Determining Equations for Vegetation Induced Resistance
using Genetic Programming

Maarten Keijzer
WL | Delft Hydraulics
The Netherlands

mkeijzer@xs4all.nl

Vladan Babovic
WL | Delft Hydraulics
The Netherlands

babovic@wldelft.nl

ABSTRACT

Inducing equations based on theory and data is a time-
honoured technique in science. This is usually done manu-
ally, based on theoretical understanding and previously es-
tablished equations. In this work, for a particular problem in
hydraulics, human induction of equations is compared with
the use of genetic programming. It will be shown that even
with the use of synthetic data for training, genetic program-
ming was capable of identifying a relationship that was more
concise and more accurate than the relationship uncovered
by scientists. As such this is a human-competitive result.
Furthermore it will be shown that the genetic programming
induced expression could be embedded in a line of theoreti-
cal work, filling in a few gaps in an already established line
of reasoning. The resulting equation is the most accurate
and elegant formulation of vegetation induced resistance to
date.
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1. INTRODUCTION

Proper modelling of flow in wetlands and vegetated flood-
plains is of great practical importance. Many research ini-
tiatives have been undertaken in order to improve on the
description of the relationship between flow resistance and
the presence and spatial distribution of vegetation. Both an-
alytical and experimental studies of vegetation-related resis-
tance to flow and the equivalent resistance coefficients have
shown that the resistance coefficients are water depth de-
pendent. Consequently, the traditional approach of using
a single resistance coeflicient fails to correctly describe the
physics of the phenomenon. One way of improving upon this
description is to update the equivalent resistance coefficient
based on the computed water depth. In order to do so, a
relation between vegetation characteristics, bed resistance,
water depth and equivalent resistance coefficients is needed.
Such a relationship can be used in large scale simulations to
model and predict the flow characteristics in wetlands and
floodplains.

What is searched for in this work is an equation that mod-
els these resistance coefficients based purely on measurable
parameters.

Two main approaches for creating such an equation are
contrasted here. The first approach is the time-honoured
method where a scientist uses whatever knowledge is avail-
able on the physics of the phenomenon and assembles an
equation based on detailed understanding of the phenom-
ena involved in the process. This understanding takes the
form of many small models of sub-phenomena that are as-
sembled to create an overall equation. The second approach
employs a genetic programming variant to first induce a set
of hypothetical relationships that are subsequently selected
and improved by a scientist. The paper aims to show that
the latter process can produce expressions that are in no way
inferior to those produced through the former, and in this
case they are significantly better, due to both an improved
fit and an economy in the amount of detail that is mod-
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story: the combination of inductive hypothesis generation
by genetic programming and subsequent analysis and mod-



ifications by a scientist can significantly improve both the
understanding and the modelling of the phenomenon that is
researched.

This paper shows the end results of the analyses that have
been performed on this particular problem. Considerations
of space and of suitability of presenting hydraulic material to
this audience prevent a thorough description of the deriva-
tions. Such a full analysis is currently being prepared for
a publication in the field of hydraulics. What is presented
here are the theoretical equations describing roughness co-
efficients, and a comparison of the results in terms of inter-
pretability, simplicity and suitability for further analysis.

Section 2 presents some background information about
the problem being studied here. Section 3 describes the ori-
gins of the data used for training the genetic programming
induced equations. Section 4.2.1 and Section 4.2.2 describe
the equations that were derived by a scientist to model the
phenomenon under study. Section 4.3 describes the exper-
iments that give rise to the equation induced by genetic
programming. Section 4.4 describes the analysis and further
theoretical improvements made on the genetic programming
induced equation. Section 5 compares all four expressions
on the synthetic data used for training, but also on a set
of laboratory flume experiments that were collected from
10 independent studies. Discussion and conclusions sections
finalise this paper.

