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Main Characteristics (at a glance)
e Often continuous search spaces, IR".

e Emphasis on mutation: n-dimensionally normally
distributed, expectation zero.

e Various recombination operators.
e Deterministic (u,\)-selection.

e Self-adaptation of strategy parameters: First self-
adaptive EA.

e Generation of an offspring surplus A > u.
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Overview

e Basic introduction:
Representation, strategy parameters, mutation, re-
combination, selection.

e Self-adaptation of strategy parameters.
e The (1+1)-evolution strategy.
e Convergence velocity theory.

e Application examples.
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Representation (1)

Spaces:

e Phenotype space:
IR™
e Strategy parameter space (standard deviations and

rotation angles of mutation):

S = IRT X [—m, 7]

e Individual space (genotype):
I=IR"x S8

One individual:

(,_1:: ((x17'- '7‘r7b)7(017' "70-’7Ln)7(a17"' 7a7Lu)) € I

z 7 a
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Representation (2)

The three parts of an individual:

QL QL &

Rotation angles

Object variables
Standard deviations

= Fitness f(Z)
= Variances
= Covariances

A strategy parameter set (s = (&,d) € S):

e Is part of an individual.

e Represents the probability density function (p.d.f.)

for its mutation.

Ng N Remark

1 0 standard mutation
n 0 standard mutations
n n-(n—1)/2 correlated mutations

1<n,<n | (n—%)(n,—1)

general case
(correlated mutations)

Possible settings of n, and n,.

Evolutionary Strategies
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Genetic operators: mutation (2)

Simple mutation I (continued)

e 1; is mutated by adding some Az; from a normal

probability distribution.

e o is mutated by multiplying by e, with I from a
normal probability distribution.

I = R"xIR,
/ = =1

m{TO}(xvo') - (IL' 70)

T0 ~ 1/y/n

o = o-exp(mg-N(0,1))

. = z;4+0 - N;(0,1)

Evolutionary Strategies
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Genetic operators: mutation (1)

Simple mutation I

e Simple mutation makes use of normally distributed

variations, N(§,0).

p(Ax;) =

1
oV 2w

exp (_(AIi —&)?

202

e Expectation (&) is assumed to equal 0.

e Standard deviation (o) must be adapted.

The one-dimensional case.

p(2)

)
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Genetic operators: mutation (3)
Simple mutation I (continued)
@ equal probability to place an offspring
L L
Simple mutations, n = 0).
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Genetic operators: mutation (4)

Simple mutation II

e 1; is mutated by adding some Az; from a normal
probability distribution.

e o; is mutated by multiplying by e with I'; from a
normal probability distribution.

I = IR" x IRq’_

i, (35 = (@)

. ~ 1/y/2yn

7-, ~ 1/\/ 2”
of = o;-exp(r’-N(0,1) 4+ 7- N;(0,1))
v, = x;+ 0, -N;(0,1)

Boundary rule for preserving standard deviations larger
than zero:

! !
;<& = 0, =¢,

.
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Genetic operators: mutation (6)

Correlated mutation

e Correlated mutation uses the following probability
distribution function for Ax:

_ det C 1—7 —
Azx) = 4]/——-€ ——A -CA
p(Az) =,/ G2y Xp ( 54z 1’)

e Where C~1 is the covariance matrix:

Cii = o?
0 no correlations
Cig, (i3 102 2 i
i (i7) 3(0? — 0?)tan(2ay;) correlations
Evolutionary Strategies ENurecH
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Genetic operators: mutation (5)
Simple mutation II (continued)

@ equal probability to place an offspring

-2 =1 1 2

0
Simple mutations, n =2, n, =2, (n, = 0).

Evolutionary Strategies ENuTecH
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Genetic operators: mutation (7)

Correlated mutation (continued)

n=2 AX 1

%2
c
1
%12
Ax 2
lines of equal mutation
probability density

Illustration of the mutation ellipsoid for the case n = 2,
Ng =2, ng = 1.

