA01]
have developed a fault tolerant hardware platform for the
automated design of multiplier-less digital filters. Tyrrell
et al [THS01] have used evolutionary strategies to achieve
redundancy thus providing inherent fault tolerance in the
design.

The approach described herein uses the concept of messy
gates [MH01a]. The messy gate concept may be said to be
a fault tolerant methodology rather than fault detection and
repair methodology. This tolerance is a tolerance to a less
reliable technology. It may not only tolerate less than per-
fect gates but in fact uses evolution to exploit this messiness
i.e. non perfect digital signals. Other work which exploited
features of the technology includes the work of Thomp-
son [Tho96]. Here the focus was not so much on fault tol-
erance but more towards achieving unique solutions to dif-
ficult problems and, as such, illustrating the power of evo-
lution. Messy gates are able to operate in analogue voltage
levels that are outside the normal digital scope. In addi-
tion, the analogue outputs of the messy gates are allowed
to propagate through the circuit.
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Circuit designs are evolved using messy gates as their com-
ponents. As in nature, evolution is not prone to designs
where every part is required for satisfactory behaviour, but
rather to distributed designs where no single point is cru-
cial. Fault tolerance emerges through the abstraction mech-
anism as its functionality is exploited by evolution.

Earlier work of Miller and Hartmann [MH01a, MH01b] on
the messy gates approach may be said to be a proof of con-
cept. That is, the model did not take into account any par-
ticular technology but more investigated the possibility of
exploiting non-perfect digital gates to achieve fault toler-
ance. This work showed promising results and, as such, the
model has been extended to a technology specific model.
This paper presents the new model, simulator and the re-
sults of experimentation.

The model for the messy gates and the simulator that was
developed are described in section 2. In section 3, the evo-
lutionary algorithm is explained. Section 4 describes the
experiments and section 5 gives a discussion of the results.
In section 6 we present some ideas for future work and sec-
tion 7 presents our conclusions.

2 MESSY GATES AND THE SIMULATOR
ENVIRONMENT

Introduced in [MH01a] and elaborated in [MH01b], messy
gates is an approach which removes some of the digital ab-
straction and investigates the impact on evolution of cir-
cuits using these gates to achieve fault tolerance. While
earlier work is based on an abstraction level not close to
a specific hardware technology, this paper introduces a
model of messy gates which is very close to one technol-
ogy, specifically Complementary Metal Oxide Semicon-
ductor (CMOS). The model is parameterised and can be
tuned to different semiconductor technologies.

The simulator is based on observations made during ana-
logue simulation of digital gates in Simulation Program
for Integrated Circuits Emphasis (SPICE). Each gate was
modelled at the transistor level including various error
sources. Figure 1 shows the model of a NOR gate
which was provided to the SPICE simulator. As shown,
the model incorporates three noise generators (FGEN1

through FGEN3), several capacitances (C1 through C3),
current leaks (R1 and R2), and output load (LOAD).
NAND, NOR, NOT, MUX and NMUX (multiplexor with
one input inverted) gates were simulated at analogue 5V
CMOS transistor level whilst being exposed to different
configurations of capacitances, resistances and noise. For
the purpose of the experiments herein, only the MUX and
NMUX gates were used.

A sigmoid function was used to approximate the fall and

rise behaviour of the digital gates. Sigmoid functions
for each gate type were individually tuned to approximate
behaviour shown in SPICE simulations. For instance, a
NOR gate was simulated in SPICE showing a behaviour
as shown in Figure 2. Using a sigmoid function this was
approximated in our model as shown in Figure 3. Approx-
imations were subject to some limitations due to the fact
that a look-up table replaced a full sigmoid function in or-
der to speed up simulations. The size of this table was lim-
ited to 64 KB, in order to allow it to fit into the first level
cache of most modern processors. It should be noted that
the smoothness displayed in Figure 3 is only the core part
of the gate model, and more noisy behaviour like the one in
Figure 2 is likely to be displayed as noise is added.

Figure 1: SPICE transistor level layout of NOR gate
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Figure 2: SPICE simulation of NOR gate

The current simulator focuses on internal faults of types
stuck-at errors, floating outputs and partly random output,
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Figure 3: Model approximation of NOR gate

in addition to supporting induced signal noise. Input or out-
put stuck-at errors cover the cases of short-circuit to power
or ground and certain cases of inter-signal short-circuits.
Floating output errors covers the case where the output is
completely random, while partly random output covers the
case where the output is correct for one logical value while
random for the other logical value e.g. logical 1 is rep-
resented as 1 whilst logical 0 is represented as a random
number from 0 to 1. The simulator uses a real number in-
ternal representation within the range 0 to 1, to represent
the CMOS voltage range of 0 to 5 volts.

The transistor layout used in SPICE simulations allows
analogue signals to propagate through gates and there is no
explicit mechanism for pulling the output signal to either
a completely high or low state e.g. a push-pull stage. As
shown in Figure 3, the sigmoid behaviour will allow prop-
agation of analogue signals and yet be biased towards the
digital endpoints of the analogue scale (the real numbers 0
and 1 in simulation). The model provides evolution with
the possibility to exploit this non-digital feature to achieve
more robustness in evolved designs.

The resulting gate model used in the simulator is illustrated
in Figure 4. E1, E2 and E3 generate one of the supported
errors (stuck-at, floating outputs or partly random output)
or let the signal propagate through without error. The prob-
ability of error is preset as a parameter, whilst the type of
error is random with equal probability for each of the four
possible faults. F is the sigmoid function approximated
to the real behaviour of the corresponding gate in SPICE.
Finally, the output noise N is superimposed on the signal
to approximate errors that are not explicitly a part of the

model e.g. thermal noise, radiation, power supply noise,
component variance and cross talk. The errors and noise of
this abstracted model is not directly related to the errors of
the transistor model, but are present to achieve a behaviour
similar to that shown by the transistor model. The simula-
tor currently supports feed-forward networks and realiza-
tion details such as routing and layout are ignored.

F

E1

E2

E3 N

:  Input error
:  Input error

E1
E2

:  NoiseNF
E3

:  Function generator
:  Output error

Figure 4: Generic 2-input gate

3 EVOLUTIONARY ALGORITHM

The algorithm used is a (1+�) evolutionary strategy with
neutral genetic drift. That is, a generation consists of the
best individual from the former generation and mutations
of it. Neutral drift is obtained when in the case of equal
fitness amongst the best individuals, one not from the for-
mer generation is selected. The work of Vassilev and Miller
[VM00] illustrates the advantage of this approach.

The target solution is defined simply via its truth table and
the number of inputs and outputs. Under fitness evaluation,
every circuit is subject to the complete set of possible in-
puts and a selection of noise and fault vectors. The outputs
generated by the circuit are compared to the target solution
truth table and any analogue output values are clamped to
their closest digital value for comparability.

The fitness function used is expressed in Equation 1. A
circuit C (individual) is tested against the target truth table
(T ) a number of times (TPI) under different environments.
Noise and fault probabilities are used to generate the differ-
ent environmentsm for each test.

