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Overview Entropy
Two Measures of Information « Defined for: Probability distributions
— Entropy
— Kolmogorov Complexity
Optimization & Information (Part |) Let X ={x,x,,...,x,},
— Entropy implies bounds! Let R be a random variable taking values in X
* NFLTs as a specific case
— Kolmogorov Complexity implies strong statistical properties! with distribution, P(R=x)=p,
Optimization & Information (Part 1)
— Entropy implies bounds! H(P) = log1/
* NIAH as a specific case F) ;PX o8Py
— Kolmogorov Complexity implies bad performance!
Conclusion
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Entropy

 Defined for: Probability distributions
* Represents the uncertainty about the outcome:

— Degenerate Distribution:

{1 if x=x'
P(x)= = H(P)=0

0 otherwise

— Uniform Distribution:

P(x)=1/n = H(P)=logn

Optimization Scenario

* Problem as a distribution over Instances
» Entropy as a measure of expectation.

Let F={f,foss i }s

Let R be a random variab > le taking valuesin F
with distribution, P(R= f) =P,

0<H(P)<logN
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Kolmogorov Complexity

 Defined for: a single object

Let x={0,1}" be a binary string of length n,
The KCisa function: K : {0,1} = N

It representes the size of the minimal binary representation

of a program that can generate x

Kolmogorov Complexity

» Defined for: a single object
» Represents: the “regularity” of an object

n

/—/%

— §="000000000...0”

begin
for(i=0ton) print’0; = K(S5)=0(ogn)
end




Kolmogorov Complexity

» Defined for: a single object
» Represents: the “regularity” of an object

n

/—____)\_____\

- §="011010110...0”

begin
print "011011010...7;

end

= K(5)=0(n)

Almost all strings are
Incompressible

The are 2" possible binary strings of length n

Butonly:
- 2 "programs” of lengthl  {"0","1"}
- 4 'programs” of length2  {"00”,"01","10","11"}

- 2" "programs” of lengthn-1 {...}

n—1

= Z 2" =2" — 1 shorter descriptions

i=0
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Almost all strings are
Incompressible

There are 2" possible binary strings

n—1
But only ZZi = 2" —1shorter descriptions
i=0
+ At least one string cannot be compressed at all!
* More generally:
— At least one-half(!) are 1-incompressible
— At least three-fourth are 2-incompressible
— Atleast 1-27* are k-incompressible

* Incompressibility imposes strong statistical
properties

Kolmogorov Complexity of
Functions

K(f)= minpfew’”*{l(pf) :Vxe X, p,(x)= f(x)}

Const(x)=a = K(Const)=0()

1 ifxzxvp,

NIAH (x) = { K(NIAH) =0(n)

0 otherwise
123 ifx=x,
Rand(x)=<24 ifx=x, = K(Rand)=0(2"log2")




Optimization Scenario

 No a priori knowledge!
 Learning a function “on the go”

{{‘xal’f(xal)}’{‘va’ f(‘xaz)}’{‘xaz’f(‘va)}}: ?

« KC measure how easy it is to extrapolate.

Optimization & Information

PART |
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Preliminaries

Let f: X — Y where X,Y are finite sets.

Let F denote all such functions.

A non - repetetive deterministic search algorithm a is
represented by a trace :

xal xa2 X, n

W ey Fra) e F )

Performance is a function of the trace!

Entropy




NFLTs =max Entropy

« “All search algorithms are equivalent when
compared over all possible discrete
functions.” woipert, Macready (1995)

Let f-X _)Y, Y={yl’y2""’yn}’
Forallxe X,ye Y :
Pr(f(x)=yl f(x,).... f(x,))=1/(n—k)

(Sharpen) No Free Lunch

Search :>

Algorithm
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Entropy Implies Bounds

_

F fi 5 1 I
5 P(al f) P(al f,) P(al fy)
ﬁ1:102 52:9 > > ﬁnzl

Entropy Best > Elﬁ(a |H(P)= h)J > Worst
H(P)=0 10 1
HP)=1 (10+9)/2=9.5 1.5=(1+2)/2
H(P)=logN avg(10...1)=5.5 5.5=avg(10...1)

Entropy Implies good Bounds®?

let xe X and 7:X — X a random permuation :

i ()= 3 85(x, = 1) oo =80r=x)}

'

Firand () = fronan (T(3)) Vo o= o (o)

Conjecture:

{£x (x)} can be solved more efficiently than {£* , (x)}




Entropy Implies good Bounds?

172" if felfi, (0}

0 otherwise

Rand(f) :{
H(Pmax) = H(I)rand)

12 if feffn @}

0 otherwise

P () ={

Conjecture:

{2 (x)} can be solved more efficiently than {f*, (x)}

Kolmogorov Complexity
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Kolmogorov Complexity

« While the entropy of the two classes is the
same, the KC is clearly different!

k({rz (0= 60x, =x)))= 00ogn)

k({0 = £ () )= 0og2"1))

Conservation of Information

 The algorithm cannot contribute more
information than it contains.

