
GENETIC ALGORITHMS

AND THEIR APPLICATIONS:

Proceedings of the

Second International Conference on

Genetic Algorithms

July 28-31, 1987

at the

Massachusetts Institute of Technology

Cambridge, MA

Sponsored By

American Association for Artificial Intelligence

Naval Research Laboratory

Bolt Beranek and Newman, Inc.

John J. Grefenstette

Naval Research Laboratory

Editor

EA LAWRENCE ERLBAUM ASSOCIATES, PUBLISHERS
1987 Hillsdale, New Jersey Hove and London



dale

jerk weghene“i an LC wil (

rhe cop} keep

GENETIC ALGORITHMS

AND THEIR APPLICATIONS:

Proceedings of the

Second International Conference on

Genetic Algorithms

July 28-31, 1987

at the

Massachusetts Institute of Technology

Cambridge, MA

Sponsored By

American Association for Artificial Intelligence

Naval Research Laboratory

Bolt Beranek and Newman, Inc.

John J. Grefenstette

Naval Research Laboratory

Editor

IEA LAWRENCE ERLBAUM ASSOCIATES, PUBLISHERS
1987 Hillsdale, New Jersey Hove and London



Copynght © 1987 by Lawrence Erlbaum Associates, Inc.

All rights reserved, No part of thus book may be reproduced in

any form, by photostat, microform, retrieval sysiem, or any other

means, without the prior whiten permission of the publisher.

Lawrence Erlbaum Associates, Inc., Publishers

365 Broadway

Hillsdale, New Jerscy 07642

ISBN 0-8058-0158-8 cloth ediuon

ISBN 0-8058-0159-6 paperback edition

Printed in the United States of Amenca



ACKNOWLEDGEMENTS

On behalf of the Conference Commitce, it is my pleasure to acknowledge the support of our

sponsors: the American Association for Artifical Intelligence, the Navy Center for Applied Research

in Artificial Intelligence at the Naval Research Laboratory, and Bolt Beranek and Newman, Inc. The

Committce also appreciates the cooperation of Dr. Edwin H. Land. I would personally like to thank

the other members of the Conference Commitice for their conscientious efforts as referees. Stewart

Wilson deserves special thanks for handling the local arrangements.

John J. Grefenstette

Program Chair

Conference Committee

John H. Holland University of Michigan (Conference Chair)

Lashon B. Booker Navy Center for Applied Research in AI

Dave Davis Bolt Beranck and Newman

Kenneth A. De Jong George Mason University

David E. Goldberg University of Alabama

John J. Grefenstette Navy Center for Applicd Research in AI (Program Chair)

Stephen F. Smith Carnegie-Mellon Robotics Institute

Stewart W, Wilson Rowland Institute for Science (Local Arrangements)



CONFERENCE PROGRAM

TUESDAY, JULY 28, 1987

5:00 - 9:00 REGISTRATION: Lobby, McCormick Hall

7:00 - 9:00 WELCOMING RECEPTION: Courtyard, McCormick Hall

WEDNESDAY, JULY 29, 1987

8:00 REGISTRATION: Roam 10-280

9:00 OPENING REMARKS: Room 10-250

9:20 - 10:40 GENETIC SEARCH THEORY

Finite Markov chain analysis of genetic algorithms

David E. Goldberg and Philip Segrest l

An analysis of reproduction and crossover in a binary-coded genetic algorithm

Clayton L. Bridges and David E. Goldberg .... 9

Reducing bias and inefficiency in the selection algorithm

James E. Baker .... 14

Altruism in the bucket brigade

Thomas H. Westerdale 22

10:40 - 11:00 COFFEE BREAK

11:00 - 12:00 ADAPTIVE SEARCH OPERATORS I

Schema recombination in pattern recognition problems ry, ; A ff

Trene Stadnyk ccc ceescssessseeecseeseseeeseeesecatscescscaeseeessenusengearsanesiveneavens Leoaeesecseeesnecesnereeseestseaeaeets 27

An adaptive crossover distribution mechanism for genetic algorithms

J. David Schaffer and Amy Morishima 0.0.0... ccc csessscececsessecesesceseessscsessssetanesesssensanetsseessesseee 36

Genetic algorithms with sharing for multimodal function optimization

David E. Goldberg and Jon Richardson ...0.....cccscsccecssescscesssstesteescssesesssassestesssesersssescsusaeasetsseescas 4)



The ARGOT strategy: adaptive represeniation genetic optimizer technique

Craig G. Shaeker ccc ce a ee ceccscsa pene reneseeeaeessesesacecsesessesneceteseessnerseesssseseeaieneetecanectecsieacseseeseees 50

Nonstationary function optimization using genetic algorithms with dominance and diploidy

David E. Goldberg and Robert BE. Smith 2.0. ccececssesccsesses cece cen ssesseneessescsvenseeseeeseecavetesnesstensese 59

Genetic operators for high-level knowledge representations

H. J. Amtomisse and K. 5. Keller oo. ccccccceececesesssesssseesecesnsseseeceuescsecesesscscautsensecsaseeseaesesisaeesansecs 69

Tree structured rules in genetic algorithms

Arthur §, Bickel and Riva Wenig Bicke] oo iccccecccseseccesssscsesesescsessiessussacesvsceseceriestnenseanes 77

3:20 - 3:40 COFFEE BREAK

3:40 - 5:00 KEYNOTE ADDRESS

Genetic algorithms and classifier systems. foundations and future directions

John H. Holland ...