The average of all tests is computed to yield a penalty for
the number of incorrect output vectors. Another term (Gc �
Gp) penalises the number of gates. Finally, these terms
are subtracted from the maximum obtainable fitness Max

to yield a fitness score in the range 0 to the total number of
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nature label select type input A input B
input 0
input 1
input 2
input 3
gate 4 0 MUX 0 3
gate 5 2 MUX 2 0
gate 6 5 NMUX 0 1
gate 7 2 MUX 2 1
gate (o) 8 7 MUX 7 4
gate (o) 9 8 MUX 5 6
gate (o) 10 4 MUX 7 6
gate (o) 11 3 MUX 4 1

Figure 5: Example genotype of a 4 inputs, 4 outputs circuit

output vectors in the target truth table minus 1 e.g. 24�1 in
the case of the 2-by-2 bit multiplier. Thus, the range of the
fitness of the 2-by-2 bit multipliers described in section 4
is 0 to 15.

F =Max�

 P
TPI

n=1
diff(Cm; T )

TPI
+Gc �Gp

!
(1)

F Fitness of individual
Max Maximum obtainable fitness
TPI Test pr. individual
diff() Number of incorrect output vectors
Cm Circuit in environmentm
T Target truth table
Gc Number of gates used
Gp Penalty pr. gate used

An example of the genotype used to represent a circuit is
shown in Figure 5. The connections of this specific geno-
type can be seen in Figure 7. Connections refer to labels of
either the inputs of the circuit (0 to 3 in the example) or to
the output of one of the gates in the circuit (4 to 11 in the
example). The last gates in the genotype representation are
considered to be connected to the external outputs of the
circuit (8 to 11 in the example). Only feed-forward con-
nections are allowed. The genotype uses MUX and NMUX
(multiplexor with one input inverted) and as such, each gate
has three inputs (select, input A and input B).

Mutations are done at gate level. If a gate is mutated, one
of its inputs is remapped or its type is changed to a random
type within the predefined set of gate types. The gate types
available to evolution are predefined. The simulator is not
limited to the gates described in section 2, but each new
gate requires handcrafted tuning of parameters.

4 PERFORMED EXPERIMENTS

The focus of these experiments is to discover the influence
of noise and gate failures on evolution of messy circuits.
2-by-2 bit multipliers were evolved using the algorithm
described in section 3 and the model and simulator envi-
ronment defined in section 2. Only gates of type MUX
and multiplexors with one input inverted, NMUX, were
made available to evolution to maintain comparability with
[MH01a, MH01b].

Five sets of experiments were carried out labeled A to E
in Table 1. The noise percentage signifies the amount of
noise relative to full signal strength that was superimposed
at each gate output. Noise is implemented as a random
value within this range. Error probability is the chance of
any given gate failing i.e. being subject to one of the errors
explained in section 2.

All experiments used a gate mutation probability of 15%,
population size of 30 individuals and a maximum gate
count of 9. Termination of each run occurred when an indi-
vidual avoided bit errors at the outputs and its size was less
than 10 gates.

A noteworthy fact is that each circuit is evaluated ten times
under different noise and error conditions. Each of these
evaluations gives rise to a fitness value. Fitness for this cir-
cuit (individual) is an average of these fitness values. This
means that an individual needs to be tolerant to more than
one specific configuration of faults and noise and exhibit an
overall tolerance to the environmental settings in order for
it to survive the selection process.

EXPERIMENT NOISE ERROR PROB.

A 10% 0%
B 30% 0%
C 0% 10%
D 0% 30%
E 35% 10%

Table 1: The experimental set of noise and error probabili-
ties

5 RESULTS AND EVALUATIONS

The evolutionary system successfully evolved circuits able
to perform a 2-by-2 bit multiplication in all the specified
environments. Figure 6 illustrates how the average of the
most fit individual for experiments B and E grow towards
100% fitness (15). As expected, the rougher environment
in experiment E made it harder to obtain better fitness when
compared to experiment B.
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Figure 6: Best fitness individuals averaged over several
runs

An example of an evolved multiplier from experiment A is
illustrated in Figure 7. The genotype of this specific multi-
plier is the one shown earlier in Figure 5.
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Figure 7: Example of evolved multiplier

As seen in Figure 6 and 8 the number of generations re-
quired before a correct individual was evolved increased
as noise and error probability got more severe. Experi-
ments A, B and C took on average below 2000 generations.
Experiment E required slightly more computational labour,
around 3000 generations. This may be said to be due to
the combination of severe noise and substantial error prob-
ability. Experiment D clearly separates from the other ex-
periments. The gate error probability presented a difficult
design task. However, the fact that evolution was able to
create such a fault tolerant architecture is quite an achieve-

ment. The computational time required is not really that
severe, on average the performance is about 100 genera-
tions per second.
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Figure 8: Generations used before termination

In the experiments performed here evolution was not given
much room to play with in terms of gates. The maximum
number of gates was set to nine. Due to this maximum
only a slight variation in the number of gates was seen, as
shown in Figure 9. Also, during the experiments, Gp in
equation 1 was so low (0.001) that the output correctness
always had highest priority. In experiment D the average
number of gates used is below the general average. The
reason for this is that evolution avoids extra gates, as each
gate increases the chance of gate failure. In experiment E,
evolution may be assumed to perform similarly where the
rough environment in terms of both noise and gate errors
forces a bias towards small circuits.
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6 FUTURE WORK

Several extensions of the work described are planned, pri-
marily exploiting the speed of the simulator in order to
run extensive numbers of experiments. Such experiments
would include allowing evolution to use more gates to in-
crease the genetic variation, evolving with more common
type of logic gates like NAND and NOR, evolving circuits
with different functionality and exploring the suitability
of different evolutionary algorithms. Extensive investiga-
tion of the evolved circuits true fault tolerance compared to
other approaches would also be advantageous. In addition,
verification of the circuits on both digital and analogue lev-
els is important.

A feature of the developed simulator is that its states and
signals are fully observable. Combining this with the in-
creased freedom of the semi digital environment may yield
results that exploit complex intrinsic silicon functionality
not available in a traditional evolutionary digital design
environment. Such exploitation of intrinsic features have
shown stunning results e.g. in [Tho95, Tho96], but the fea-
tures of such circuits have been hard or impossible to ob-
serve and understand [Lay98]. A goal of our project is to
move into hardware implementation with new knowledge
on how to exploit the intrinsic properties of the underlying
technology.