Evolutionary Strategies ENuTecH



Evolution Strategies: Standard ES 13 Evolution Strategies: Standard ES 14

Genetic operators: mutation (9)

Correlated mutation (continued)

Genetic operators: mutation (8) Na = n-(n—-1)/2
I = IR"xIR% X [—m, w]"e
Correlated mutation (continued) my o p(F,6,d) = (&,5,d)
T ~ 1/4/2v/n
e T is mutated by adding some A, from an n-dimensional 7/ ~ 1/V2n
normal distribution. I6} ~ B§°

e o; is mutated by multiplying by e™ with I; from a
normal probability distribution.

e «; is mutated by adding some Aa; from a normal U; = o;-exp(r’- N(0,1) + - N;(0, 1))
probability distribution. a} = «aj+3-N;(0,1)
i = &4+ N(0,C")

Boundary rule for keeping rotation angles feasible:

] >7 = o} :=aj—27-sign(a))
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Evolution Strategies: Standard ES 15 Evolution Strategies: Standard ES 16
Genetic operators: mutation (10)
Correlated mutation (continued)
@ equal probability to place an offspring
Genetic operators: mutation (11)
e e SRR Some remarks:
e Biological model:
Repair enzymes, mutator genes.
e No deterministic control:
strategy parameters evolve.
e Indirect link between fitness and useful strategy pa-
rameter settings.
e &, & are conceivable as an internal model of the
local topology.
Correlated mutations, n =2, n, =2, no = 1.
Evolutionary Strategies ENurecH Evolutionary Strategies ENuTecH
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Genetic operators: mutation (12)

Some remarks (continued):
e Standard strategy: n, =n, no = 0.

e For correlated mutations:

— &, ~ N(0,C) is generated by a multiplication of
the uncorrelated random vector &, by n., rota-
tion matrices (Schwefel 1981, Rudolph 1992).

n—1 n
EC = H H R(a,-j) . &u
i=1 j=i41

— Exactly the feasible (positive definite) correla-
tion matrices C can be created this way (Rudolph
1992).

Evolutionary Strategies ENutecH
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Genetic operators: mutation (14)
The correlated mutation procedure (Algorithm):
ng:=n-(n—-1)/2;
for i:=1ton do
oy =0+ N;(0,1);
od
for k:=1ton—1do
ny:=n-—k,
ny .=—n,
fori:=1to k do
dy = Ou,nyy
d2 = Oungs
Oum, 1= d1 - Sin(an,) + d2 - cos(an,);
Oun, <= dy - COS(a"q) —da- Sin(am);
ny .—np — 1;
ng :=ng—1;
od
od
Evolutionary Strategies ENurecH
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Genetic operators: mutation (13)

The structure of a single rotation matrix:

1

COS avjj —sina;

R(ay) = !
1
Sin o COS avjj
1

Evolutionary Strategies ENuTecH
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Genetic operators: mutation (15)

Generating normally distributed random numbers:

u = 2-U[0,1)-1
v = 2-U[0,1)—-1
w = uz—l—y2

r1 = u.,/m Cifw>1
w
—21
P v.,/M Cifws>1
w

U[0,1) denotes a uniform random number.

Then: zi,z0 ~ N(O, 1)

Evolutionary Strategies ENuTecH
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Genetic operators: recombination (1)

Basic ideas:
e [* — I, u parents yield 1 offspring.
e Is applied X times, typically A > u.

e Is applied to object variables as well as strategy
parameters.

e Per offspring gene two corresponding parent genes
are involved.

e Two ways to recombine two parent alleles:
— Discrete recombination: choose one randomly.
— Intermediate recombination: average the val-

ues.

e Might involve two or u parents (global recombina-
tion).

.
Evolutionary Strategies ENutecH
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Genetic operators: recombination (3)

Recombination illustrated

| 1.2 |-2.4 |0.56| 8.7 | 0.3 |0.01 | 0.4 | 24 | Parent 1

|-8.2| 0.2 |-6.7| 23108 | 1.8 | 29 | 20 | Parent 2

| 1.2 | 0.2 |-6.7| 2.3 |0.55 |0.905|1.65|11.2| Offspring

discrete intermediate

Discrete recombination on z;, intermediate on o;.