2. BACKGROUND

The effect of vegetation on flow is generally expressed as
an effect on the hydraulic roughness. In early measurements
(18th century) on flow velocities in channels it was found
that the mean velocity, u (m/s), was a function of the water
level slope, ¢ (—), and the hydraulic radius, R (m). In 1776
Antoine Chézy published a simple equation that includes a
factor C, the Chézy value, which was at first thought to be
a constant (Vernon-Harcourt, [24]). The well-known Chézy
formula is:

u=CVRi (1)

In this equation C (m'/?s™') is a parameter that ex-
presses the hydraulic roughness of the bed and banks of
a channel. Further investigations, by Nikuradse [20], re-
vealed that the roughness of the bed affects the roughness
length, 20 (m), in the logarithmic velocity profile derived
by, among others, Prandtl. Nikuradse showed that for hy-
draulically rough walls, the roughness length of the logarith-
mic velocity profile can be expressed as kn /30, where ky is
the Nikuradse equivalent roughness (m) [20]. Using this for
uniform flow conditions yields the White-Colebrook formula
for the Chézy value:

C= 1810g@

o @

With an increasing roughness height the value for C' de-
creases. Various alternative expressions for flow resistance
exist, for example those of Strickler or Manning. Essentially,
using the White-Colebrook formula, vegetation is treated as
large bed structures with a logarithmic flow profile above
them. In reality, however, there is flow over and through
submerged vegetation, and the vertical flow profile devi-
ates from the logarithmic one. This has been established
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Figure 1: Typical vertical profile of horizontal flow
velocity for submerged vegetation, h is water depth,
k is vegetation height.
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by many authors in the past decades, but even recent re-
searchers attempt to fit a logarithmic profile and conclude
that this does not work [21]. A typical velocity profile for
submerged vegetation is shown in Figure 2. The White-
Colebrook formula fails here and another type of resistance
formula should be sought for.

A considerable amount of research has been carried out
on the effects of vegetation on the hydraulic resistance, ex-
tending the basic ideas of Nikuradse [20]. In a study by
Dawson & Charlton [6], a literature search has been carried
out on vegetation roughness, resulting in over 360 publica-
tions. Since then, many more publications have followed.
However, no acceptable formulation for roughness induced
by submerged vegatation has been found as of yet. This was
the inspiration for this work.

The genetic programming system used here is a variant
of a basic genetic programming system, where the units of
measurement are used as a guide to the search [10, 11]. This
results in expressions that are not only able to fit the data,
but also carry the semantic information about the units
throughout the calculations. By focussing on expressions
that are 'more-or-less’ dimensionally correct, it is aimed to
find interpretable expressions while not hindering search ef-
ficiency [11]. The system used here has been extensively
used in the field of hydraulics and numerous results have
been obtained using the system [1, 11, 2, 15, 7, 12, 18, 3].

3. DATA AVAILABILITY

Testing expressions for their ability to model a phenomenon
such as resistance induced by vegetation needs experimen-
tal data. Particularly when using data driven methods, such
data is needed for steering the error minimisation process.
For manually induced equations, such data is needed to ulti-
mately test the proposed equation for its capacity to model
the phenomenon under study.

Even though the variables for this relationship should be
measurable in wetlands and vegetated floodplains, this does
not hold for resistance coefficients measured at a fine scale,
at different water depths and with different types of vegeta-
tion. Obtaining data at such a fine scale in realistic circum-
stances is prohibitive in terms of effort and cost. Therefore,
it is chosen to use a finely scaled microscopic dynamical
model of the turbulence in the flow to generate data. Such



a dynamical model employs all available knowledge about
characteristics of plants, turbulence induced by the plants,
and resistance caused by the drag forces on the plants. De-
termining the resistance coefficients from such a microscopic
model is trivial, and can be used as a noise free approxima-
tion of the phenomenon under study. However, a compact
expression describing the phenomenon is not readily avail-
able.

It can be argued that using such generated data defeats
the purpose of finding an equation. If a dynamic model ex-
ists, why not simply use that one instead of going the labori-
ous route of defining an equation. The purpose of finding a
macroscopic equation lies in the type of modelling that it en-
ables. Vegetation resistance is a typical 3-dimensional prob-
lem due to the water depth dependency. A full dynamical
model thus operates on a 3D grid, which is computationally
expensive. An analytical solution to the problem of resis-
tance induced by vegetation, which includes water depth de-
pendency, makes 2-dimensional, depth-averaged modelling
possible, allowing for faster model computations and the
possibility to apply the model to larger areas. Furthermore,
for the purpose of understanding the phenomenon, the 1DV
model is unhelpful. Even though it produces values for re-
sistance coefficients, it is not clear what the major influences
are that describe the difference in resistance with different
water depths. This is the critical part of interest in this
work.