7:00 - 9:00 BUSINESS MEETING

THURSDAY, JULY 30, 1987

9:00 - 10:20 ADAPTIVE SEARCH OPERATORS Hi

Greedy genetics

G. E. Liepins, M. R. Hilliard, Mark Palmer and Michael Morrow oo. .cccccccsssecccsesecetesensssstretacee 50

Incorporating heuristic information into genetic search

Jung Y. Suh and Dirk Van Guecht occ cc ccecssueecsneseeesececenesseesereareacageeseesnneensaestaseasieesees 100

Using reproductive evaluation to improve genetic search and heuristic discovery

Darrell Whitley occ ec ceecseecseesess cscs eeevecesseceeesanensestcasseseaseeasaeseneasnea ties sseasssneeetscanetseesetacsentees 108

Toward a unified thermodynamic genetic operator

David J. Sirag and Paul T. Weisser occ cecseecseecssscssscevessuescsecareseuascescouensegeesesnsrsnseseatsctentees 116



10:40 - 12:00 CONNECTIONISM AND PARALLELISM I

Toward the evolution of symbols

Charles P. Dolan and Michael G. Dyer .....

SUPERGRAN: a connectionist approach to learning, integrating

genetic algorithms and graph induction

Deon G. Oosthuizen oo... cece snes csceceesesctcneeeneesesecanecensceseseecseuenseevsneseassesesssensreteeresageaneneaesenes 132

Parallel implementation of genetic algorithms in a classifier system

George G, Robertson oo s ccs ceccsesscscescetsesetscasseecsecseeesenaenvssseceeeseesaceesensesesssqeasseaseceessasseensesseesaes 140

Punctuated equilibria: a parallel genetic algorithm

J. P. Cohoon, S. U. Hegde, W. N. Martin and D. Richards 0... ecessesesseccteeeeeseescnsearesesenenes 148

12:00 - 2:00 LUNCH

2:00 - 3:20 PARALLELISM If

A parallel genetic algorithm

Chrisila B. Pettey, Michael R. Leuze and John J. Grefemstette oo... ee cececeeeccessenseeeecntenseeeaes 155

Genetic learning procedures in distributed environments

Adrian V. Sannier II and Erik D. Goodman oi eesscsnecseneneetsetetesnsssnerseassstsetsssetessersers 162

Parallelisation of probabilistic sequential search algorithms

Prasanna Jog and Dirk Varn Guecht oo... cccccsecssenseseesesetseecsessceseeceenecterseessnsecersceeeecssenseenseseavaes 170

Parallel genetic algorithms for a hypercube

Reiko Tanese ...... 177

3:20 - 3:40 COFFEE BREAK

3:40 - 5:00 CREDIT ASSIGNMENT AND LEARNING

Bucket brigade performance: I. Long sequences of classifiers

RICK L. RIGO wee cece tsesteecesessceseassneeesescespesecauessesescansurssssecesesusecueecsns egassesisneeceesenesaeengasecaanaes 184

Bucket brigade performance: H. Default hierarchies

Rick L. Riolo ..... 196

Multilevel credit assignment in a genetic learning system

John J. Greferstette oe csesseeeeseeseessseeseescsessneecsnecnsseeassvescansaeesesseaeeessasessecasnaeesieaseeceneeneseeenee 202

On using genetic algorithms to search program spaces

Kenneth A. De Jong wi cccccceeessecscsesssecasenssenscessnseenseceseestesuesucesseaenussnetacesscansuaseneesestcssnesesseseseses 210



6:30 - 10:00 CONFERENCE BANQUET: New England Clambake

FRIDAY, JULY 31, 1987

9:00 - 16:20 APPLICATIONS J

A genetic system for learning models of consumer choice

David Perry Greene and Stephen F. Smith o.cc cc ceeesccscsssscesesessseseeessseecssescessesssestearseseatesssessseanse 217

A stidy of permutation crossover operators on the traveling salesman problem

1M, Oliver, D. J. Smith and J. R. C. Holland oe ccccesccsscseesesseseesseseacsussuesenssenciesscansucerseueases 224

A classifier based system for discovering scheduling heuristics

M. R. Hilliard, G. E. Liepins, Mark Palmer, Michael Morrow and Jon Richardson .........0.00.. 231

Using the genetic algorithm to generate LISP source code to solve the prisoner's dilemma

Cory Fujiko and John Dickinson oo... ccc cesesesnesessssssscecesssnescssscsesvescansessestestssavacsessevsusevseesresveaee 236

10:20 - 10:40 COFFEE BREAK

10:40 - 12:00 APPLICATIONS If

Optimal determination of user-oriented clusters: an application for the reproductive plan

Vijay V. Raghavan and Brijesh Agarwal

The genetic algorithm and biological development

Stewart W, Wilson .....0......

Susan Coombs and Lawrence Davis...

12:06 - 2:00 LUNCH

2:00 - 3:20. PANEL DISCUSSION: GA’s and AI

3:20 - 3:40 COFFEE BREAK

3:40 - 5:00 INFORMAL DISCUSSION AND FAREWELL



FINITE MARKOV CHAIN ANALYSIS OF GENETIC ALGORITHMS

David E. Goldberg and Philip Segrest

The University of Alabama

Tuscaloosa, AL 35487

ABSTRACT

A finite Markov chain analysis of a single-

locus, binary allele, finite population genetic

algorithm (GA) is presented in this paper. The

Markov analysis is briefly derived and computa-

tions are presented for two kinds of problems:

genetic drift (no preference for either allele)

and preferential selection (ene allele is selected

over the other). Approximate analyses are present-

ed to explain the detailed Markov analysis. These

computations are useful in choosing parameters for

artificial genetic search,

INTRODUCTION

Genetic algorithms (GAs) are receiving
increasing application in a variety of search and

machine learning problems. These efforts have

been greatly aided by the existence of theory that

explains what GAs are processing and how they are

processing it. The theory largely rests on

Holland’s exposition of schemata (1968, 1975), his

bridge to the two-armed bandit problem (1973

1975), his fundamental theorem of genetic algo-

rithms (1973, 1975), and later works by several of

his students (Martin, 1973; De Jong, 1975; Bethke,

1981), All of these works have necessarily made

bounding assumptions: pepulation sizes have been

assumed to be infinitely large, probability limits

have been estimated by relatively crude limits,

and in some cases genetic operators have even been

modified to facilitate the analysis. As a result,

there is still a need for mare exact analysis of

genetic algorithm behavior using finite popula-

tions and realistic analytical models of genetic

operators.