ENUTECH
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Genetic operators: recombination (2)

The operator:

1. For each object variable:
(a) Choose two parents.
(b) Apply discrete recombination on the correspond-
ing variables.
2. For each strategy parameter:
(a) Choose two parents.

(b) Apply intermediate recombination on the corre-
sponding parameters.

Evolutionary Strategies ENuTecH
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Selection (1)

Strictly deterministic, rank-based.

e The pu best ranks are handled equally.

The p best offspring (P”(t)) survive.

— Important for self-adaptation.

— Applicable also for noisy objective functions, mov-
ing optima.

e N.B. i selected from \; notation: (u, ).

e Selective pressure: very high.

Evolutionary Strategies
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Selection (2)

Takeover time 7*:
Definition:
number of generations until repeated application of se-

lection completely fills the population with copies of the
best individual.

Remarks:

e Goldberg and Deb 1991:

= InA
~In(M\/p)

e 7* ~ 2 generations for a (15,100)-ES
(15 and 100 are typical values for the standard ES).

e Proportional selection in GAs:
7"~ Aln A = 460 generations!

.
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Reproduction Cycle

Generational ES model:

t:=0;

initialize P(t);

evaluate P(t);

while not terminate do
P'(t) .= recombine (P(t));
P"(t) := mutate(P'(t)),
evaluate(P"(t));
P(t+1) := select(P"(t) U P(t));

// P+ 1):= select(P"(t));
t:=t+ 1,

od

e recombine. Recombination applied to all individu-
als.

e P'(t) has size A > u, P(t) size pu.

e mutate: Normally distributed variations, all individ-
uals.

e select: (u+X) or (u,M\).

N
Evolutionary Strategies ENurecH
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Other components

e Initialization:
— xi, ;. randomly
— o0y 0xi/\/n, with dz; a very rough measure for
the distance to the optimum.
e Termination:
— Termination after a number of generations.
— Or iff max{f(Zi(t))} — min{f(Z:(¢))} < c(P(1)).
* c(P(t)) absolute (=¢&1 > 0), or
* c(P(t)) relative (=2 |f])).

e Constraints:

— Handled by repeating creation and evaluation of
individuals.

Evolutionary Strategies ENuTecH
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Self-adaptation principles
e Biological model: Repair enzymes, mutator genes.
e No deterministic control: strategy parameters evolve.

e Indirect link between fitness and useful strategy pa-
rameter settings.

e Strategy parameters are conceivable as an internal
model of the local topology.

e Individual space:

I=MxS
— M: Search space.

— S: Strategy parameter space.

Evolutionary Strategies ENutecH
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Necessary conditions (found by experiments):

e Generation of a surplus, A > u

e (u,\)-selection (to guarantee extinction of misadapted
individuals.

e A not too strong selective pressure e.g., (15,100)
where \/u =~ 7, but clearly u > 1 is neccesary.

e Recombination also on strategy parameters (espe-
cially: intermediate recombination).

#NuteECH

olutions GmbH
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The crucial claim (Schwefel 1987, 1992):

Self-adaptation of strategy parameters works

e Without exogenous control.
e By recombining/mutating the strategy parameters.

e By exploiting the implicit link between fitness and
useful internal model.

Evolutionary Strategies ENurecH
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Empirical Test Design

e With simple functions (with predictable optimal o;
values), check whether it works.

e Investigate impact of selection.

e Compare with optimal behavior (if known).

Evolutionary Strategies
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Test functions for experiments

e One common step size (n, = 1): Sphere model.
n
@) =) a7
=1

e Appropriate scaling of variables (n, = n):

n

f(®) =) i-af

=1

e A metric (no =n, na =n-(n—1)/2):

. 2
B@ =YD=
i=1 \j=1
Evolutionary Strategies ENuTecH
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Experimental Results on Sphere Model (1)

20 T
(1,10)

;(1+10)

Progress
3
:
.

0 500 1000 1500 2000
Generation
Convergence velocity of a (1,10)-ES vs. that of a (1 + 10)-ES
(sphere model f; with n =30 and n, = 1).

#NuteECH
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Experiments

Sketch of the lines of equal probability density
e Left: Standard mutations, n, = 1.
e Middle: Standard mutations, n, = 2.

e Right: Correlated mutations, n, = 2, no = 1.