7 CONCLUSIONS

In this work a simulator has been developed that takes the
messy gates approach much closer to real electronic hard-
ware. In this simulated environment evolution is able to
perform circuit design tasks that present a serious chal-
lenge. Within certain limits, noise influence and fault prob-
ability does not even seem to affect evolution. In fact, exter-
nal influences that human engineers view as destructive and
problematic may be exploited by evolution e.g. increasing
the noise may in fact decrease the number of generations
needed to evolve a complete circuit. When faults and noise
influence are increased to severe levels, evolution seems to
find it harder to find solutions. Still, it does in fact manage
to do so and very quickly when compared to a human de-
signer. Just imagine the design task of creating a 2-by-2 bit
multiplier using eight or nine multiplexors in an environ-
ment where almost one third of the gates fail on average.
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WcM\��M\]ZM\keUVO!i���U�WhA�O^GeSHA�MJWcALO�F^v�WcA=O(O��?��O�FhUV[
O!KrW���UZWcA�WcALO
]_GJFhkeO�F
K?I=[���O!F#MeN;�LGeFjWhU�WhUZM\KLi�S!GJK���OEijO!O�K�G\i�G�ijA�Ge�TMn�
[�MT�TO�]�t�Çg�?��O�FhUV[
O!KrWhi���UZWcA¦ic��O^S�U_GJ]R�TU_ihGJ�=]VO!��NPI=KLS�WcUVMeKLi
GJ]V]VMn� WcM¥keFHGJ��WhA=O9icO�[dGJKrWcU_S�i�UVKÅWhA=O�ijXTijWcO�[�Gei
U�WdU_i�G
W,X?�=U_S�GJ]µ�=FhMTS�O^�TI=FhORUVK¥Ï¶keO�KLO��,Ðg�?K=MTSH�r��M\ITWaO��T��O!FcUV[�O�KrWhi;UVK
[�UVS�FcMe���LUZM\]ZM\keXet
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¤ �LicO�Fhm?UZK=k�G0icO�]ZN���MeFhk\GJKLUZ�!O!�(O�m\Me]VITWcUVMeK¥ijXTijWcO![-UVi)K=MeW�GJW
GJ]V]nWhFcUVm?UVGe]�tw`bK�S�MeKrWcFHGeijWµWcMR·RG�X Ê o ËrGeKL�)MJWcALO�FHi�v�WcA=O4icXTi,WhO�[
U_i4K=MeW;icO�O^�TO!����UZWcA�G
�?K=Mn��KEicO�]ZN���FhO��=]VU_S�GnWhMeF^t½�aA=O FcO^GeicMeK
NPMeF�WhA=U_idUVi
WhALGnWdNPILKLS�WhUZM\KLGJ]RS�O�]V]VidGeFcO�Ñ�¤)� WcALMeI=k\A\W�WhM
O��TU_i,W��������������Ì]VUZ�\O�WcA=O�O!meM\]Zm?UVK=k�ijXTijWcO![�i"MJN WcA=O#�aUVO�FhFHGJK
W,X?��O\t��aArI�i�vrU�WaU_igK=MeWl�?K=Mn��Kd��ALGJW4WcM�O��T��O!S�W;UZK�WcA=O)ijXTij�
WcO![(tg�aA=O�K=O��?W"�=FhMe�=]VO�[°S�MeKLK=O!S�WcO!�0��UZWcA�Me�LicO�FhmnGnWcUVMeK0UVi
WcALO�icA=O�O!FRGJ[�MeILK\W MJNg�=GnWHGd��O�UVK=kE�=FhMTS�O^icicO!���?XEWhA=O#[dGJ�
SHA=UVK=O
C�ijO!meO!FhGe]wWcO!FhGJ���?XrWcO^i"��O�F�ijO^S�M\KL�
��YlMeWcA9�LFcM\�=]ZO![di
Geic�dNPM\F"GJK�UZKL�=O���O�KL�TO!KrW GJFhO!G�MJN FcO^ijO^GJFHSHAwt

u��LFcO!]ZUV[�UZKLGeFcX
GnWcWcO�[��TW4WcM
Me��ijO!Fcm\OlWhA=ORicXTi,WhO�[
NPM\]Z]VMn�"i)WcA=OdU_�TO^GEWhALGnW���A�GnW
UVi�UZ[���MeFcWhGJKrW
��UV]Z]
��O�O��TU_i,WhO�KrW#UVK�ijO!meO!FhGe]gS�Me�LUZO^i
UZK±WhA=O�O!meMe]Vm?UZKLk
icXTi,WhO�[��

u"K�GJ]VkeM\FcUZWcAL[DALGei ��O�O�K��TO^ijUVkeK=O^�
WhM)O��?WcFHGeS�W�GJ]V]T�LGJWjWcO!FcK�i
UVK�WcALORkeO!K=Me[�U_SR�=GJWhG#��A=UVSHAEM?S!S�I=FaGnW;]ZO^GeijW����§È s WhUZ[�O!i
Ê È ´ Ë�GeKL�! #"%$ &�'($)� p 5�UVKLijWcFhILS�WhUZM\KLi!t��aA=O��LGJWjWcO!FcK�i
WcALO�[dijO!]Zm\O!i
GeFcO�GJFh�=UZWcFHGJFhXet��aA=UVi
Ge]Zk\MeFhU�WhA=[¸U_i��LGJFcW
MJNaG
S�M\[��=FcO^icicUVMeK�GJ]VkeM\FcUZWcAL[�GeKL�EGe�=�=FhM��?UV[dGnWhO!i 3�M\]Z[�M\keMeFhMnm
O�KrWhFcM\�rX Ê ÈT0�ËLWhM#G
S�O!FjWHGJUVK�O��?WcO!K\W^t��aA=O"[dGn�TUV[#I=[�]ZO!K=kJWhA
MJNµWhA=OR�LGJWjWhO�FhK�ijO^GJFHSHA=O!��NPMeFlUVi4FcO^i,WhFcU_S�WhO!��WcM É\q 5�UZKLijWcFhILS��
WcUVMeK�i
C�WcA=O¨FcO^GeicMeK���O!UZK=k�G±]VUV[
UZWcO^��GJ[�MeILK\W�MeN)[dGeUZKT�
[�O�[�MeFhX�UVK�WcA=O
A=Mri,W"S�Me[��=ITWhO�F^t
u"]V] S�Me[��=]VO��TUZW,X0[�O^GeicI=FcO^i"ILicO!�9UZK�WhA=U_iR�;MeFh�0GeFcO
WHGJ�?UVK=k
WcALUVi��LGJWjWhO�FhK�GJK�GJ]VX?icU_i
�LGnWhG¥Gei�WhA=O�UVFd�LGeicO(GJKL�ÅK=MJW�WcALO
MeFhUVkeUVKLGJ] keO!K=Me[�U_S��LGnWhGLtd¤RN�S�M\I=FHijO\vµWcO�FHGn���?XrWcO!i)��O�F�icO!S��
MeK��#S�GeK=K=MeW O!meO�K���Oa��FhU�WcWcO!K�UVK#WhA=Oa[dGJUVKT��[�O![
M\FcX�MeNLWcALO
S�M\[��=ITWcO!F!tE¤ K=]VX.G(ic[dGJ]V] NPFhG\S�WcUVMeK¥MJN;�=FhMekeFHGJ[di)U_i�FcO^Ge�
MeI=W;MeNwWcA=O�GJk\O�KrW;SHALUZ�Li;m?U_G
WcALO)�TU_ijWcFhUZ�=I=WcMeFHilUZK�G#FhO�k\I=]VGeF
N¶GeicA=UVMeKwtz�aA=O^ijO��=FhMekeFHGJ[di
GJFhOEWhA=O�K��=U_SH�eO^�ÅI=���?X�WcALO
A=Mri,W"GJK���GeFcO)ILicO!�0NPMeFaWhA=O
�LGJWjWcO!FcK(GJK�GJ]VX?icU_i�t
�aA=O�S�Me[��=]VO��TU�W,XE[
O^GeicI=FhO!i;ILicO!�(GJFhO)G\i;NPMe]V]ZMn�"i!ª