In this paper, we perform a Markov chain

analysis of a one-locus, two-operator (reproduc-

tion and mutation) genetic algorithm acting upon a

finite population of haploid binary structures.

Specifically, we calculate the expected time of
first passage to various levels of convergence

under different selection ratios and mutation

rates,

under no selective pressure. Understanding this

phenomenon is useful in explaining why finite CAs

make convergence errors at relatively unimportant

bit positions. We then examine expected GA per-

formance at different levels of selective pressure

assuming a deterministic fitness function. This

anslysis permits calculation of the selective

pressure required to reduce the probability of

selecting the wrong bit to some known level. We

also discuss how these results and their extension

may be used for designing and sizing finite GAs.

STOCHASTIC ERRORS IN FINITE GENETIC ALGORITHMS

As simple three-operator genetic algorithms

have been used in a wider array of search and

machine learning applications (Goldberg & Thomas

1986), a number of objections have been voiced

concerning their performance. Chief among these

objections is the occurrence of premature conver-

gence (De Jong, 1975). Premature convergence is

that event where a population of structures

attains a high level of uniformity at all loci

without containing sufficiently near-optimal

structures. Two reasons have been given for this

undesirable form of convergence: a problem (with

its chosen coding) can itself be GA-hard, or the

finite GA can suffer from stochastic errors.

GAs may diverge because a problem is inher-

ently difficult for a three-operator GA, Such

problems have been called GA-hard (Goldberg,

1983), and Bethke (1981) has proved that GaA-hard

problems exist using Walsh function computation of

schema averages. Reordering operators based on

natural precedent have been suggested (Holland,

1975; Goldberg & Lingle, 1985) as one remedy for

such problems, especially those where building

blocks are not Linked tightly enough to permit the

three-operator GA to find near-optimal points.

Despite the possibility of GA-hardness, Bethke’s

study and an extended schema analysis of the

minimal deceptive problem (Goldberg, 1986) suggest

that it is more difficult to construct

intentionally misleading (GA-hard) problems than

was previously thought. Furthermore this notion

--that GA-hard problems are relatively hard to

construct--is empirically supported by the

widespread success of simple GAs across a spectrum

of problems. Nonetheless, the study of GA-hard

problems and the design of operators to circumvent



The other major source of convergence diffi-

eulty in genetic algorithms results from the

stochastic errors of small populations. These

errors may themselves be divided into two types

errors in sampling and errors in selection. A

pollster makes a sampling error when he selects a

sample size which is too small to achieve the

accuracy he desires. He also commits a sampling

error when the sample he selects is not represen-

tative of the population as a whole. Genetic

algorithms may make similar sampling errors when

elther the strings representing important schemata

are not present in sufficient numbers or the

individuals present are not representative of the

whole similarity subset. Sampling errors in small

populations in this way prevent the proper propa-

gation of the correct (above average) schemata,

thereby circumventing the expected and desired

action predicted by the schema theorem (Holland,

1975).

Errors of selection are harder to understand

because their disruptive effects are counterintul-

tive. A simple example will halp clarify the

problem. Suppose we have a population of 50

single-locus structures containing 25 ones and 25

zeros. Suppose further that we select a new

population from the old population by choosing 50

new members one at a time using selection with

replacement (where once picked, an individual is

placed back in the sampled population). Since we

are picking each new member with probability 1/50,

and since there are currently 25 ones and 25

zeros, the expected number of ones and zeros is

still 25 and 25 respectively, however, because the

selection process is fairly noisy, we shouldn’t

expect to retain exactly the same 25/25 split. In

fact, the probability of exactly that division is

only P(25/25} = B2)¢0.5)° ~ 0.1123, Therefore
it is reasonably likely the popularion will fall

away From this initial starting point. In the

next generation, the new population becomes the

new initial condition with the expected number of

ones and zeros determined by the new state. This

process continues, and in finite time for a finite

population, the population converges to all ones

ox all zeros, Once converged there is no way to

get back any of the missing material (unless we

permit some mutation, a possibility we will

cougider Later).

Geneticists have long recognized that finite

populations do converge in this manner even when

there is no selective advantage for one allele

over another. This error of selection is s0

important it has been given a special name,

genetic drift. Selection errors can accumulate,

causing a drift to one allele or the other. By

itself, genetic drift is bad enough, After all,

if the environment has no preference for one

allele or another, we might like a GA to preserve

both of them (perhaps we would even like the GA to

preserve them in relatively equal numbers).

Genetic drift insures that this won't happen

unless we take special action to encourage this

behavior (see Goldberg & Richardson, this volume)

To make matters worse, these errors of selection

can cause a genetic algorithm to converge to the

wrong allele when the environment dees prefer one

allele over the other, especially when that

selective advantage is relatively smail The

analysis of these difficulties is our main concern

in the remainder of this paper. We consider first

the case of no selection pressure--genetic drift

--followed by analysis of cases with varying

degrees of selective pressure.

MARKOV CHAIN ANALYSIS OF GENETIC DRIFT

Discrete and continuous modeis of genetic

drift have received attention in the literature of

mathematical biology (Crow & Kimura, 1970);

however, many of these analyses contain additional

details of biological reality that are not always

of interest to genetic algorithmists De Jong,

(1975) presents computer simulations of genetic

drift in the context of simple GAs, showing graphs

of the relationship between expected first passage

time to varying convergence levels as a function

of population size and mutation rate, In this

section, we calculate these quantities more

exactly using the mathematics of Markov chains

(Remeny & Snell, 1960).