To ultimately test the models created here, a dataset of
177 laboratory flume experiments was collected from 10 in-
dependent studies. This data is not used for training, but
kept aside to validate the equations induced.

3.1 The 1DV Turbulence Model

To obtain a detailed account of resistance of flow through
and above vegetation, detailed numerical simulations based
on a 1DV turbulence model [23] were performed. This model
has sound theoretical support and has been thoroughly val-
idated on experimental data collected by [17, 19, 16].

The 1DV model is a simplification of the full 3D Navier-
Stokes equations in order to account for horizontal flow con-
ditions only. It assumes that the flow is uniform in the hor-
izontal directions, and calculates the orthogonal horizontal
velocities u(z) and v(z) as a function of the vertical coor-
dinate z. In order to include the effects of plants into tur-
bulence closure, the following modifications have been in-
cluded: (i) the decrease of the available cross-section for the
exchange of momentum, turbulence kinetic energy and tur-
bulent dissipation, (%) the drag force exerted by the plants
in the horizontal direction, (i) an additional turbulence
production term due to vegetation, and (iv) an additional
turbulence dissipation term due to vegetation.

In effect, the 1DV model is a model of turbulence in flow,
with the turbulence being influenced by the plants. It is a
state-of-the-art model for modelling turbulence induced by
vegetation. For a more detailed description the reader is
referred to [23].

3.2 Data generated by the 1DV Turbulence

Model

The data that were used to initialize the 1DV model is
described in Table 1. The water depth dependent resistance
coefficient that was modelled was the Chézy coefficient C.
The coefficient C,. is stated in units LO'S/T. In situations

Input Dimension Description

D L Diameter of the stems
m L2 Number of stems per square meter
k L Plant height
Cb — Drag coefficient of a single stem
Cy Lo's/T Bed Chézy resistance coefficient
h L Water depth

Table 1: Inputs to the 1DV model

with bed resistance only, extensive research has gone into
determining the value of C.,.. All independent quantities are
either measurable in the field or, in the case of Cp (the
drag coefficient for a single stem), are well documented for
most vegetation types. From the 1DV model, 990 results
for submerged vegetation were produced, and subsequently
the resistance coefficient C, was read from the model. The
inputs covered a wide range of situations, including vegeta-
tion types (combinations of the input variables) that are not
observed in nature.

4. BUILDING THEORETICAL EQUATIONS

Several equations have been induced. The first equation is
analytically derived for unsubmerged vegetation only. The
subsequent two equations are derived through two different
methods for treatment of submerged vegetation, namely the
”"method of effective water depth” and a method utilising
an analytical formula derived from the momentum balance.
The third method utilised a genetic programming variant:
dimensionally aware GP [10, 11], that evolves an equation
based on the data measured from the 1DV model.

4.1 Case of Unsubmerged Vegetation

Unsubmerged flow conditions can be successfully treated
analytically and the resistance coefficient can be derived as:

1
Cr = 1 CpmDh (3)
3

2g

Some special cases exist. For this work it is of interest that
the bed resistance is negligible (in principle these two con-
ditions are compatible only for tall and dense enough veg-
etation or very small bed roughness), the equivalent Chézy
resistance coefficient can be approximated to:

_ /2
Cr = CqymDh (4)

4.2 Case of Submerged Vegetation

Empirical research points out that there four zones in the
vertical velocity profile can be observed. This can be seen
in Figure 2 where four different curves can be distinguished:
near the bed, from this toward a little below the top of the
plants, from there to top of the plants and finally a zone
above the vegetation.

4.2.1 Method of Effective Water Depth

In the method of effective water depth, only the two most
important zones are modelled:

e In the first zone which corresponds to the zone inside



the vegetation sufficiently away from the bed and from
the top of the vegetation, the velocity is constant.

e The second zone corresponds to the zone above the
vegetation, where a logarithmic profile is observed

By summing up the discharges per unit width of each
zone, a general analytical expression for the Chézy resistance
coefficient can be derived as:

_ klyeg + (h — k)t
hv/hi

Cr (5)

Where:

Uyeg 18 the mean velocity inside the vegetation layer,

U, is the mean velocity above the vegetation layer, and

i is the energy gradient

The main effort then lies in finding expressions for these
velocities.