* Ç 1 f4ÇlÑ QTÇRª��aA=O©�LGnWcWcO�FhK icO!GeFhSHALUZK=k2GJ]VkeM\FcUZWcA=[
icO!GeFhSHA=O^i"NPM\F
FcO!��O^GnWhUZK=k(�LGeUZFHi)MJN;UZKLijWcFhILS�WcUVMeKLi�UVK¥Ge]Z]
�=U_SH�eO^��I=� �=FcM\keFHGJ[di!t @LFcM\[ WhA=O!icO��LGJUVFHi±MJN(UZKT�
ijWcFhILS�WhUZM\KLi±FhO���O!GnWhUZKLk¬ÎrILG\�TFcIL�=]ZOzUVKLijWcFhILS�WhUZM\KLi�GJFhO
icO!GeFhSHA=O^�§I=KrWcUV]�KLM¦NPI=FcWcA=O!F¨FhO���O!GJWhi.��U�WhA«G¦[�UVK=U��
[�I=[ MTS�S�I=FhFcO!KLS�O�GJFhO0NPMeI=KL�wt¦`bK�G±]VG\i,W�ijWcO��zUZW�UVi
GJWjWcO![��TWcO^�EWhM�O!]ZM\K=k\GJWcO WcA=O�]VMeK=k\O!ijW;��GnWjWhO�FhKLi;NPMeILKL�
icM#N¶GeF!tgÇ4meO!FcXdGnWcWcO![
�=WcO!�(S�Me[#�LUZKLGJWcUVMeK0MJN½KLO��¼��GnWj�
WhO�FhKLi�U_i FcO^S�M\Fh�TO^�
Gei G"I=KLU�W O��µMeFcW GeKL�#S�MeI=KrWcO^�Ìt½�aALO
WhMJWhGe]�K?I=[#��O�F�MeNlI=KLU�W�O���M\FjWHi
�TUZm?U_�TO!�¥�?X�WhA=O�WcMeWhGJ]
K?I=[���O!F;MeN�UVKLi,WhFcI�S�WcUVMeK�i4k\UZm\O!i4WcA=O�S�M\[
�L]ZO��?UZW,Xd[�O!GJ�
icI=FhO�Ç 1 flÇ4Ñ Q=Ç"t

* ¹ `!� Çl·RQ?`,�,+�ªl�aA=UVi�U_i�WhA=O([
Mri,W�icUZ[��=]VO9S�M\[��=]ZO��?�
UZW,X�[�O!GeicI=FhO�ILicO!�ÅA=O�FhOet±�aA=O0NPFcO^Î\ILO�KLS�X¥MeN GJ]V];UZKT�
ijWcFhILS�WhUZM\K��LGeUZFHigU_ilS�MeI=KrWhO!�Ìt �aA=O�FhO GeFcO É�-/. �TU ��O!FcO!KrW
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Comparison between classical mutation and self-poisoning algorithm expense

p = 10e-2
self-poisoning
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UVKLijWcFhILS�WhUZM\KLi��LGeUZFHi���M\ihijUV�=]VOet �aA=OR�TUVmeO!FhicU�W,X#UVilS�GJ]_S�I=�
]_GnWhO!�(Gei!ª

� "�� '���� "������ Ï� ������  " $�Ð� $!� � � ""�
$!� "%$#�$� %

��UZWcA  "%$�WcA=OES�MeI=KrW
MJNaWcA=O0UZK�i,WhFcILS�WcUVMeK��LGeUZF���U�WhA
[�UVK=UZ[�I=[¬NPFcO^ÎrI=O�KLS�Xev( ����#WcA=O4S�MeI=KrW�MeN?WcA=OlUZKLijWcFhILS��
WhUZM\K��LGeUZF���UZWcA�[dGn�TUZ[�I=[ÆNPFhO!ÎrI=O!KLS�X�GeKL� $!� � ��"��
WhA=O"K?I=[#��O�F4MJNwGJ]V]L�TU ��O!FcO!KrW4UZK�i,WhFcILS�WcUVMeK��LGeUZFHi NPMeILKL�
UVK�WcA=O
k\O�K=M\[
U_S��=GnWHG
MJN�WhA=O�icX?ijWcO![(t

* fÌu��Rº�¤)­9fRªÌ�aA=OdK?I=[#��O�F
MeNl�LGJWjWcO!FcK¥]VO�meO!]Vi�Ï¶�LGJUVF!v
ÎrILG\�TFcIL�=]ZO�tVtVt Ð UZK§WhA=OÅicO!ÎrI=O!KLS�O��=GJWhGzWhUZ[�O^i�WcALO
K?I=[���O!F MeNg�LGnWcWcO�FhKLi MJN  "%$ & '($ � p 5�UVKLi,WhFcI�S�WcUVMeK�i
NPM\I=KL�±UVK.WhA=Od�LFHijW�U�WhO�FHGnWcUVMeK±MeNlWhA=Od�LGnWcWcO!FcK�icO!GeFhSHA
Ge]Zk\MeFhU�WhA=[(t
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*)

Q?M±N¶GeF!vaUVKzGe]Z[�Mri,WEGe]Z]"O!meM\]ZITWhUZM\KLGJFhX�[�MT�TO�]_i��=IL�=]ZU_icA=O!�Ìv
Oet kLt Ê É 5�ËRGJKL��NPMe]V]ZMn�;O�FHi!v�[#ITWHGnWcUVMeK�UVi�WhA=MeI=k\ArW�WhM¥��O(G
FHGJKL�TM\[ O�m\O�KrW!vl]ZUV�eO9G±S�M\ic[
U_S�FhG�X�SHA�GJK=k\UZK=k¥WhA=O�UZK=NPMeFc�
[dGnWhUZM\K�S�MeKrWcO!K\W"MeN G�icO!ÎrI=O�K�S�O�MJN ]ZO�WjWhO�FHiaUZK�G
I=K=UZNPMeFh[�]ZX
�TU_i,WhFcUV�=ITWhO!�d[dGeK=K=O�F^tg¤RNÌS�MeI=FHicOeveUVKd[�Me]VO!S�I=]VGeFg�=UVMe]VMek\X#UZW