Markov Chains

Suppose we have a sequence of random vari-

ables 5,, 5,,..., and suppose the possible values

for these random variables are drawn fram the set

(0, 1,..., N). We think of the random variables

5 as the state of some system at time t: more

precisely, the system is in state i at time t if

so i If at each time t there is a fixed

probability p,, that the system will be in state j

at time t+] whdn the system was in state i at time
t, we say the sequence of random variables forms a

Markov chain. The fixed quantities Py, are said

to be transition probabilities. 4

P{ s=LPay 7 Seay | syet }

Markov chains may be classified by the types

of states they contain. States that may not be

reached as a process goes to infinity are said to

be transient states. Those that may be reached as

time marches on are said to be erpodic states

(non-transient). In this paper, we will only be

interested in those Markov chains that contain a

particular type of ergodic state: an absorbing

State. A state is said to be absorbing if once

entered it may never be left, For any state i,

this is true if and only if the following condi-

tion holds:

Puy wt

We have already seen examples of absorbing states
in our earlier description of genetic drift: we

Yecognize the all-zeros and all-ones stares as

absorbing states, because once we get to either

one of them we can never leave. A chain with at

least one absorbing state and no ergodic states



other than absorbing states is said to be an

absorbing Markov chain.

The states of an absorbing Markov chain may

be renumbered to obtain a transition probability

matrix P in the following canonical form (Kemeny &

Snell, 1960):

where I is an identity matrix and 0 is a matrix of

all zeros. The submatrices Q and R are used to

calculate important properties of an absorbing

chain.

Genetic Drift without Mutation

To illustrate the construction of a

transition probability matrix, we turn to the

genetic drift problem at hand. Suppose we have a

population of N ones and zeros. We let state 0 be

that situation where we have all zeros and we let

state N be that case where we have all ones (no

zeros), and in general we let state i be that

state with exactly i ones. Thus we have a total

of N+l states, i- 0, 1,,.., N, that together

represent all possible conditions within the

population. Then if we assume random selection of

exactly N new population members with replacement,

we may calculate the elements of our drift transi-

tion probability matrix Py as follows:

Reg

Pa (Psy) in (METDAI
de

These calculations are provably correct, because

at each state i, we have a probability of selec-

ting @ one Pone 7 i/N; further, the probability

of getting to state j (j ones) is binomially

distributed with probability Pone and size N. In

this matrix, the states 0 and N are both absorbing

states because Poo 7 Pun ~ 1. Thus, it is a

simple matter to obtain the canonical form of the

matrix shown above. In particular, we are inter-

ested in the Q matrix which may be obtained simply

by stripping off the first and last rows and

colums of the original Py matrix.

The Q matrix may then be used to calculate

the expected number of visits n,, to any transient

state j starting in the transi@dt state i (the N
matrix):

-1
Ne (I - Q)

We won’t belabor the details leading to this

salculation here; however, the desired N matrix

may first be written as an infinite matrix geomet-

vic series in Q. Thereafter, the closed form

calculation may be obtained in ao manner similar to

that used in summing an infinite scalar geometric

series.

The total expected time in transit to any one

of the absorbing states starting in state i--we

eall this the transit time 4 ,--may easily be

calculated as a row sum over the ith row of the N

matrix:

;ro n
oe oy t3

The t, values may then be used to calculate the

expected time to absorption given any initial
starting conditions. If we assume an initial

population chosen uniformly at random, the praba-

bility of being ina state i initially--we call

this m,--is binonially distributed as follows

mo Coy

The expected time to an absorbing state, the

quantiry Copsorbed? MY then be calculated as the

dot product ef the initial state probability

vector ms and the transit time vector te

&

Capsorbnd TM ZL Tym

These calculations suggest a straightforward

procedure for calculating the expected time until

either the all-ones state (state N) or all-zeros

state (state 0) is reached, but what can we do if

we are interested in calculating the time of first

assage to some level of convergence other than

100 percent? We may calculate such quantities

quite simply by replacing all rows in the Py

matrix within a desired percenrage of convergence

by identity rows: Pay 7 1 andp,, = 0 for ij.

This bit of chicanéry makes chad once-transient
states absorbing states, and the procedure

described above may be used on a now-reduced Q

matrix to determine expected first passage times

to the particular level of convergence.

These computations are carried aut for

convergence levels of 60%, 70%, 80%, 90%, and

100%. The expected time of first passage is

calculated for populations ranging from Ne10 to

N-100. Computations have been performed in AFL to

exploit that language’s facility with vector and

matrix operations. Figure 1 displays the expected

first passage time versus population size at

different convergence levels. The relationship

between passage time and population size at a

given level of convergence is strikingly linear.

Although we may expect the passage time to prow

with increased population size, it is not at all

obvious why that growth is linear.



Figure 1. Genetic drift Markey chain computation

of expected first passage time versus population

size at different convergence levels with no

mutation,

To understand this better, we appeal to a

simpler but related stochastic model: the gam-

bler’s ruin problem. In the gambler's ruin

problem, a gambler with a fixed stake D places

successive one dollar wagers on the outcome of a

coin toss. In our version of the game we assume

that the coin is fair, Putnning ao Plosing ~ 0.5.

The game ends when the gambler either loses all

his money or attains a goal value value A, ALL

this is interesting, but how is it at all related

to the genetic drift problem? We may view the

genetic drift problem as a gambler‘s ruin problem

where we drift toward either ruin (all zeros) or

reward (all ones). In the real genetic drift

problem, our range of outcomes on a given "gamble"

is not binary; however, by using an average step

size per generation we may calculate an

approximate form for the genetic drift solution

using the simpler gambler‘’s ruin model.

Fortunately, the expected duration of the

gambler’s ruin problem is a well-known computation

(Feller, 1968). Under the assumptions above, the

expected number of coin tosses to ruin or reward

may be calculated as E(number of coin tosses} =

B(A-D). In our problem, the stake amount is given

by NP yon 85) (the distance to ruin or reward at

# particular convergence level, Poon?! the desired

accumulation to quit (assuming equal distances) is

twice the stake amount. To place these quantities

in terms of numbers of generations, we divide both

terms (D and A-D) by the average number of steps

taken per generation. This quantity is simply the

standard deviation of the expected number of ones

(ox zeros) per generation:

This operation yields the following approximate

expression for the number of penerations to a

particular level of convergence:

(2p_-1)?
t es son Nconvergence tp py

n

Thus we have reasoned that the expected transit

time increases linearly with population size. As

with many approximate models, the derived propor-

tionality constant is mainly useful an indicator

of order of magnitude. The simple model does help

explain why the slopes of lines of successively

higher convergence proportion increase faster than

the proportion itself.