Let f={fix), fix,), - fix,)}

Letaf=(xa1), fxp)y - fx,)

|K(f)—K(a;) < K(a)

» The KC of a search algorithm is (almost)
constant!




Conservation of Information

Let afmax ={f(xafmnxl)’ f(xafmnXZ)’ T f(xafmnx" )}
Let a, 4= f(xaﬁd“dl)’ f(xaﬁmz)’ s flx )}

a fi’and”

K(a; )~ K(a)

K(a; .4)>> K(a)
Incompressible!

The Incompressibility Method

&t = Pl 0} o S5, )]
e / /
loga¥ h=log@H=n|[ n | [ n ]

Fitness Space

Can a short search algorithm sample with high
frequency solutions above median?

No!
This will imply a way to compress the trace!

| log2'/2)=n-1 || n-1 | | n-1 |
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Difficult to Interpret!

By e =W, S, ) fx, )

Fitness Space

\

Average?
Number of

Optima ?
Range?

Preliminaries (ll)

» Objective: sample particular (optimal)
solutions

Fitness Space

Small

number of the vast
Optima majority: .hl.nt
or “heuristic
(random values”
search)




Optimization & Information

PART Il

(From fitness information to spatial
information)

From fitness information to
spatial information
The search algorithm uses

“heuristic values” to infer the
position of optima

2696

Example

* (1+1) EA (or any other search algorithm)
using tournament selection

1. Choose x uniformly from {0,1}'
2. Repeat :
2.1 x':=x.Flipeach bit of x" with probability 1/n.

2.2 if tournament(x',x) = x'then x := x'.

Fitness Spatial
Q. 7

» Step I: define a graph
(e.g., Hamming
distance)




Fithess

+ Step Il: the algorithm
uses the “heuristic
values” to define the
probability distribution

L if f(x)>f(y)
t(x,y)=Pr(xlx,y)=]0.5 if f(x)=f(y)
0 if f(M>fx)

Spatial

Fithess

 Step lll: the algorithm
uses this probability to
define the rule, e.g.,
(x,w)=x
(x,y)=y
(x,2)=>z

« Step IV: fefine the
graph using the rule

» Step V: Walk!

Spatial
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Entropy, KC & Performance

Fitness Spatial
Step II: Step lll:

F';':::;E;]\—> Information Content \—;> Possible Decision Matrix

X 1) X 006 001 010 011 100 101 110 111 X Jooo 001 010 011 100 101 110 111
000 6 000 1 1 1 1 I L] 000 L L L L L L u
001 5 001 \—li‘ 1 1 [] 001 u L L L L u
5 010 T —{(1 ” » L L u
o1 3 on 1 1 1] o1 L L L u
2 100 LA @ v Too L : L u
@ 2 10 \_\ili 1m \_I;‘i
2 110 [] 110 u

; D

w |H(P) = 81(x,y)=0.5)

P.(D)=Pr(DI f)= [](D(x, y)=1(f(x), f(y)

x,yeX




Entropy Implies Bounds
even for a single function!

D S HTRNE HTR g
L e : L L
st jj_L ; B 2] st
- P(alD,) P(alD,) P(aIDy)
P
p=10> p,=9 > > p,=1
Entropy Best > Elﬁ(a | H(Pf) = h)JZ Worst

H(P,)=0 10 |
H(P)=1 (10+9)/2=9.5 1.5=(1+2)/2
H(P;)=logN avg(10..1)=5.5 5.5=avg(10..1)

Almost all D’s are Incompressible!

» Simply consider the equivalent binary

representation
e e R T
: PalD) P(alD,) P(al fy) P(aIDy)
P - - -
b 2> Dy 2 Py 2 2 D,
N J
Y

Almost all the possible performance values are equal!
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Conclusions

Entropy

« Distribution of instances (or functions):
— Implies bounds
— NFLTs are a special case

« Distribution of decision matrices
— Implies bounds
—NIAH is a special case

« Each permutation closure of a single
function is associated with a value of
entropy




Entropy

 The higher the entropy of P, the closer the
performance to that of a random search.

Original NFL b Upper

/ Bound

-

Kolmogorov Complexity

f 3

Performance

NIAH

Sharpen NFL - Bound

Entropy

Kolmogorov Complexity

+ Implies strong statistical properties on the
sampled fitness values

+ High Kolmogorov complexity implies
hardness

» The vast majority of all decision vectors
are incompressible (and therefore) hard!

« Some fitness functions are intrinsically
hard!
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Kolmogorov Complexity

» Almost all the performance values are
identical and equals* the expected
performance of a random search.

> //\\'
|
Fo
-/ -
Performance
Some Thoughts...
Information Reduction

F':j;'::is:nl—> \—> Possible Decision Matrix
‘:’o 1:} (A) from abSOIUte values . X o000 001 010 011 100 101 110 111

o001

010

T I O R ]

to relative order

(B) available
information

(Entropy)
(C) Neighbourhood

structure

(D) Population
Based?




Concluding remarks

This tutorial focused only on two aspects
of difficulty (KC and entropy)
— Naturally, more criteria exist.

The relation to KC and hardness is not
straight forward. Any interpretation based
on the KC of a fitness function should be
very cautious.
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