The method of effective water depth [8, 5, 13, 22, 4], is
based on Equation 5, where the velocities are approximated
using the case of unsubmerged vegetation for the velocities
inside the vegetation, and the resistance induced by the veg-
etation Cyeqgr for the zone above the vegetation. It results
in the expression:

[ h
C, = 6
NG ©
The equation makes use of several intermediate, theoret-

ical, expressions to obtain Cyegi, the roughness coefficient
for the top of the vegetation:

12(h — k)
30Z0

The definition for zg can be found below.

Clyegr = 18log (1 + (7

4.2.2 Analytical Method Based on Momentum Bal-

ance

The analytical method attempts to model the velocity in-
side the vegetation by analytically solving the momentum
equation for flow through and over the vegetation, repre-
sented as rigid cylinders:

OTaz Oh
- 8
oy (8)

Solving this partial differential equation for the velocity
profile inside the vegetation layer using boundary conditions,
at the bed and at the top of the vegetation, furthermore
assuming a logarithmic velocity profile above the vegetation
which extends down in the vegetation layer, connecting with
the profile underneath, the full expression for C; becomes:

1
pPog— — ipoCDmDuQ(z) =0

2 (uv(k) — Vay, + ufo)

L (uy (k)—u 0)( ay+u?,+u 0)
wol v v T UL T Uy
o 1 o n ((uu<k>+uuo)(\/av+ugo—uv0))
T hee (h— d) (1n h—*od)

+ V9 (h—k)

K

—(k —d) (ln k—;d)
—(h—k)
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in which (for both Equation 6 and Equation 9):

20 = (k — d) exp (—m % <1 + th>> (10)
e oo ()

L CDC‘;fD (12)

S rTcy )

z:(l mLT')é (14)

Ly = %DQm (15)
wo=[g2 s (16)

(k) = ¢ Juz + LI —F) (17)

cpl

It would be difficult in this space to explain the entire
derivation of this set of equations, but intuitively what is
modelled here is the effect of drag force and turbulence in-
duced by vegetation on the momentum balance of flow. Crit-
ical parts of the derivation are the roughness length (zo),
which depends on the length scale L, the mixing length ¢,
and von Karmann’s constant x = 0.41.

A special role is played by the turbulence intensity ¢, and
its effect on the length scale L. There is no agreement in the
literature about analytical expressions for the turbulence in-
tensity. Several attempts were made to model this intensity,
including the use of genetic programming, but no satisfac-
tory expression that held up in different circumstances was
found. In this study, the turbulence intensity was taken as:

_0.015v/hk

cp = 7

h—k
0.0585% ¢, =
the genetic programming induced ¢, = % (hzk) were also

considered. Results reported here use Equation 18.

4.3 Induced Expressions

A number of genetic programming runs that implement
dimensional correctness as an objective next to the good-
ness of fit [11], have been performed. The system utilises
interval arithmetic [9], but no linear scaling. To focus on
both error, shape and dimensional correctness the system
uses three objectives: Root Mean Squared Error (RMSE),
Correlation squared (CoD) and dimension error that mea-
sures the dimensional consistency of the formulae [11]. For
purposes of dimensional consistency and to focus the system
on the geometrical properties of the problem, the roughness
coefficients C, and the dependent variable C,. were replaced
with dimensionless values by scaling them with 1/,/g.

(18)

and

. 0.70
Although variants ¢, 0‘022?“




The system was run many times with different parame-
ters using various subsets of the 990 cases. Subsequently
the front of non-dominated solutions for all the runs was
examined to find a suitable formulae. As the interest here
was to produce one or more adequate formulations, no effort
was made to examine the runtime behaviour and efficiency
of the system.

After examining the resulting front of non-dominated so-
lutions, one formula was an obviously good candidate as
it combined low RMSE with high CoD without dimension

error:
C- 2 R\ 2
N T +ln{<k> } (19)

This formula can be rearranged to:

_ 29 h
C’ng/CDka+2\/§ln(k) (20)

It is important to note that the first additive term in
Equation 20 is equivalent to the simplified formula for un-
submerged vegetation (Equation 4) when h = k, as the log-
arithmic term would be zero. It appears that the formula
induced by genetic programming has modelled a physically
significant relationship using the data.