%2 X2
(2 02
g X4 o ) X4 X4
Evolutionary Strategies ENurecH
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Experimental Results on Sphere Model (2)

Progress measure:

min(0
Fy=log ]Jiminggi

e Counterintuitive: Elitist strategy is a bad choice.
e Misadapted o might survive in an elitist strategy.

e Forgetting is necessary to prevent stagnation peri-
ods.

Evolutionary Strategies
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Time-Varying Sphere Model (1)
e Sphere model, f(Z) = ||z — z*||? = R2.

e Optimum location #* is shifted every 150 genera-
tions.

e (15,100)-ES, n, =1, n = 30, no recombination.

e Simple model of a dynamic environment (with “catas-
trophes™).

.
Evolutionary Strategies ENutecH
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Time-varying Sphere Model (3)

e Standard deviation o adapts to the optimum value

V@)

n

Oopt — C,u,)\g = Cu,\

e Transition time is g  n (Beyer 1995).

= The principle learns the optimal setting of the mu-
tation rate (“internal strategy”) without exogenous
control.

ENUTECH
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Time-varying Sphere Model (2)

{eP SIZES Tn + Tavg + Trmoe

B

Average best objective function value /

a 200

400 600 800 1000
Generation

Best objective function value and minimum, average, maximum
and optimal standard deviation.

Evolutionary Strategies
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Self-Adaptation is Collective Learning (1)

40

20

Progress

T
_ - _ Self-adoptation

Optimal, precalculated o,

10

20 30

Number of parents p

Average convergence velocity on f>

Evolutionary Strategies
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Self-Adaptation is Collective Learning (2)
e (1,100)-ES with p € {1,...,30}
e n, =n = 30, and the optimum o; & 1//7 is known.
e Optimum setting of o;: p =1 performs best.

e Self-adaptation: p = 12 imperfect, diverse parents
are as good as the optimal strategy.

e Individuals exchange information about their “inter-
nal models” by recombination.

Evolutionary Strategies ENutecH

Evolution Strategies: Self Adaptation 42

Self-Adaptation of Covariances (2)
e (15,100)-ES, n = n, = 10, n, = 45.

e Recombination:
— Intermediary on z;.
— Global intermediary on o;.

— None on «; (covariances).

Covariances increase effectiveness in case of
rotated coordinate systems.

#NuteECH

olutions GmbH
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Self-Adaptation of Covariances (1)

40
30F b

correloted . ]

Progress
o
|5
T

10 =" uncorrelated E

I I I
0 500 1000 1500 2000
Generation

Convergence velocity of ES with correlated mutations vs. one
with self-adaptation of standard deviations only, on fs.

Evolutionary Strategies ENurecH
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Other Variants for Continuous Search Spaces

e Original EP:
o =0c-(1+a-N(0,1))
Equivalent to log-normal with n, = 1, 70 = o (Beyer
1995).
e Two-point distribution:

,_Joa , ifu~U(0,1)<1/2
=Y o/ , ifu~U(0,1)>1/2

(Mutational step size control after Rechenberg, o =
1.3).

e Substitution of N(0,1) by other distributions (e.g.,
one-dimensional Cauchy, Yao and Liu 1996).

Evolutionary Strategies
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Self-Adaptation: Individuals as Agents
Self-Adaptation: Conclusions o ) )
e Individuals are autonomous; internal control of their
behavior (mutation).
e Powerful & robust parameter control scheme.
e Individuals communicate by exchanging partial in-
e Optimal conditions concerning selection, popula- formation (recombination).
tion size, etc.?
e Individuals are reactive to their environment (ob-
e Perfect adaptation vs. useful diversity — or a mix- Jjective function).
ture 7
e Further possibilities:
. Opt.imal speed of self-adaptation (i.e., learning rate — Spatial communication structure (graph).
settings) ?
— Parallel implementation.

e Few theoretical results. — More complex internal strategies; including sym-

bolic representation.