Genetic Drift with Mutation

To combat the undesired convergence of gene-

tic drift in simple GAs, mutation rate increases

are often suggested. To investigate the effect of

mutation on expected times of convergence we

continue our Markov chain analysis by including

mutation in our overall probability transition

matrix.

With mutation included, we view the overall

probability transition matrix P_ as the product of

the drift’ matrix P developed earlier and a
mutation probability transition matrix Pp

(Py) = (Pg) (By)

To develop the mutation transition probability

matrix, we need to select from a number of possi-

ble mutation models. We may perform a_ single

mutation with probability p_, replace the indivi-

dual in the original population, and then perform
a sequence of N such operations (we call this

mutation with sequential replacement). We may

also mutate (again with probability p_) population

member by population member (mutation without
replacement). We develop the transition probabil-

ity matrices for both types of mutation.

The transition probability matrix for muta-

tion with sequential replacement may be developed

quite simply. A single mutation permits a shift

in state by one step (either one more one or one

less one). Thus, the single mutation transition

probability matrix Pos is tridiagonal, and its

elements may be specified as follows:

Precty - (3 ae.

dd “ ip,



otherwise

The overall mutation transition probability matrix

under sequential replacement may then be taken as

the product of N single mutation matrices;

N

(PO (Pi?
m’ sequential replacement ms

The transition probability matrix for muta-

tion without replacement may also be calculated.

Although the computation is more cumbersome, the

extra effort is worthwhile as mutation without

replacement is a more faithful model of mutation

as it is implemented in most GAs. To calculate

the transition probability matrix for mutation

without replacement, we recognize a simple fact.

To go up in state value by, for example, two ones,

we must have exactly two more zeros change to ones

than we have ones change to zeros. If we sum aver

all the possible occurrences where this is true we

obtain the elements of the transition probability

matrix. For j>i (where we shift to a state with

more ones) we obtain the elements of the transi-

tion probability matrix as follows:

Pho (Py
mutation no replacement

d 2 - oe De

— ECDC tae
where ¢ = min(i, N-j)

A similar expression may be derived for the case

where j<i (a transition occurs to a state with

fewer ones). Because mutation without selection

is a better model of mutation as performed in real

GAs, we adopt it in all subsequent computations.

We perform similar calculations as in the

case without mutation, Expected passage times are

plotted versus population size (log-log scale) at

different mutation rates in Figures 2 and 3,

These graphs are presented for convergence levels

of 100% and 80% respectively. Increasing mutation

probabilities increase the expected time of first

Passage to a particular level of convergence as we

expect.

CONVERGENCE UNDER PREFERENTIAL SELECTION

The genetic drift cases demonstrate the

problem of undesirable convergence when the
environment has no preference for one allele over

another. In this section, we examine the rate of

convergence when there is a preference for a

particular allele. We also calculate the

Probability that the allele we converge to is the

sorrect allele,

We assume that a one allele receives an

environmental revard of gy and a zero allele

Figure 2, Genetic drift Markov chain computation

of expected first passage time versus population

size at 100 percent convergence level with

different mutation probabilities.

10
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Figure 3. Genetic drift Markov chain computation

of expected first passage time versus population

size at 80 percent convergence level with dif-

ferent mutation probabilities.

receives an environmental reward of f,. These

rewards are assumed to be stationary and

deterministic, and the rewards are given in the

ratio r= f£,/f,. In the genetic drift cases of

the last “ section the overall transition

probability matrix was the product of the drift

matrix and the mutation matrix. Under

preferential selection, we must replace the drift



matrix by a reproduction matrix that accounts for

the differential pressure toward ane allele or

another.

We may account for the added pressure toward

a particular allele by recognizing that the

probability of selecting a particular one is

ty/ Jf, and therefore the probability of selecting
a-one from the population is the number of ones

times the probability of selecting a particular

one:

£.
-— tn

TE + WIE,

wth
rei+(N-i)

where the sum in the denominator is take over all

structures s. With this selection probability,

the transition probability matrix for reproduction

(PL) may be calculated:

Pe fPaa]
reproduction

Neg

- ledtien) (ottien)

The probability of going from a state with i ones

to a state with j ones is binomially distributed

with the selection probability a function of the

state i and the fitness ratio r. Notice that the

reproduction matrix reduces -as it must~--to the

drift matrix as r goes to one,

Using the same procedure as before, we may

calculate the expected time to some level of

convergence; however, in the case where the

environment is not indifferent to the two alleles,

we are not simply interested in knowing when we

expect to converge. We are also interested in

knowing the probability that we converge to the

allele with higher fitness. Fortunately we may

obtain this probabiliry in a straightforward

manner using our fundamental N matrix and the R

matrix.

The probability of starting ina transient

state 1 and going to absorbing state {--we call

this the B matrix, (by }--may be obtained as the

product of the fundamédtal matrix Nand the R
matrix:

Bos NR

in state k assuming we

With the probability b,, of going from a

starting transient state i to a final absorbing

state j thus calculated, it is a simple matter to

obtain the probability of being in a final state

j--the probability a,--as time goes on assuming

initial state probabidities a,. We simply add the
initial probability of being in state j to the sum

of the probabilities of getting from all transient

states i--call this the set T-+-to the particular

absorbing, state j:

a,~n, + F mb.
4 4 eT 4

Having calculated the probability of ending up in

a particular absorbing state, we now may find the

probability of convergence to the correct allele,

Pp , by summing the a values over the
correct

desired absorbing states--call this set A‘;

PB ~ Dacorrect, 4ear

We calculate the expected time to 100 percent
convergence and the probability that the conver-

gence is correct for varying r values at different

population sizes. These results are plotted in

Figures 4 and § respectively. To put these

results in perspective, we consider the expected
performance in a large population and compare
these results co the exact study of finite popula-

tions.