U_iR�;O�]V]��?K=Mn��K�WhALGnW)[#ITWHGnWhUZM\KLGJ]½O�meO!KrWhiRGeFcO#MeK=]VX0UVK¨FHGJFhO
S�G\ijO^idO�m\O�K=]VX��=UVijWcFhUZ�LITWcO^�zMnmeO�F�WhA=O¨k\O�K=M\[�UVS�icO!ÎrI=O!KLS�O^i
��A=U_SHA9U_i�WcALMeI=k\A\WRWcME��O�GES�MeK�ijO^Î\ILO�KLS�O�MJN WcALO
icO�]VO!S�WcUVMeK
�=FhO!ihijILFcO9icI=�T�,O^S�WcO^��WcM�WhA=O.icXTi,WhO�[2UZK?m\O!ijWcUVk\GnWhO!�Ìt§­�IT�
WhGJWcUVMeK�UVK�WcALUVi��lM\Fc�¥GJ]V�;G�XTi�[�O!GeKLi�O��=SHALGJK=k\O�MJN"GeK�UZKT�
ijWcFhILS�WhUZM\K
�rX)G�FHGJKL�TM\[¼UVKLijWcFhILS�WhUZM\K)UZNLGa[#I=WhGnWhUZM\KLGJ]\O�m\O�KrW
MTS�S�I=Fhi!ta`�W U_i�NPITWhUZ]VO�WcMdWhFcX(GJKL��S!GJFhFcX0MeITW �=U�Wc��[�ITWhGJWcUVMeKLi
��O!S�GeILicO�WcA=O4�=WcKLO!ihi�S�M\KLicO!ÎrI=O�K�S�O!iw��O!F��=UZWj�bSHALGJKLkeO4S!GJK=K=MeW
��O
O��T��O^S�WhO!�0WcM���O�ij[�M?MJWhA �
·�O^GJ]VUZ�!UZK=k¬G¦��FhijW�º4�bijUV[#IL]VGJWcUVMeKDWhM¼WhO!ijW±�TU �µO�FhO�KrW f º4�
mnGJFhUVGeKrWhi!v�UZW�ijM?MeK9WcI=FhK=O!�¨MeITW)WcA�GnW)WcA=O
O�m\Me]VmrUVK=kEicXTi,WhO�[
[�MeFhO.M\F�]ZO^ici�UV[�[
O^�TU_GnWcO!]ZX�keMeW0WhFhGe�=��O^�¬UZK§Gzi,WHGnWcUVMeK=�
GJFhX���O!ALG�m?UZM\F!v��LkLt o Ï�S�I=FhmeO
GnW � � È�5 ��� Ð�t�ºlMeK�ijU_�TO�FhUVK=k
WcALOEB�G�X\Gn��A?X?��MeWcA=O^ijU_i�GJKL�¨WcA=OdFhMe]VO�M��TXrk\O�K¥[�UZk\A\W
ALG�m\O
�=]_G�XeO^��GnW
WcALGJW�WhUZ[�O\vgWcALO0U_�TO!G.MJN"[�ITWhGJWcUVMeK�Gei�G,+^7.-0/21
35476 + 4 < 6 < >.�=FcMTS�O!ihiRO![
O!Fck\O!�Ìt
�aA=O
UV�TO^G�UVi�icUZ[��=]VOeª)WcALO
[�M\ijWRijI�S�S�O^icijNPI=]�icO!ÎrI=O!KLS�O�M\FRij��O!S�UZO^ia�=FhM?�=ILS�O^i"ijM�[�ILSHA
�aGeijWcOÅÏ¶�;G\i,WhO9UViEILicO�]VO!ihi�MeFEO�meO!KzWcM��TU_S���O!F0�TO��LK=UZWcUVMeK�Ð
WcA�GnW"UZWR�TO!ijWcFhMnXTilUZWhi"Mn��K0�LG\ijO�MeN½O��TU_i,WhO�KLS�Oet
`bK�WhA=O f º4��[�MT�TO�]½WcA=U_i)S�MeIL]V��O^GeicUZ]VX���O
O!ijWhGe�=]ZU_icA=O!�Ìv�Oet kLt
�?X#S�M\I=KrWcUVK=k)WcA=O�K?I=[���O!F�MJN�UZKLijWcFhILS�WcUVMeKLi ILicO!��UVK�Ge]Z]T�LFcMe�
keFHGJ[di!t�u�N�WhO�F¥�TO�WhO�Fh[
UVK=UVK=kzWcALO�UZK�i,WhFcILS�WcUVMeK§��UZWcA§WcALO
A=UVkeA=O^i,W�NPFhO!ÎrI=O!KLS�X¦WcA=U_i�UVKLi,WhFcI�S�WcUVMeK§U_i9�TO^i,WhUZK=O^��WcM���O
S�M\[��=]ZO�WcO!]ZX�FhGeKL�TM\[
UV��O^�(UZK(WhA=O�NPM\]Z]VMn��UVK=kdFcM\I=KL�(MeN �LFcMe�
keFHGJ[ O��TO!S�I=WcUVMeKwt ²�A=O!K=O�m\O�FaWcALUViaUVKLijWcFhILS�WhUZM\K0U_iaO�KLS�MeI=K=�
WcO!FcO^��UZK�WhA=O f º vrG
I=K=UZNPMeFh[�]ZX��TU_i,WhFcUV�=ITWhO!�dFHGJK��TMe[�KrIL[��
��O�F�U_idWHGJ�eO!KzUZKLijWcO^Ge�ÌtD¤RWcA=O!F�[#I=WhGnWhUZM\KLGJ]RO�meO!KrWhidALG�m\O
��O�O�KzS�M\[��=]ZO�WcO!]ZX�Ge�LGJKL�=MeK=O^�Ìt��aA=O�FcO^ijI=]ZWcUVK=k.��O!ALG�m?UZM\F
MJN�WhA=O�icXTi,WhO�[-SHALGeK=keO^���TFhGe[dGnWcU_S�Ge]Z]VXev��Lk�t o Ï¶UZK�S�FhO!GeicUVK=k
S�ILFcm\O^Ð�v K=M\KT��WcFhUZm?U_GJ]g]VMeK=keWcO!Fc[£O�m\Me]VITWcUVMeK�S�MeI=]_��UV[
[�O^�TU��
GnWhO�]VX.��OEM\�LicO�FhmeO!�wt(�aALO�FcO^GeS�WcUVMeK�MJNaWhA=OEO!meMe]Vm?UZKLk9ijXTij�
WcO![�U_i�WhM��TO�m\O�]VMe�zUZK�S�FhO!GeicUVK=ke]VX�S�M\[
�L]ZO���ijWcFHGnWcO!keUVO!i
WhM
G�meM\UV�0�TMe[�UVKLGJK�S�O�MJN MeK=]VX�MeKLO)�LFcM\keFHGJ[ �LGJFcW�UZK0WcALO�ijXTij�
WcO![ ��O!S!GJILicOdWhA=UVi#�=FhMekeFHGJ[-�;MeIL]V��Ge]Z[�M\ijW#S�O!FjWHGJUVK=]VX¨��O
�TO^i,WhFcMnX\O!�Ìt
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�?X�WcA=OaALGeFh�=�;GeFcO4GeKL��U�WHi ic��O�O!�#NPMeFh�=U_�
WhA=O��TO�WHGJUV]ZO^�#GJK�GJ]Z�
XTijU_i0MJN#GJ]V] icO!ÎrI=O!KLS�O^iEUVK�WhA=O.[dG\SHA=UZKLOet«ÑRMn�
vRGei0U�W�UVi
WcALO#S�G\ijO���UZWcA([�Me]VO!S�IL]VGeF��=UZM\]ZM\keX\vT�L]ZWcO�FhUVK=k
WcA=O�O^icicO�KrWhUVGe]
�=GJWhG=vlFcO^GJ]VUZ�!UZKLk.O��?��O�FhUV[
O!KrWhGJ]"S�MeKrWcFhMe]_i
GJKL����O!UZKLk�S�MeK=�
WcO!KrWR��U�WhA9[#I�SHA�]ZO^ici���Mn�;O�FcNPI=]wWhMrM\]Vi"UVi"WcA=O��LFcUV��O���ALUVSHAwv
UVK=O�m?UZWhGJ�L]ZX\v�ALGei#WcM¥��O��LGeUV�Ìt±�aA=O0�lM\Fc�¥FcO!��M\FjWhO!�±WhFcIL]ZX
]VUZO^i M\K9WhA=O�meO�FhkeO���O�W,�lO!O�K¥S�Me[��=I=WcO�F
ihS�UVO�KLS�OevÌO!]ZO^S�WcFhMeK=�
U_S�i�GJK��0[�M\]ZO^S�I=]_GJFa�=UVMe]VMek\Xet
uDicA=MeFcW"�TUVihS�I�icicUZM\K0MeN�WhA=O
FcO^ijIL]�WHi�ª