4.4 Subsequent Analysis of the GP-induced

formula

A correspondence between the first term of Equation 20
and the simplified formula for unsubmerged vegetation (Equa-
tion 4) for the situation where h = k can be identified. Anal-
ysis of the residuals reveals that for cases where h >> k,
as expected, the genetic programming induced Equation 20
produced large residuals (see Figure 2c). Similarly to the
expressions based on the observed profile, Equation 5, the
genetic programming induced equation consists of two ad-
ditive parts: one describing the resistance inside the vegeta-
tion and one the resistance above the vegetation. However,
it is desirable to have an expression compatible with the gen-
eral formulation for unsubmerged vegetation, Equation 3.
Substituting this in the formula, and replacing the constant
2 with the more theoretically founded von Karmann’s con-
stant 1/k = 1/0.41, the final expression was determined to

be:
1 N{ h
Cr= | VI (D 21
§+2icdmpk+ K n(k) (21)
2 g

Although fractionally more complicated than the origi-
nal formulation, this expression was found to be in good
agreement with the data, especially in regions with higher
Chézy values (Figure 2d). Furthermore, it is theoretically
well founded, combining the (known) resistance for the flow
inside the vegetation with the observed logarithmic profile
above the vegetation (the sub-formula g In (%)). Subse-
quent research on the formulation revealed an agreement
with the work by Kouwen [14], where a general formula for
resistance induced by vegetation was proposed as:

Cr,=C1+CsIn (%) (22)
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Kouwen proposed several relationships for C1 and Cz, but
no definitive conclusions were drawn. Equation 21 gives ex-
act formulations for C; and Cs and as such presents a step
forward in the modelling of resistance. Note that the final
formulation, Equation 21, is a combination of a computer
induced expression that fits the data well, and theoretically
based modifications to fit the theory. Further analysis re-
vealed that the equation is equivalent to the equation pro-
duced by the method of effective water depth (Equation 6)
if, (7) the depth balance in Equation 5 is ignored (i.e., the
factors k and (h — k) are considered equal to h), and (i)
the roughness length zp is set to g, where e = 2.718 is the
base of the natural logarithm. It is still an open question
why this particular approximation of the roughness length
is optimal.

5. COMPARISON OF THE FORMULATIONS

There are several ways to evaluate the formulations. First
and foremost is the ability to model the data under study.
These results are presented in Table 2. It can be seen that
the expressions based on the genetic programming results
are in better agreement with the synthetic dataset than the
manually induced formulations. Figure 2 presents the scat-
ter plots for the four equations. Even though the manually
improved formulation has a higher RMSE than the raw ge-
netic programming formulation, the scatter plot reveals that
the improved formulation removes the large residuals asso-
ciated with high Chézy values, and thus is more reliable
over the entire domain than the raw formulation. This is
reflected in the correlations between the equations and the
data as presented in Table 3. From this it can be seen that
there is a small level of systematic error, even though it
models the variance admirably.

Up to this point, both training and comparisons were per-
formed on synthetic data, generated by the 1DV model. To
ultimately test the approach, 177 experimental runs based
on laboratory flume experiments were collected from 10 in-
dependent studies and used as a final validation set. The
data contained all input information, except the bed rough-
ness Cp, which was assumed to be negligible in the experi-
ments, whereupon it was set to 60m*/?s~. For this partic-
ular dataset it was possible to also test the 1DV model itself.
Results for the comparison can be found in Table 2, and it
can be seen that the genetic programming induced equations
give a highly competitive agreement with the data. What
is particular startling is that their performance is even com-
petitive with the 1DV model the equations are based upon.
Figure 4 presents a comparison between the improved ge-
netic programming equation and the original 1DV model,
both applied to the validation set of flume experiments. No
serious discrepancies between the dynamical model and the
simple equation are observed.

From the perspective of simplicity of the equations, it
might be enlightening to compare the apparatus of expres-
sions (Equations 7-18) that leads to the definition of Equa-
tions 6 and 9, with the conciseness of the genetic program-
ming induced Equations 20 and its human-manipulated vari-
ant, Equation 21. The genetic programming induced equa-
tions are based purely on the measurements, and ignore
considerations about length scale, turbulence intensity and
velocity profiles. They focus primarily on obtaining good
agreement with the data, and in this case, the problematic
interplay between the vegetation and the turbulence induced
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by the vegetation apparently are of secondary importance to
the simple logarithm on the ratio of water depth over plant
height.