The schema theorem (Holland, 1975) tells us

what to expect in a large population. Under

Yeproduction anly, the proportion of ones PS Brows

according to the following equation

Pp ttl ~ r Pp t

> (r-Dp, 4 |?

where the superscript t is a generation index.

For r values near 1 this equation reduces to a

geometric progression in xr:

t t °
Py =r Py

Taking the natural logarithm of both sides we

obtain the following relationship for the time to

a given proportion of ones;

1nf P,*/P,"]
ce nr



Figure 4. Markov chain computation of expected

first passage time versus fitness ratio r_ for

reproduction cases to 100 percent convergence

level with different population sizes.

Elgure 5. Markov chain computation of probability

o£ correct convergence versus fitness ratio r for
reproduction cases to 100 percent convergence

level with different population sizes.

On a plot of log(t) versus log(log r) this curve
plots as a straight line with negative slope.
Referring to Figure 4, at high enough r values we
hetice this straight line behavior. At small r

values the curve levels out and approaches the
constant value predicted by the genetic drift

computations. We may derive an approximate r

value where this divergence should occur with a
little physical reasoning. During a given genera-

tion we expect an, increase in ones approximately

equal to N(r-1)P,". On average, the increase or

decrease of ones due to selection noise is simply

the standard deviation a. When the noise is of

the same order of magninude or greater than the

expected increase, we should expect divergence

between simplified model and the finite model.

This divergence should occur at values of r

predicted by the following relationship:

When the population is half ones and half zeros,

this equation says that the large population

result becomes suspect when the excess fitness

(r-1) is less than the inverse of the square root

of the population size, This relationship ex-

plains the decreasing break point value (between

drift-like and convergent behavior) with imcreas-

ing population size as can be seen in both Figures

4 and 5, At values of r beneath this critical

value, the expected time results flatten, and the

probability of converging to the correct allele

starts to fall dramatically.

Similar calculations may be performed for

reproduction with mutation. As in the genetic

drift case, we take the overall transition proba-

bility matrix as the product of two matrices;

here, we multiply the reproduction transition

probability matrix by a mutation matrix (without

replacement) as follows:

@) - @)@)

We perform expected first passage time calcula-

tions as before. in Figure 6, we graph first

passage time versus r for different mutation

probabilities p_ at a population size Ns50, Using

our previous physical analysis, we expect the

finite analysis to approach the bounding analysis

for r-l values greater than sqrt(1/50) = 0.1414.

This holds true for small p_ values; however, as

the mutation probability grows, the expected rime
grows beyond that predicted by the bounding

analysis, That this should eccur may be reasoned

intuitively. If the expected net loss of good

alleles due to mutation starts to exceed the

expected increase in good alleles from reproduc-

tion, the process loses its ability to converge as

quickly. This point occurs when the following

condition holds true:

When the excess fitness (r-1) is of the same order

or less than the mutation, the GA will take a

longer time to converge, because mutation is

adding errors faster than the reproduction can

erase them. This shows up in Figure 6 as suctes-



Figure 6. Markov chain computation of expected

first passage time versus fitnesa ratio r for

reproduction and mutation cases to 90 percent

convergence with N=50 and different mutation

levels.

sively higher mutation rates cause the expected

time curves to break away from the bounding

analysis results more quickly.

CONCLUSIONS

In this paper, we have analyzed the perfor-

mance of one-locus, two-operator (reproduction and

mutation) genetic algorithms with finite popula-

tions of haploid structures using finite Markov

chains.

The results in particular and the Markov

chain analysis in general are useful in under-

standing the performance of finite GAs commonly in

use. These results and their extension should be

useful in sizing populations appropriately,

selecting proper mutation rates, and choosing

rates of selection in scaling procedures.
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ABSTRACT

The foundation of genetic algorithm (GA)

theory--the so-called schema theorem or fundamental

theorem of genetic algorithms--provides a lower

bound on the expected number of representatives of

a particular schema (similarity subset) in the next

generation under various genetic operators. In this

paper, assuming a large population of binary,

haploid structures of known distribution, processed

by fitness proportionate reproduction, random

mating, and random, single-point crossover, an

exact expression for the expected proportion of a

particular string (or ‘representatives of a

particular schema) in the next generation is

calculated. This derivation is useful in analyzing

the expected performance of simple GAs.

INTRODUCTION

Over the past two decades, the application of

genetic algorithms (GAs) to search and machine

learning problems in setence, commerce, and

engineering has been been made possible by a number

of theoretical developments (Holland, 1673, 1975

De Jong, 1975; Bethke, 1981). Without these

theories, it is doubtful that many of us would have

made much sense of our computer simulations or

experiments; this speculation is supported by the

experience of genetic algorithm prehistory. We

need only recall some of the evolutionary schemes

that resorted to mutation-plus-save~-the-best

strategies (Box, 1957; Bledsoe, 1959; Friedman,

1959; Fogel, Owens, & Walsh, 1966) to remember that

shots in a darkness without schemata or the

fundamental theorem (Holland, 1975) can be

frustrating experiences indeed. Because of the

usefulness of theory to progress in genetic

algorithm research, there is still a pressing need

to improve our understanding of the foundations--

the theoretical underpinnings--of genetic
algorithms and their derivatives.

In this paper, we extend the fundamental

theorem of genetic algorithms to exactitude,

Specifically, we derive a complete set of equations

describing the combined effects of reproduction and

crassover on a large population of binary, haploid

Seructures. These equations may be used to

genetic algorithm on a given problem with specified

coding; they may be used for calculating the
correct expected propagation of a set of competing

schemata; they may also be used for estimating

disruption or source probabilities for particular

strings or particular schemata in a specified

population of structures.

In the remainder of the paper, we develop our

extended analysis in three steps. We reexamine the

fundamental theorem of GAs (the schema theorem),

calculate an exact expression for the probability

of disruption due to crossover, and calculate the

expected gain of individuals due to mating and

crossover by others.

