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Abstract. Particleswarmoptimization(PSO)is a relatively recentbiologically-
inspiredheuristicthathasbeenfoundto bevery successfulin a wide varietyof
optimizationtasks.Our work addressestwo main issuesthathave beenscarcely
dealtwith in thespecializedliterature:constraint-handling(for globaloptimiza-
tion) andmultiobjective optimization.Our results,summarizedin this paper, in-
dicatethehigh viability of PSOfor bothsingleandmultiobjective optimization.

1 Intr oduction

Kennedy& Eberhart[8] proposedan approachcalled“particle swarm optimization”
(PSO)which wasinspiredon the choreographyof a bird flock. The approachcanbe
seenasa distributedbehavioral algorithmthat performs(in its moregeneralversion)
multidimensionalsearch.In thesimulation,thebehavior of eachindividual is affected
by eitherthebestlocal(i.e.,within acertainneighborhood)or thebestglobalindividual.
Theapproachusesthentheconceptof populationandameasureof performancesimilar
to thefitnessvalueusedwith evolutionaryalgorithms.Also, theadjustmentsof individ-
ualsareanalogousto theuseof a crossoveroperator. Theapproachalsointroducesthe
useof flying potentialsolutionsthroughhyperspace(usedto accelerateconvergence)
which canbe seenasa mutationoperator. It is worth noticing thatwhenthe research
reportedhereinstarted,therewerenoattemptsto extendPSOto handlemultipleobjec-
tivesandtherewasverylimited work regardingconstraint-handling.Theseareprecisely
thetwo mainissuesaddressedin this work.

1.1 Handling Constraints with PSO

Thefirst problemof interestto uswasthegeneralnonlinearprogrammingproblemin
which wewantto:

Find � whichoptimizes
��� ��� (1)
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where � is thevectorof solutions�'�)( *,+-�.*0/#�������$�.*013254 , � is thenumberof inequality
constraintsand% is thenumberof equalityconstraints(in bothcases,constraintscould
belinearor nonlinear).

PSO,likeotherevolutionaryalgorithms,lacksanexplicit mechanismto incorporate
constraints.Remarkably, therehasbeenvery little work relatedto theincorporationof
constraintsinto PSO,despitethefactthatmostreal-world applicationshaveconstraints.
Themaingoalof this initial researchwasto developa relatively simplemechanismto
incorporateconstraintsinto PSO,asto make this algorithmcompetitivewith thestate-
of-the-artapproachesin thearea[1].

1.2 Our ProposedApproach

For computingthevelocityof a particle,we usedtheexpressionproposedin [12]:
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6 �87
is the velocity of the �LB dimension,

= + and
= / aretwo valuesrandomly

generatedin the range (V���XWD�ZY�� W-2 (this rangewas empirically derived), @-AS�CB + � � and@[AS�CB / � � refer to functionsthat return a randomvalue within the range ( ��� ������� �-2 , 9
is the inertia weight, which in our casetakesa valuerandomlygeneratedwithin the
range( ���N���Z���XW[2 , % FLHTJLK is thebestpositionof thecurrentparticlefoundsofarand

� FLHTJLK is
thebestpositionof thebestparticlefoundsofar.

The constraint-handlingmechanismproposedby us consistsof two main compo-
nents:a turbulenceoperator(i.e., someform of mutationintendedto improve the ex-
ploratorycapabilitiesof PSO),anda simpledecision-makingschemebasedon close-
nessto the feasibleregion to choosea leaderwhendealingwith constrainedsearch
spaces.The turb ulence consistsof an alterationto the flight velocity of a particle.1

Thismodificationis performedin all thedimensions(i.e., in all thedecisionvariables),
suchthat theparticlecanmove to a completelyisolatedregion. This mechanismaims
to perturbtheswarmasto avoid that theparticlesget trappedin local optima.Thetur-
bulenceoperatoractsbasedon a probability that considersthecurrentgenerationand
thetotalnumberof iterationsto beperformed.Theideais to havea muchhigherprob-
ability to perturbthe flight of the particlesat the beginning of the search.Over time,
this probabilitywill bedecreasedaswe progressin thesearch.Themechanismto han-
dle constraintsthatwe proposedis appliedwhenselectinga leader. Whatwe did was
to performa smallchangein thefitnessfunctionsuchthat if we comparetwo feasible
particles,the particlethat hasthe highestfitnessvaluewins. If oneof the particlesis
infeasibleandtheotheroneis feasible,thenthefeasibleparticlewins. If bothparticles
comparedare infeasible,thenthe particle that hasthe lowestvaluein its total viola-
tion of constraints(normalizedwith respectto the largestviolation of eachconstraint
achieved by any particle in the currentpopulation)wins. The idea is to chooseasa
leaderto theparticlethat,evenwheninfeasible,liescloserto thefeasibleregion.