Equation RMSE 1DV Model RMSE Flume Experiments
6 2.2 3.17
9 2.06 3.15
20 0.98 2.11
21 1.13 2.11
1DV Model 0 1.86

Table 2: Errors of the four formulations for the resis-
tance coefficient with submerged vegetation, includ-
ing the 1DV model that was used for generating the

data.

Equation CoD 1DV Model CoD Flume Experiments
6 0.831 0.734
9 0.892 0.787
20 0.971 0.838
21 0.977 0.872
1DV Model 1.0 0.873

Table 3: Correlation squared of the four formula-
tions for the resistance coefficient with submerged
vegetation, including the 1DV model that was used
for generating the training data.
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6. DISCUSSION

This paper presented a necessarily brief treatise of the
induction of several equations to model the water depth de-
pendent resistance induced by submerged vegetation in wet-
lands and floodplains. Two of the equations studied here
were created through analysis and a process of derivation
by a scientist. One equation was induced using a variant of
genetic programming, where extra semantical information
in the form of measurement units were processed to aid in
subsequent analysis. The equation induced by genetic pro-
gramming was superior both in the error induced and in the
simplicity of the formulation. Subsequently an analysis on
the equation was performed and a derivation for the for-
mulation was found, and at the same time a theoretically
motivated improvement of the formulation was created. In
contrast with the human induced equations, the genetic pro-
gramming induced equation focusses directly on the prob-
lem at hand as it is presented in the data. This potentially
avoids elaborate search through phenomena that might be
relevant to the intricate physical details, but less so for the
particular problem at hand.

The genetic programming induced equation was compet-
itive with the best of the human-induced equations. It was
even competitive on experimental data with the dynamic
model which was used for training. However, accuracy is
not the entire story. Particularly important for this work
was the possibility to (i) interpret the equation, and (%) im-
prove it using theoretically motivated considerations. This
in effect means that the genetic programming engine was
used as a hypothesis generator, where instead of painstak-
ingly deriving an answer through many logical steps, each
step meticulously justified, answers are produced through
automatic means, not as a black box, but as a tentative
expression that can be used as a basis for analysis. This
is potentially a much more useful result, as it shows that
the symbolic nature of genetic programming can be used
to build up knowledge in a problem domain. In contrast
with many machine learning algorithms, where the trained
model is the end result of a problem statement, the genetic
programming induced expressions can be used to start a new
cycle of inquiry.

The equations based on genetic programming are a scien-
tific (or at least an engineering) result in its own right. Due
to their simplicity and accuracy, a hydraulic engineer can
simply calculate the resistance induced by vegetation using
the equation, a few simple calculations, instead of setting up
a complicated and computationally expensive model such as
the 1DV model, nor does the engineer need to estimate tur-
bulence intensity and related phenomena. The manually
improved relationship presented here is both theoretically
and experimentally justified, and can be used to estimate
the resistance coefficient of submerged vegetation.

7. CONCLUSIONS

Four formulations for waterdepth-related resistance in-
duced by vegetation are studied and compared. Two have
been explicitly derived by a scientist building upon the ex-
tensive literature on this subject. One expression was de-



rived by dimensionally aware genetic programming, and fi-
nally one expression was created by manually analysing and
improving the genetic programming equation. It was found
that the genetic programming equations were superior to
the manually derived equations, both on their performance
on synthetic training and laboratory testing data, and in the
economy of detail that needs to be modelled. The manually
improved expression was found to be in good agreement with
previous expressions found in the literature, and performed
competitive with the detailed model that was used to gen-
erate the training data.

This paper presented a case study in the use of genetic
programming as a hypothesis generator for use in scientific
discovery. Not only is genetic programming capable of pro-
ducing equations that are comparable or better than their
human derived competitors, it can produce expressions that
are amenable to further analysis and manual improvement.
The equation developed with the aid of genetic programming
and modified using theoretical considerations is currently
the most accurate and elegant formulation of resistance in-
duced by submerged vegetation.
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