THE FUNDAMENTAL THEOREM OF GENETIC ALGORITHMS

The fundamental theorem of genetic algorithms

(Holland, 1975) calculates a bound on the expected

number, m, of schemata (similarity templates), H,

in successive generations, t, under the action of

reproduction and crossover (other operators are

often included in the calculation, we choose to

focus on reproduction and crossover alone):

£(H 5(Hm(H, tL) = (a, ERD - 0 A |

In this equation, 2 is the string length, p, is the

probability of crossover, and § is the schema

defining length (the distance between its outermost

defining positions). In words, the schema theorem

tells us that a particular schema H receives trials

according to the ratio of schema fitness to

population average fitness as long as the schema is

not unduly disrupted by crossover, The average

fitness of a schema £(H) may be calculated by

summing over all strings s, representatives of H at

time t:

£
4

(ifs, chy ef

FD = Raney

We note that thea theorem is an inequality--a lower

bound. Our main goal in this paper is to transform

the bound to an equality. To do this, it is helpful



~ EOD 4.m(H, t+1) m(H,t) : { 1 P.Py ]

+ [gains from crossing]

The increase due to reproduction is multiplied by

the probability of the schema surviving a cross

(one minus the product of the crossover probability

BP, and the probability of disruption py). For

completeness we must also include possible gains

from mating and crossover of other strings.

Hidden within this broad outline are the two

items that prevent the schema theorem from

providing an exact analysis. First, we usually

calculate a crude upper bound on the probability of

disruption pq due to crossover, the usual term

6(H)/(4-1) assumes that the schema is destroyed

every time a cross falls within its defining

length. This is a conservative assumption because

it ignores the possibility of getting back the same

material from a particular mate, Second, the

schema theorem ignores all sources of schemata from

erosses of strings containing different competing

schemata. In crossover, one schema’s loss is

another's gain. Although these terms may seem small

and somewhat beside the point, a recent study

(Goldberg, 1986) has shown that inclusion of these

terms in an extended schema analysis permits the

prediction of convergence of a simple genetic

algorithm on a problem specifically designed to

cause the CA to diverge (the minimal, deceptive

problem). As such, these terms deserve more of our

attention We first look at the probability of

disruption due to crossover.

DISRUPTION DUE TO CROSSOVER

In this section we calculate the probability

of disruption of «a string due to the set of all

possible crosses, Ta do this, we define some

useful symbols and terms.

We take S as the set of all possible binary

strings of length £; there are 2° such strings.

Furthermore, we index the set § 50 84 ip the the

jth member of S, where j goes from 0 td 2"-1,. As a

convenience, we choose our indexing scheme so the

decoded value of our string is equal to the index

value j. We note that we are working in terms of

strings, and the schema theorem {s written in terms

of schemata, We continue here to work with strings

as the equations are easier to derive and

understand; however, keep in mind that we

ultimately want to come back to a particular set of

competing schemata. We do this in a later section,

We define arbitrary string variables B, Q,

and R; these may take on any value in S. We also

permit ourselves to refer to their individual

positions by subseripted lower case letters:

B= bob. -by,

40

Thus b; is the boolean variable representing the

jth position of a string of length 2.

Before we proceed with the derivation of the

probability of disruption, we convert the schema

theorem to proportion form. Suppose reproduction

is operating by itself. In this case, we only have

the first part of the schema theorem:

m(B,t+1) = m(B,c)£(B)/E.

If we divide both sides of the equation by the

population size N, and if we define Ppt to be the
proportion of the string B in the population at

time t, we obtain the following equation fer the

expected proportion in the next generation (or the

mating pool) under the action of reproduction

alone;

£,
pitt - pt. 8

B BE

where f, is the fitness of string B and f is the
average fitness of the population as given by the

following expression:

— ky "
be) Prey

i-0

Of course, we are currently interested in

calculating the crossover disruption term that

reduces the above expression by a factor 1+PoPg

where p, is the probability of crossover and pg is

the probability of disruption; however, we envision

the GA acting in two phases: a selection phase

followed by a mating and crossover phase.

Therefore it is useful to define the expected

proportion of string B under reproduction alone.

We shall use this quantity in our calculation of

the probability of disruption pq. We call this

important intermediate quantity Rae the
reproductive proportion:

f,t yo B

Be Fa

To calculate the probability of disruption to

a given string B under crossover, we need to know

which strings will disrupt B and which won't.

Clearly a string that is different from another

string by a single bit cannot fail to return a copy

of the original string among the two strings

produced by the cross For example, suppose we

have two strings Bb and B’ which differ at position

3 (the bar is used to {ndicate a complementary bit

position):

B = b,b, bbb,

BY = byb,b,6,b,

Every possible cross produces a copy of B. On the *



ether hand,- strings with two or more hits of

difference must (for at least one cross site)

disrupt one another. Consider the two strings with

three different bits:

B= bgbyb;bb,

BY = bgb, bbb,

In this case, disruption occurs if a crass falls

between the two outermost bits of difference

(between positions 1 and 3). These two outermost

bits--we call them sentry bits--are important in

the analysis of disruption, because we need only

consider their location when deciding how two

strings will disrupt one another. We can use this

information to create a general scheme for

analyzing mutual disruption:

Region begin middle end

Length x GL t-8-x-1

Characteristics {| = | 6*...*b fo = |

Here we have divided the string into three regions:

the beginning, the middle, and the end. In the

beginning and ending regions, the strings under

consideration must have the same bit values as

string B. _ The middle region is bounded by sentry

bits (the b's) where the string B is different from

its prospective mate. Bit positions other than the

sentry positions are marked with *'s, the usual

don't care or wild card symbol used in schema

analysis; we may properly use the don't care symbol

here, because it really does not matter where we

cross between sentry bits. Every such crass

disruptive. To quantify the disruption we define a

number of useful variables. We take 6 (Se[1,2-1]}

as the defining length of the middle region; this

is also the number of possible cross sites.

Separately we recognize that the length of the

middle section (including both sentries) is 6+1.