To evaluatetheperformanceof theproposedapproachweusedthe13testfunctions
describedin [11], andwecomparedourresultswith respectto threeconstraint-handling

1 Thismechanismis inspiredon [6].



techniquesthatarerepresentativeof thestate-of-the-artin thearea:StochasticRanking
(SR)[11], theHomomorphousMaps(HM) [10], andtheAdaptive SegregationalCon-
straintHandlingEvolutionaryAlgorithm (ASCHEA) [7]. Due to spacelimitations, in
Table1 weonly presentacomparisonof our resultsagainstStochasticRanking,which
is themostcompetitiveof theapproachespreviously indicated.Theresultsobtainedby
our approacharehighly competitive, and in somecases,even improve on the results
obtainedby muchmoreelaborateapproachessuchasthehomomorphousmaps[10].

BestResult Mean Result Worst Result
Problem Optimal PSO SR PSO SR PSO SR

g01 -15.000000 -15.000000 -15.000000 -15.000000 -15.000000 -15.000000 -15.000000
g02 0.803619 0.803432 0.803515 0.790406 0.781975 0.750393 0.726288
g03 1.000000 1.004720 1.000000 1.003814 1.000000 1.002490 1.000000
g04 -30665.539000-30665.500000-30665.539000-30665.500000-30665.539000-30665.500000-30665.539000
g05 5126.498000 5126.640000 5126.497000 5461.081333 5128.881000 6104.750000 5142.472000
g06 -6961.814000 -6961.810000 -6961.814000 -6961.810000 -6875.940000 -6961.810000 -6350.262000
g07 24.306000 24.351100 24.307000 25.355771 24.374000 27.316800 24.642000
g08 0.095825 0.095825 0.095825 0.095825 0.095825 0.095825 0.095825
g09 680.630000 680.638000 680.630000 680.852393 680.656000 681.553000 680.763000
g10 7049.330700 7057.590000 7054.316000 7560.047857 7559.192000 8104.310000 8835.655000
g11 0.750000 0.749999 0.750000 0.750107 0.750000 0.752885 0.750000
g12 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
g13 0.053950 0.068665 0.053957 1.716426 0.057006 13.669500 0.216915

Table 1. Comparisonof resultsof our PSOvs.StochasticRanking(SR)[11].

2 Multiobjecti ve optimization

Thesecondproblemof interestto usis thegeneralmultiobjectiveoptimizationproblem
in which we want to find the vector �]\^�_( *G\+ ��*,\/ ���������.*G\` 2 4 which will satisfythe a
inequalityconstraints: ��� � �	��
b�c�����#�ZYD�������3� a (4)

the % equalityconstraints

� � � �	�	���d�����#�ZYD�������3�&% (5)

andwill optimizethevectorfunction
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where �j�k( * + �.* / �������$�.* ` 2 4 is the vectorof decisionvariables.In otherwords,we
wish to determinefrom amongthe set l of all numberswhich satisfy(4) and(5) the
particularset * \+ �.* \/ �������$�.* \` which yields the optimum valuesof all the m objective
functionsof theproblem.Thefollowing aresomebasicdefinitionsrelatedto multiob-
jectiveoptimization.

Definition 1 (Pareto Dominance): A vector n � �po +[�������$� o,g � is said to dominateqr� �&s +-��������� s�g � (denotedby nut q ) if and only if u is partially lessthan v, i.e.,v �	wyx#�#�������$� mGz � o � 
 s ��{}| �]wyx#�#�������$� mGz�~ o ��� s � . �



Definition 2 (Pareto Optimal Set): For a givenMOP
eE� *�� , the Pareto optimal set

( � \ ) is definedas:

� \ ~ ��x�*�w l���� | *0�,w l eE� *��5� t eE� *�� z � (7)

�
Definition 3 (Pareto Front:): For a givenMOP

ef� *�� andParetooptimalset � \ , the
Paretofront ( ��l \ ) is definedas:

��l \ ~ �"x n � e � ��� + � *G�3��������� ��g�� *��.� � *�w � \ z � (8)
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2.1 Our ProposedApproach

Particleswarmoptimizationseemsparticularlysuitablefor multiobjectiveoptimization
mainlybecauseof thehighspeedof convergencethatthealgorithmpresentsfor single-
objective optimization[8]. Themaingoalof our researchin this regardwasto design
mechanismsto extendPSOsuchthatit couldgeneratereasonablygoodParetofrontsof
difficult testfunctions(bothconstrainedandunconstrained).

