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ABSTRACT

This paper gives a matrix interpretation of generalized embedded
landscape which isaclass of additive decomposable functions map-
ping from high-cardinality alphabets domain to real numbers. Dis-
crete Fourier transform is used to analyze the epistatic structure.
We theoretically show the close relationship between Fourier coef-
ficients and the underlying epistatic structure.

Categoriesand Subject Descriptors: 1.2.8 [Artificial Intelligence]:
Problem Solving, Control Methods, Search; F.2 [Analysis of Algo-
rithms and Problem Complexity]: General

General Terms. Algorithms, Theory
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INTRODUCTION

Epistasis is the nonlinear interaction between variable positions
in the domain of a function with respect to computing the value of
the function. Epistasis, in some form, is a necessary but not suffi-
cient cause of problem difficulty for genetic algorithm. Walsh anal-
ysis provides a powerful way to quantify the epistasis of afunction
defined over a binary domain. A function in binary domain has k-
bounded epistasis iff al of its Walsh coefficients of order greater
than k are zero [1]. The paper extends some theoretical results
of embedded |andscapes to a domain of high-cardinality al phabets
Mt ={0,1,---, M—1}-. By analyzing Fourier matrix, we show the
relation between the epistases of GEL and its Fourier coefficients.

1.

2. MATRIX INTERPRETATION OF GEL

The notation used is the same as that in [2]. A generalized em-
bedded landscape (GEL) is afunction f : M- = R which can be
written as f(x) = Y7, gi(pack(x, m)) where g; has a support mask
m. A function unpack is defined as MA x M® x Bt — M\, where
A+ B = L, unpack(a, b, m) will generate a L-length string x that
pack(x, m) = b and pack(x, zero(m)) = a. Later, wewill use u(a, b)
short for unpack(a, b, m). Discrete Fourier basisfunction in domain
ML isyi ()™ = e*i 6% wherei, x € M. Its complex conjugate
is denoted by y{"”*(x). Wehave f = Ww and w = - ¥*f, where
W is the Fourier matrix. When necessary we will use ¥®) to indi-
cate ¥ in L-dimension space. For me M%, |m| = H, a,b € M"Y,
the submatrix V) of ¥ isaM“H x MYH matrix: Viap) =

Y. (U(0, b)) ¥ u(O,a)(U(ML_H -1,b)

; ; @
wu(ML’H—l,a)(u(O» b)) ‘//u(ML’H—l,a)(u(MI:H -1 b))
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Turorem 1. (Properties of Fourier Matrix) a) YW* = M‘I;
b)¥=¥;0) Y=LV dx¥ ty = (M-00,...0y
S e
ML-1
THEOREM 2. V(a1 iSthesubmatrix of ¥, Vo) = ¢4 (b)pt—

Tueorem 3. (Sum of Submatrix) For simplicity, V stands for
V(ap), and V; isthe it column vector of V). WWe have:

wMV = (MR (),0,0, ..., 0)

—

ML-H_1

Thm.1-3 are the properties of Fourier matrix ¥, based on which
we can analyze the epistases of GEL. Usually, f iswritten in such
order: f = (f(0), f(1),..., f(M--1)). Here, werewrite f asacol-
umn vector: f = (fq, fq,..., fyn_y)’, where f; = (f(u(i,0)), f(u
@,2),..., f(ui, M* —1))),i=0,..., M- — 1. Accordingly, the
elements in Fourier transform matrix are rearranged. In this way,
Thm.4-5 can be obtained by analyzing linear projections and injec-

tions between function space and Fourier space. Proof omitted.

Tueorem 4. Let f : MY > R, g: MH — Rand f(x) = g(pack
(x,m)), where H < L, Fourier cogfficients of f can be calculated:
ol = Wi 1T PACK(i, Zero(m)) = 0 @
otherwise

@

|
0
wherew’ and w® denote Fourier coefficients of f and g respectively.

Tueorem 5. f(X) = 37, gi(pack(x, m)) isa GEL, thenits Fourier
coefficients can be cal cul ated:
¢ _Ja if3ie(l,---, P}, pack(j, zero(m)) = 0
“iZo otherwise
where x, j € MY, m € B" and o is £, @gqim)-
P& pack(j, zero(m)) = 0}.

Thm.4 and 5 show the close relation between the values of Fourier
coefficients and the underlying epistatic structure of GEL by ana-
lyzing Fourier matrix. Embedding alower dimensional functionin
ahigher dimensional space neither increases the number of nonzero
Fourier coefficients nor the maximum level of epistasis. The Em-
bedding Theorem about binary embedded landscape [1] isextended
to amore general domain over high-cardinality alphabets. A high-
cardinality function is of order-k bounded epistasis iff its Fourier
coefficients of order greater than k are zero.
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