Evolutionary Strategies ENutecH Evolutionary Strategies ENurecH
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Basic Theory: The (1+41)-Strategy

e Properties of the mutation vector.

e The (141)-evolution strategy.

e Convergence velocity: Sphere model, corridor model.

e 1/5-success rule.
e Evolution window.

e ES vs. gradient strategy.

Evolutionary Strategies ENuTecH
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The mutation vector (2)
e Variance V(S) is independent of n.

e For large n: Offspring located on hypersphere of
radius E(S) =~ ay/n.

n= 1000

= 10000

N
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The

Z1,...

mutation vector (1)

AF=Z=(z1,...,2n)

, Zn: (0,0)-normally distributed random variables.

= §2=3%", 272 is x>distributed.

Random variable S = v/ 52:
Length of the mutation vector Zz.

After some math:

Evolutionary Strategies

E(S)~ovn , V(S)= %0’

Evolution Strategy Theory
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The

simple (14-1)-ES (1)

Algorithm:

t:=0;

initialize P(0) :={#(0)} € I, I = IR", & = (x1,
evaluate P(0) : {f(Z(0))}

while not terminate(P(t)) do

od

Evolutionary Strategies

mutate: 7'(t) := m(Z(t))

where z} :=z; + o(¢) - N;(0,1) Vi € {1,...

evaluate: P'(t) == {Z'(t)} : {f(@(t))}
select: P(t+ 1) := sa41)(P(t) U P'(t));
t:=t+ 1,

if (t mod n = 0) then

o(t—mn)/c ,ifps>1/5
o(t) =X o(t—n)-c ,if ps <1/5
o(t—mn) , if ps=1/5

ce sy Tn);

wherep; is the relative frequency of successful
mutations, measured over intervals of,

say, 10 -n trials;
and 0.817<c¢<1;
else
o(t) :=o(t—1);
fi
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(141)-ES: Convergence velocity (1)

Convergence velocity: Expectation of the distance to-
wards the optimum covered per generation.

o= B(|]g" — & — |2 — &41])
Alternatively:

¢ =E(f(@) - f@)| - (@) — f(@41)])

ENUTECH
EAMRN Solutions GmbH
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(141)-ES: Convergence velocity (3)
Example: The corridor model.

J@) =c a1 —b<xo,...,z, <)

L T

X

T
progress

ko —— o —

~_ |

lines of equal objective function value

N
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(141)-ES: Convergence velocity (2)
Example: The linear model.

X lines of equal objective function value

N f(X) = const

Ny

X

to the minimum
at infinity

-

progress in optimum direction

p =

E(Zy1)
o-E(Z)

= U/ z1¢(21)dz1
0

o) 2

o 27
= — z1-exp | ——)dz
27r/o ! ( 2) '

o

V2r

Notice: Z; ~ N(0,0), Z, ~ N(0,1)

Evolutionary Strategies ENuTecH
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(1+41)-ES: Convergence velocity (4)

Result of analysis:

After normalization of variables ¢’ = &%, ¢/ = %

! !
, o o
~——exp|— forn>1
v V27 D( \/277)

Success probability: w. = P(f(Z) < f(&))

! exp 7 forn>1
We X — — n
cT2 V27

From these results:

e Optimal standard deviation: ohy = V21
e Maximum convergence velocity: oz = &
e Optimal success probability: We,, = %

Evolutionary Strategies ENuTecH
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(141)-ES: Convergence velocity (5)

Example: The sphere model.

f@ =Y a2 =12
i=1

Geometry: 22 4+ 22 =12, 22+ (R—-2)2 =712, ie.,

r? =124+ R?> - 2R

Evolutionary Strategies ENutecH
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(141)-ES: Convergence velocity (7)
Normalization of variables:
/ 12 12 /
, o o o o
=—exp|l— | ——|1-P| =
o= (5) -5 (e (%))
Success probability:
we =1—Pd(a’/2)
From these results:
e Optimal standard deviation: oo 2 1.224
e Maximum convergence velocity: Phae = 0.2025
e Optimal success probability: We,, ~ 0.270
Evolutionary Strategies ENurecH
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(1+41)-ES: Convergence velocity (6)
Derivation:

3 = E(R?>-71%)=EQRRZ -1?
= E(2RoZ —o°%n)