Our approachis basedon the useof Pareto ranking and a subdivision of deci-
sionvariablespaceinto severalsub-swarms(this is doneusingclusteringtechniques).
SinceindependentPSOsarerun into eachswarm,our approachcanbeseenasa meta-
MOPSOalgorithm.After a certain(pre-defined)numberof iterations,the leadersof
eachswarmaremigratedto a differentswarmin orderto variatetheselectionpressure.
This sortof schemeis a novel proposalto solve multiobjective optimizationproblems
usingPSO.Also, notethatthis algorithmdoesnot useanexternalpopulation(asother
recentproposals[2, 6]), sinceelitism in this caseis anemergentprocessderivedfrom
themigrationof leaders.

The completeexecutionprocessof our algorithmcanbe divided in threestages:
initialization, flight andgenerationof results.At thefirst stage,every swarmis initial-
ized.Eachswarmcreatesandinitializes its own particlesandgeneratestheleadersset
amongtheparticleswarmsetby usingParetoranking.In thesecondstageis wherethe
algorithmperformsits strongesteffort. First, it performstheexecutionof the flight of
every swarm; next, it appliesa clusteringalgorithmto groupthe guideparticles.This
is performeduntil reachinga total of ��� AS* iterations.Theexecutionof the flight of
eachswarmcanbeseenasanentirePSOprocess(with thedifferencethat it will only
optimizeanspecificregionof thesearchspace).First,eachparticlewill selecta leader
to which it will follow. At thesametime,eachparticlewill try to outperformits leader
andto updateits position.If the updatedparticleis not dominatedby any memberof
theleadersset,thenit will becomea new leader. Theexecutionof theswarmwill start
againuntil a total of � � a AS* iterationsis reached.Constraintsarehandledin this al-
gorithmwhencheckingParetodominance.Whenwecomparetwo individuals,we first
checktheir feasibility. If oneis feasibleandtheotheris infeasible,thefeasibleindivid-
ual wins. If both are infeasible,thenthe individual with the lowestamountof (total)
constraintviolationwins. If they bothhave thesameamountof constraintviolation (or



if they areboth feasible),thenthe comparisonis doneusingParetodominance.Once
all the swarmshave finishedtheirsflights, a clusteringalgorithmtakesthe control by
groupingthe closestparticleguidesinto ��Ji�C�31Z�EJ swarms.Theseparticleguideswill
try to outperformeachswarmin thenext iteration.This is mainlydoneby groupingthe
leadersof all the swarmsinto a singleset,andthensplitting this setamong� Ji�C�$1.�fJ
groups(clusteringis donewith respectto closenessin decisionvariablespace).Each
resultinggroup will be assignedto a different swarm. The third andfinal stagewill
presenttheresults,i.e. it will reportall thenondominatedsolutionsfound.
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Fig.1. Comparisonof resultsfor oneexample.The true Paretofront is shown asa continuous
line (notethat the horizontalsegmentsareNOT part of the Paretofront andareshown only to
facilitatedrawing thefront) andtheParetofront foundby ourapproachis shown ascrosses.

Thisalgorithmwasvalidatedusingseveraltestfunctionstakenfrom thespecialized
literature.Resultswerecomparedagainstthemicro-GAfor multiobjectiveoptimization
[3], theNondominatedSortingGeneticAlgorithm II (NSGAII) [5], theParetoArchived
Evolution Strategy (PAES) [9], and the Multiobjective Particle Swarm Optimization
(MOPSO)[2]. Besidesgraphicalcomparisons,we adoptedthreemetricsto compare
our results[4]. Figure1 showsasampleresultfor oneof theproblemsused.In general,
our algorithm had a good convergencerate to the true Pareto front, and the results
indicatethatourapproachis aviablealternativesinceit outperformedsomeof thebest
multiobjective evolutionary algorithmsknown to datein several test functions(both
constrainedandunconstrained),which werenot includeddueto spacelimitations.

3 Conclusionsand Future Work

Ourexplorationsof particleswarmoptimizationhavebeenveryfruitful sofar. Wehave
producedtwo highly competitive approaches:onefor constrainedsingle-objective op-
timizationandanotheronefor multiobjectiveoptimizationproblems.Ourcurrentwork
focuseson performinga theoreticalstudyabouttheconvergencepropertiesof thefirst
algorithm.Oneaspectthatwewould liketo explorein thefutureis thestudyof alterna-
tive mechanismsto handleconstraintsthroughthe useof infeasiblesolutionsthat can



actasleadersin aspecialswarm.Webelievethatthissortof mechanismcouldimprove
theperformanceof bothapproaches(i.e., theonefor single-objectiveoptimizationand
the one for multiobjective optimization),particularlywhendealingwith problemsin
which theglobaloptimumlies on theboundarybetweenthefeasibleandinfeasiblere-
gions.We alsointendto studyalternativemechanismsto accelerateconvergencewhile
keepingthe samequality of the resultsachieved in this paper. Suchtype of approach
maybeparticularlyusefulfor real-world applications.Finally, wealsowantto perform
ananalysisof theimpactof themechanismadoptedto selectleadersontheperformance
of theapproach.
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