* `�W§S�MeIL]V�%��O�icA=Mn��K'WcALGJW�UZW�U_i¦UVKL�TO!O!�%��M\ihijUV�=]VO
WhM¥FhO!Ge]ZUV��O(�=ILFcO�S�M\[��=ITWcO!F�icS�UZO!KLS�O([�MT�TO�]_i�MJN�ijO!]�N��
M\FckrGJK=UV��UVK=k�icX?ijWcO![digUVK�ALGJFH�T�aGJFhOet½`�WaS!GJKd��O GJFhkeILO!�
��ALGJW.icO�]ZN���FhO��=]VU_S�GnWhUZM\K�FhO!Ge]Z]VX¼[�O^GJKLi!t ��MrM\�?UZK=k�GJW
WhA=OlicO!ÎrI=O!KLS�O^i�icMe[�O�WhUZ[�O!i�keUVmeO^iµWcA=OlUZ[��=FhO!ihicUZM\K�WcALGJW
WhA=O!icO�GJFhOdijO!]ZO^S�WcO^�¨��O!S!GJILicO�MJN;WcA=O!UZF#�=U�Wc���LFcM\��O!FjWhUZO^i
GeKL��K=MeW
MeN"WcALO�UVF�NPILKLS�WhUZM\KLGJ]a��O�ALG�m?UVMeF^t±ÑRO�m\O�FcWcA=O��
]VO!ihi�v?WhA=O!icO)FcO!��O^GnWhi;MTS�S�I=F�UVK0A=UVkeA0K?I=[#��O�FHiaGJKL��GJFhO
K=MeW
FhGeKL�TMe[-GJW
Ge]Z]�t#�aA=O!FcOdGeFcO
GE]VMJW
MJNlUZKrWcO!Fc[�O^�TU��
GJWcO;�LGnWcWcO�FhK�NPMeFh[
UVK=k)�=FhM?S�O!ihijO^i���O�W,�;O�O!K#WhA=OaFcO!��O^GnWc�

UVK=k�ijWcFhILS�WcI=FhO!i4NPMeI=K���UVK0S�FhXTi,WHGJ]_i4GeKL�dOet kLt �LG\S�WhO�FhUVGe]
S�O�]V]Vi!t

* u%A=UVkeAL]ZX��LGJFHGJ[�O�WhO�FhUZ�^GJ�=]VO(GJKL��O�m\Me]Vm�Ge�=]VO f º ALG\i
��O�O!K��=FhO!icO�KrWhO!����U�WhA�G.[�UZK=UV[#IL[ K?I=[#��O�FdMeNRMeKLO
UVKLijWcFhILS�WhUZM\K���O!F
S�]ZMTSH�r��WhUVSdGeKL�±WhArI�i#G���Mn�lO!F#MeN�³ s
­�`,f;QµtJ¤ �TWcUV[�UZ�!UZK=kRWcA=O;�TO!icUVkeK�icA=MeI=]_��Ge]Z]VMn�¥NPMeF f º;i
UVKzWcA=O ´ 5e­��R��FhGeK=keO(��UZWcA=UVK¦­�O!FcO�B)O�K=®�¯#t�²�U�WhA
O\t k�t pJs?o ³0�=FcMTS�O!ihijM\Fhi!vwG0WcMJWHGJ]g��Mn�;O�F
MJN ÉeÉ È�B)`,f;Q
MeN S�ILi,WhMe[�UV��O!� f º;iaALG�m\O)��O�O!K(FcO^GJ]VUZ�!O!�Ìt

* �aA=O�m?UZO!�¬M\K�[#ITWHGnWhUZM\KLGJ]½O�meO!KrWhi"A�Gei"�LFcMrGe�TO!K=O!�(UVK
WhA=O
ijO!KLijO WcA�GnW"ijO!]�N�����MeU_ijM\K=UZKLk��=FhMe[�U_ijO^igWhM�Me��O�K�I=�
G#K=O���S�]_GeihigMeNwO�m\Me]VITWcUVMeKLGeFcX���Mn�;O�F^tgºlO�FcWhGJUVK=]VXevrU�W;UVi
�TU �µO�FhO�KrW4NPFhMe[��=WcKLO!ihilicALGJFhUVK=k Ê É\É ËµMeF4FhO!icMeILFhS�O"S�MeK=�
ijWcFHGJUVK=O!�ÅO�m\Me]VITWcUVMeKLGeFcX±icX?ijWcO![di�v;ijO!OEWhA=O�GJ�=��O�KL�=U��
��O�]VMn�
t