2Ro /OO 2¢(2)dz — o°n /00 ¢(2)dz

min

2,2
- 2f0 exp [ —Z 2 ) — o2 (1 > (ﬂ»
V2r 8R2 2R

Evolutionary Strategies ENuTecH
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(14-1)-ES: 1/5-success rule (1)

Progress window:

EVOLUTIONSFENSTER
-~

Evolutionary Strategies ENuTecH
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(141)-ES: 1/5-success rule (2)

Formulation of the 1/5-success rule:

we,, Should be about 1/5. If w, — measured during
execution of the (141)-ES — is larger than 0.2,
increase o. If it is smaller than 0.2, decrease o.

Algorithmically:

o(t) , we =0.2
o(t+n)=< o)k , we<0.2
o(t)/k , we>0.2

Choice of k: k= 0.82 (theoretical arguments, Schwefel
1977).

Evolutionary Strategies ENutecH
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(141)-ES vs. gradient method (1)

Gradient method:

e n sampling steps (partial derivative determinations).

e 1 working step, length s = /> 1, 2?

i=1%i"

S
Pgradient = ——— -
gradien nt+1

1
n
(141)-ES:
o _ES) 1

rat+y = ﬁ 2mn ﬁ
(since E(S) = o/n).

Evolutionary Strategies ENurecH
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(1+41)-ES: 1/5-success rule (2)
Disadvantages of the (141)-ES:

e Certainly a more local search method.

e 1/5 success rule may fail.

*2 to the optimum 2 infeasible
% / region
Q
X, X1
Evolutionary Strategies
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(141)-ES vs. gradient method (2)

0.4
02 |—
o \
o1 @ \
dre ~
0089 ™ F——tV¥OLuTi0
2 N NSSTRATEGIE
006 | =
g T~
004y~ M'ENTE
W i
002 S o
—= PARAMETER
0,01 ‘

t 10 20 30 40 50

Progress rate as a function of n, ES vs. gradient.
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Extended Theory

e The lognormal distribution (self-adaptation).
e (14X) and (1,)\)-strategies.

e (u,N\)-strategies with recombination:
Discrete recombination, intermediary recombination.

.
Evolutionary Strategies ENutecH
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Log-normal distribution (2)
e Expectation:
0.2
E(X) =exp (u + 7)
e Median:

exp(u) (Fx(eXD(H)) - %)

Characteristics:

e Identical probability to sample z and

8

e Small changes more likely than large ones.

e o; are guaranteed to remain positive.

N
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Log-normal distribution (1)

e Probability density function:

_(nz—p)

Ix(z) = (m\l/ﬂ - exp ( T)

/ Median exp(a)
Flexp(a)) = 1/2

|/

log-normal distribution, o = 1,4 = 0.

Evolutionary Strategies ENuTecH
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Convergence velocity of multi-membered ESs (1)

Simplifications:
e No self-adaption.
e One step-size.
e No recombination.
o u=1

= (1 + \)-strategies, (1, \)-strategies.

O
2 X,
0,
) 2
Z . X, fP=R
: \ f(0,) =r?
(O '
O, h
Best offspring  /
I = new parent ,*
(1,4)-strategy, sphere model
Evolutionary Strategies ENuteCH
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Convergence velocity of multi-membered ESs (2)

Definition:
Z1,22,...,Z i.i.d. random variables with p.d.f. p(2).

Zia < Zon <. < 2y

is called order statistics of the Z;. p,..(z) denotes the
p.d.f. of Z,.,.

Idea:
Best of offspring individual has

e smallest value of r = ry.)
e largest value of 2/ = Z|.,

Z': projection into direction of origin.

qu,':)\ ~ N(O7 U)

Zy:x~ N(0,1)
Evolutionary Strategies ENutecH
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Convergence velocity of multi-membered ESs (4)
With:

Paa(z) = A 6(2) (BN = 2 (@)

It follows that:

_ T d A
= 2Ro / ZE(CD(Z)) dz —

Zmin

Pty

> [ d A
o‘n / E((D(Z)) dz

Zmin

N
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Convergence velocity of multi-membered ESs (3)

~ 2 .2
Paty = FRET-LY

2 _ 2 2

T = I*+R _QR'ZS\—erl:,\

Some math:
Pty EQ2R - Z}.\ — on)
= E(2Ro - Zy.\ — o°n)

— / (2Ro - z — 0°n) - paa(2) dz

Zmin
(ee]
= 2Ro / z-pya(z) dz —
Zmin

o
?n [ paa(z) dz

Zmin
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Convergence velocity of (1,)\)-ESs (1)

When accepting everything (non-elitist), zmi, = —oo.