* �aA=O�WHGeic��WcMd�=ILUZ]_�(GJFcWcUZ��S�U_GJ]µ]VUZm?UVK=kdijXTijWcO�[di�ijWcUV]Z]�FcO��
[dGJUVKLi!t ��MeK=keWcO!Fc[�O��T��O!FcUV[�O�KrWhil�TMeKLORijM�N¶GeFl�TU_��K=MeW
O��?ALUZ�=UZW
GJK9O^icS!GJ��O�NPFhMe[-i,WHGnWhUZM\KLGJFhX0��O�A�G�mrUVMeF^t �aALO
ihS�Ge]ZUVK=kEO��T��O!FcUV[�O�KrWhi!vµ�LkLtÌ³Lvµ�=UV�.K=MJW
icA=Mn��GJK?X��TO��
��O�KL�=O�KLS�X�MeK�WhA=O
S�MeK=KLO!S�WhUZM\K�WcM\��M\]ZM\keX\t)uR]Z]��TU ��O!Fj�
O!K\Wa�LGeFjWhU�WhUZM\KLi;FcO^ijI=]ZWcO^��UVKE[�MeFhO)MeF;]ZO^ici;O��=G\S�Wc]VX�WcALO
ihGJ[�O#S�Me[��=]VO��TU�W,X�[�O!G\ijI=FhO!i!t�`�W)icO�O![di"WhALGnW WcA=O
ijO��
]VO!S�WcUVMeK¨�LFcO^icicI=FhO�WcMn�aGJFH�=i FcM\�=ILijWcK=O^ici MJNlWcA=O�O!meMe]Vmr�
UVK=kE�LFcM\keFHGJ[di�U_i icM0ijWcFhMeK=k�WcALGJW UVK=�=ITWHiRNPFhMe[%MeWcA=O!F
�=FhMTS�O^icicMeFHiÌGJFhO4�TO�NPO�FhFcO^�
Geiw[�ILSHA�Gei���MricicUV�=]ZO\t½��MrM\�r�
UVK=kRGJWwWcA=O;ijO^ÎrI=O�KLS�O!iÌMeN?WcA=OlO�meM\]Zm\O!� �=FhMekeFHGJ[di�Ï��=GnWHG
K=MeW
icA=Mn��K�Ð�v½K=M.O!ihijO!KrWcU_GJ]4�TU �µO�FhO�KLS�O!i���O�W,�;O�O!K�WcALO
�LGeFjWhU�WhUZM\K�ijUV��O^i�S�GeK���OEMe�LicO�FhmeO^�Ìt�uRK=MJWhA=O�F�FcO^GeicMeK
[�UVkeArW
��O�WhALGnW
K=M�icI=�LijWhGJKrWhUVGe]�MeFhk\GJKLUZ�^GnWcUVMeK.�TO�m\O�]Z�
M\��O^�9GJKL��WhA=O
FcO^ijI=]ZWcUVK=k�UVK=A=M\[�MekeO!K=O�M\ILi"icO!ÎrI=O!KLS�O^i
GeFcO�G)�=I=FhO"S�M\KLijO^ÎrI=O�KLS�OaMJNLWhA=O"�=A?XTicUVS!GJ]TS�M\KLi,WhFhGeUZKrWHi
��O�UVK=k�NPO�]ZW"�?XdWcALO�ijXTijWcO�[(t
�aA=M\I=keA0WcALUVi�U_i��LG\��K=O��"i!v?WcA=O
k\M?M?�0K=O!�"i"GJFhO)WcALGJW
UZN4MeKLO
�LKL�=i WhA=O#[�O!GeKLiRWcME]VO�W WcA=O
O�m\Me]Vm?UZK=k�icXTi,WhO�[
�TU_ic�=]VG�X±G��LGeFjWhUVS�I=]_GJF#ihS�Ge]ZUVK=k���O�ALG�m?UVMeF
WhA=O�KÅicMe[�O��
WhA=UZKLk0UV[���M\FjWHGJKrW ALG\i)��O!O�K¨]VO!GeFcKLO!�Ìt
�"�¨WcM0K=Mn�
vÌG
ijWhGJWcO�[�O!K\W�MJN�WhO�K�[�G\�TO�WhALGnW�MeKL]ZX±WhA=O�icXTi,WhO�[ÆicUZ�!O
ALG\i WcM#��ORicITÍ�S�UVO�KrWh]ZX
]VGeFck\O;WcM�FhO!Ge]ZUV��OaWhA=O"O�[�O!Fck\O�KrW
��O�ALG�m?UVMeF��TO^ijUVFcO^�0S!GJK=KLMJW���O
mnGe]ZU_�=GnWhO!�Ìt

* ²�UZWcA WhA=UVi ALGJFH�T�aGJFhO FhO!Ge]ZUV�!GJWcUVMeKwv�O�m\O�K K=MeK=�
ALGeFh�=�;GeFcO(�TO!icUVkeK=O!Fhi�GJFhO�GJ�=]VO(WcM±UVK?meO!ijWcUVk\GJWcO�S�M\[
�
�=]VO���ALGJFH�T�aGJFhO¨[�MT�TO�]_i���O!S�GeILicO¨WhA=O±¡LO��TUV�=]VO f º;i
GeFcO�ijI=UZWcO^��WhM¨[dGJK?X��TU ��O!FcO!K\WdGJ�L�=]ZU_S�GJWcUVMeKLi!t¥²�U�WhA
WhA=O.G\�=�TUZWcUVMeKLGe]R�=FhM\G\�T�LGJK���UVKrWcO!FhS�MeK=K=O^S�WEG�mnGJUV]_GJ�=]VO
M\K�O!G\SHA���MrGJFH�Ìv O�m\O�K�O��rWhO�FhKLGJ];GJ�=��GJFHGnWcUl[�UZk\A\W���O
GJWjWhG\SHA=O!�wt
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²�UZWcA±­�O�FhO^B)O!K=®�¯�vwijO!meO!FhGe]½GJ��ijM\]ZITWhO#[�O!G\ijILFcO^i"��O!S�M\[�O
NPO!G\ijUV�=]VOeª4@ UVFhijWc]VXev�ijUV[#I=]_GnWhUZM\KEWhUZ[�O�U_i�K=Md]VMeKLkeO�FaWhA=O
��MJWj�
Wc]VO�KLO!SH�#C�WcA=O)ij��O�O^�TI=���TI=O"WcM
WhA=O"ALGeFh�T�aGJFhOaUVilijI=ÍdS�UZO!KrW
WcM(GJK�GJ]VXr�!O�WhA=OdijXTijWcO�[di UZK.WcALO
G\ijX?[��TWcMeWcU_S#]VUV[
UZW!t�ÇgmeMe�
]VITWcUVMeKLGeFcX#WcUV[�ORicS!GJ]VO!i½C�S�Me[��LGJFHGJ�L]ZO;WcM�WcA=O"O!meM\]ZITWhUZM\K�M\K
O!GeFjWhA�C�S!GJK���ORO^i,WHGJ�=]VU_ijA=O^�ÌtgQ?O!S�MeKL�=]ZX\v?�=I=O"WhM�WcALO ALGeFh�T�
�aGJFhORFhO!icMeI=FHS�O^ilihS�Ge]ZUVK=k
��O!ALG�m?UZM\F;S!GJK���O�[�O!G\ijI=FhO!�wt½`�N G
icX?ijWcO![-�TM?O!i K=MJW�icS!GJ]VO#GJ�=�LFcM\�=FcU_GnWhO�]VXEUZW)S!GJK9K=MeW ��O�O��?�
��O!S�WhO!�#WcM
icA=Mn��ijM\[�O�WcALUZK=k��TU ��O!FcO!KrW UZNLWhA=O�ijXTijWcO![�ijUV��O;UVi
�TM\I=�=]VO!�ÅÏPWcA=O�S�M\[#�=UVKLGJWcMeFhU_S�i�UVK?meMe]VmeO^�(UZK¨WcA=O^ijO�icX?ijWcO![di
GJFhO;N¶GJF���O�X\MeKL�
GJK?X�A=M\��OaWhM
GeSHA=UVO�m\O;O��TALGJILijWcUVmeOaicO!GJFHSHA�Ð�v
WcA?ILiaG
i,WhFcM\K=k#]VUV[
UZW�MeK���MricicUV�=]ZO)�=UVMe]VMek\UVS!GJ]L[�MT�TO!]Vi;U_iaO!ij�
WhGe�=]VUVicA=O!�wt �aALUZFH�T]VXeve�LArXTicUVS!GJ]=�LFcM\��O!FjWhUZO^i�]ZUV�eO�FhMeI=WcUVK=k��TO��
]_G�X?i�GeKL�ÅFhMeI=WcUVK=k±MJN UVKTNPM\Fc[dGnWhUZM\K�G\i�ijILSHAzS�GeK�KLMn� ��O
ijWcIL�TUVO!� �������	�
���
� ��GeKL�¨GeKL�9[�UVkeArW)ALO�]V�9C���O^ijU_�TO^i �LUZMe�
]VMekeU_S�Ge] Ge�=�=]VUVS!GnWhUZM\KLi�C(UZK.Me�TWhUZ[�UV��UVK=k�K=O�W,�;MeFh��WcFHGnÍ�S�M\F
MJWhA=O�FlijXTijWcO�[di���ALO�FhO�FcM\ITWcUVK=k
U_i�WcALO"]ZUV[�U�WhUZKLk#S�M\KLi,WhFhGeUZKrW^t
²¥O¨ijI�S�S�O!O!�TO^��UZKzWhA=O¨S�M\KLijWcFhILS�WhUZM\K�MeN
GeKzUZKTNPM\Fc[dGJWcUVMeK
�=FhMTS�O!ihicUZK=k([dGeSHALUZK=Od��UZWcA±WhA=O��eUZKrWcO!Fc�LFcO�WhGnWhUZM\K±��O�UZWhicO�]ZN
icILicS�O��TWhUZ�L]ZOzMJN(O��T�=FhO!ihicUZM\K«�?X�[�O!GeKLi±MJN0WcA=O¦icX?[#��Me]_i
��A=U_SHA�WcALO�[dGeSHALUZK=O�O�[��=]VMnXTi�t)�aArI�i�vÌGJ]ZWcALMeI=k\A�U�W�UVi K=MeW
UZWhicO�]ZN4WcALO
��O�UVK=k0WcALGJW
FcO�¡LO!S�Whi!v � Ê È�Ëg�lO
K=Mn��[�UVkeArW)ALMe��O
WcM��=ILUZ]_��GJKL�0I=KL�=O�FHi,WHGJKL��ijO!]�N���FhO�¡LO^S�WcUVK=k�[dGeSHA=UVK=O^i�t

� 3 3 7?<�� 6�������6�� < 7.+$+�+�� :�� 6 < > -
@ U�WhK=O!ihi�icALGJFhUZKLk Ê ÉeÉ Ë=UVi �=FhMe��GJ�=]VX�WcA=O"S�MeKLS�O��TW�[�M\ijWgijUV[�U��
]_GJF WcM
icO�]ZN�����MeU_ijM\K=UVK=kR�=FhMe��M\icO!�#UZK�WcALUVi�GeFjWhUVS�]ZO\t½�aA=M\I=keA
G
�TO�WhGJUV]VO!�ES�Me[��LGeFcU_ijM\KdUVi;M\ITW;MeN�icS�Me��O MeNwWcALUVi;�;MeFh��v?icMe[�O
�TU_i,WhUZKLkeI=U_ijALUZK=k��=FhMe��O�FcWcUVO!i�icA=M\I=]V�0��O
[
O!KrWcUVMeK=O^�Ìª

* @ UZWcK=O^icigicALGeFcUVK=k�UVilG��=A=O!K=MJW,X?�=U_S�S�M\KLS�O!�TW!t ²�A=O�WhA=O�F
GeK.UVKL�TUVm?UV�TI�GJ]gUVK¥WcA=Od��Me�=IL]VGJWcUVMeK±ijALGeFcO^i WcA=O�G�mnGJUV]Z�
Ge�=]ZO
�=WhK=O!ihi�NPM\F
U�WHi�ijO^ÎrI=O�KLS�O���U�WhA�MJWcALO�F
UVKL�TUVmrU_�TIT�
Ge]Vi
MJN WcA=O�ihGJ[�O�MeFdijUV[�UZ]_GJF
W,X?��O�M\F�UVi
MeKL]ZX�UVK�GeK
UVKL�TUVFcO^S�W
[dGJK=KLO�FdÏPm?U_GEO\t k�t�[#ITWHGnWhUZM\K.M\F)S�FcMricicMnmeO!FHÐ
�TO�WcO!Fc[�UVK=O!���?XdWcALO
keO�KLMJW,X?��O�MeN½WhA=UViaUVKL�TUVm?UV�=ILGJ]�t

* ²�UZWcA¥ijO!]�N�����M\UVicMeKLUZK=k�WcA=O�NPFcO^ÎrI=O�KLS�X0MeN4UVKLi,WhFcI�S�WcUVMeK�i
M\FEkeO!K=O!iEWcALFcM\I=keA=M\ITW�WhA=O.��Me�LI=]VGJWcUVMeK¦U_i�S�MeILK\WhO!�Ìt
�aA=O¥�LGeFhGe[
O�WcO!F��! #"�v icO�O.WhGJ��t)È\v)icA=M\I=]V��WcA?ILi(��O
[dGn�TUV[�UZ�!O!�Ìt4�aALUVi��;MeIL]V�(�TU_ijFhI=�TW�WhA=O#Ge�=UZ]VUZW,XEMJN WcALO
k\O�K=O�WcU_SRGJ]VkeM\FcUZWcAL[�WhM
G\�=GJ�=W4WcM
[#IL]�WhU���[�M?�LGJ]��=WcK=O^ici
]_GJKL�LicS!GJ��O!i!t

* ²�UZWcA�ijO!]�N�����M\UVicMeKLUZK=k¨MeK=]VX¥�=Me[�UZK�GJKrW#keO!K=O!i
GJFhO�GnN��
NPO^S�WcO^�Ìt `bKL�TUVm?UV�TI�GJ]_iÅK=MeW�ILicUVK=k�WhA=O!icO��TM\[�UZKLGeKrW
k\O�K=O^i�M\F½ILicUVK=kRWhA=O�[�Gei GRk\O�K=O�WcU_S4��M?Me]T�TMRKLMJW�ijI��µO�F
NPFhMe[�WcA=OES�MeKLicO!ÎrI=O!KLS�O^i
MJN�FHGJKL�=Me[�UZ�^GnWhUZM\K.M\F�O�m\O�K
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