@(17)\) = 2Ro - 017)\ - 02n

o progress coefficent (Rechenberg
c1x = E(Zy:)) ( )
selection intensity (Mihlenbein)
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Convergence velocity of (1,)\)-ESs (2)

15

Cix —

05

L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50
A —

The progress coefficient ¢y ».

e Asymptotic behaviour: ¢y ) ~ V2 In A
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Evolution efficiency

Maximum progress per individual

/
Pmax

CIA= T
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Convergence velocity of (1,))-ESs (3)

e Normalisation of @, with

L
2R’ R R

/ _ / 1
Pia =0 — 350

— Optimal standard deviation:
r
Oopt = C1,\
— Maximum convergence velocity:
1
/ _ 2 o
(P’)’I’LCLLE = §C17>\ ~ In )\

e Evolution condition: o/ < 2¢y )\
(Guarantees ¢’ > 0).

Evolutionary Strategies
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Convergence velocity of (1 + )\)-ESs

e From r < R it follows that
_on
Zmin — ﬁ
e Thus:
/ / / o' A0
Pa+r) =9 01+/\(U ) — 5 1-o (;))

e Where

(0.9)

c14a(z) = /zédy‘(z) dz

NIg

No further analytical simplifications are possible.
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Convergence velocity: illustration

2.5

2.0F iz

0.5/

0.0f

Normalized convergence velocity ¢,
=}
T
N
,
’

_osk () (1,2) (1,5) \(1,10)
I VT R S W T T

0 1 2 3 4 5
Normalized standard deviation a,

Normalized convergence velocity cp’ as a function of nor-
malized standard deviation o’ for (1, A)- and (1 4+ X)-
evolution strategies.

.
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Convergence velocity of (u, \)-ESs (2)

eur = (R) — E((R),)

Where:

e (R) : Average distance to the optimum of parents.

. <R>u,>\ . Average distance to the optimum of the
1 best ofspring.

N
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Convergence velocity of (u,\)-ESs (1)

Simplifications:
e No self-adaptation.
e One step-size.

e Recombination:

— center of mass recombination wu/uy
(intermediary), or

— global discete recombination u/pup.

Illustration of center of mass recombination

Evolutionary Strategies ENuTecH
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Convergence velocity of (u/ur, A)-ESs (1)

Without derivation (Rechenberg '94, Beyer '96):

o O
p/pp A T A 2u

(For o/ € n, p? < n)

e Optimal standard deviation:
r
Oopt = K Cp A\

e Maximum convergence velocity:

/ _ l -02
Pmaz = 2” oA
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Convergence velocity of (u/ur, A)-ESs (2)

Progress coefficient (Z,.) ~ N(0,1)):

1 A
Cux — — Z E(Zv:/\)
Hoy=x—p+1
A - H
RS p(eTHL =)
m A
A
~ O( In—)
"
Conjecture:

‘P;nax%l"m*
7
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Interpretation of results

e Genetic repair (Beyer '96):

,u//”—recombination decreases the harmful part of

mutation.

e Incest taboo:

W/ i p-recombination is only useful, if parents are

different from each other.

e Implicit genetic repair:

,u/uD-recombination estimates the center of mass
corresponding to a species centered around the wild-

type.
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Convergence velocity of (u/up,\)-ESs (1)

Without derivation (Rechenberg '94, Beyer '96):

/ _ /
Plufupr) = VI Cur0 —

0'/2

2

(For o/ < n, p? < n)

e Optimal standard deviation:
I
Topt = VI Cux

e Maximum convergence velocity:

/ _ l .62
Pmaz = 2” oA

Again:

‘P;naa:zll"ln_
o
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