We define «x (xe[0,2-6-1]) as the length of the

beginning region; it also is the position of the

first sentry bit. Finally, we recognize that the

length of the final section is the remaining

portion that causes the total to sum to £: 2-8-x-1.

is

To facilicate our disruption computation, we

define a middle function M = M[B,6,x]. The middle

function is a subset generator, generating a

similarity subset according to the following

schema:

MIB,6,%] = Bye. Deg Dyke MB eayPccssery Peggy

We may now use the middle function M to calculate

the probability of disruption of a given string B.

This probability is the sum over all strings of the

product of proportions and defining lengths:

(3) GF 5 a y ‘

i - yr: R
a ne ae (318, et0B,6 21) 4

The use of the middle function M insures that we

count each string only once. This may be confirmed

by removing the § and R factors and simply using

the summation to count the number of such crosses.

After clearing the expression, we find that there

are 2*-2-1 crosses that match the M function, This

quantity may be reasoned independently as the total

number of strings less the number of one-bit

mismatches (these don't disrupt) and the string B

itself (a zero-bit mismatch).

STRING GAINS FROM CROSSOVER

Just as we are interested in detailing the

from crossover, so are we interested in

knowing the potential gain from other string

crosses. We may construct a template to precisely

identify when this occurs Specifically, we

consider the construction of a string B from two

strings Q and R as follows:

losses

Region begin |middle| end

Length a @ w

Q Characteristics, sf = °

R Characteristics! — - (lb, #

We now demand that the Q string be identical

to B in the middle and end regions, and we require

the R string to be identical to B in the beginning

and middle sections, This time around we post

sentries outside the middle region, and when we

cross between the sentries we obtain a copy of the

desired string B as one of the products of the

cross, To make our summation a bit easier we

define several important quantities.

The quantity a (a «f[1,2-1]) is the length of

the beginning region in string Q. The quantity

w (w e[1,£-a]) is the length of the ending region

in R, and o (o = £-a-w) is the length of the middle

region,

We define formal string functions to specify

the strings they may cross to yield B. We call the

two functions the beginning function A[B,a] and the

ending function Q[B,w]. The beginning function is

a subset generator as follows.

PAD gegybye sbA[Ba] = #8 by by yy

The ending function generates subsets as follows:

Sk ate

ew buy ueQ[B,w] = by. ..b

The probability that these two strings will

cross to give B is dependent on the value of a, the

length of the region where they are the same. If

oTM~ 0, then there is only one site where the

strings can cross to yield B. In general there are

a total of o+l cross sites; therefore, the

probability that a cross will give B is given by

the expression’
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We may now calculate the expected proportion

gain P_ of strings B from crosses by all other

strings: as follows:

We multiply by 2 because there are two ways to pick

Q and R. We divide by two because only half the

products of the cross are B strings.

THE COMPLETE EQUATION

With both disruptions and gains now

calculated, it is a straightforward matter to write

the expected proportion of strings B in generation

ttl under both reproduction and crossover:

fratfol
pitt pth a. P y é at

5 a ° on et Z, tstayeitb 01 3
telt-a

oth t t
Pp Rs [ Lae isteydaa : [ wigeiner | | |

EXTENSION TO SCHEMATA

So far we have confined our analysis to

individual strings. We often want to examine the

expected propagation of a set of competing schemata

over some specified bit positions. To do this in

our current scheme requires only minor
modificacions to our equations.

To interpret the extended equations in

sachemata, we first index the sums over the o fixed

pesitions (where o Is the schema order or the

number of fixed positions) instead of the £

positions in the string (we do use £ in the

denominator of the disruption probability,

however). Next, we introduce a function A(x,é) to

account for the possibly unequal spacing of the

fixed positions. For example, if we are interested

in the order 3 competing schemata defined by the

template f4**f*f (where the £ indicates a fixed

position, a 0 or a1) at xs0 and 61, the defining

length function may be calculared as Aw4-0—84. Since

the x values only run through the consecutive fixed

positions, at x=l (the middle fixed position) we

find A(1,1)=2. With such a function defined, we may

rewrite our disruption probability for a schema H

as follows:

orl os-1Az, 6) cs
pd ~ p 2 2 RR FR

but {4]Syetilt s,21)x0

Here we interpret S,; 4s a member of the set of

schemata sharing the same o fixed positions as H,

Also, RB is interpreted as the reproductive

proportion of the schema Sj.

Thus we are able to extend the computation of

the probability of disruption to schemata using the

same middle function M through careful indexing and

the introduction of a function that tracks unequal

defining bit spacing. Similar modification may be

introduced in the expected gain proportion

computation, Poe

CONCLUSIONS

In this paper, we have derived an equation

for the expected propagation of strings in a

genetic algorithm under reproduction and crossover,

and we have shown how such a derivation can be

extended to schemata. The computation is exact

within the assumptions of the analysis (large

populations, uniformly random mating, and randomly

chosen ¢ross

the analysis

sites), The equations may be used for

of specifle problems and codings or it

may be used to quantify disruption in populations

of strings or schemata of known distribution, The

equations should further our understanding of the

detailed operation of genetic algorithms.
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Abstract

Most implementations of Genetic Algorithms

experience sampling bias and are unnecessarily

inefficient. This paper reviews various sam-

phng algorithms proposed in the hterature and

offers two new algorithms of reduced bias and

increased efficiency, An empirical analysis of

bias is then presented.

L. Introduction

Genetic Algorithms (GAs) cycle through four
phases|4j: evaluation, selection, recombination

and mutation. The selection phase determines

the actual number of offspring each individual

will receive based on its relative performance.

The selection phase is composed of two parts:
1) determination of the individuals’ expected
values; and 2) conversion of the expected

values to discrete numbers of offspring. An

individual’s expected value is a real number
indicating the average number of offspring that

individual should receive. Hence, an individual

with an expected value of 1.5 should average, 1

1/2 offspring. The algorithm used to convert
the real expected values to integer numbers of

offspring is called the sampling algorithm. The

sampling algorithm must maintain a constant

population size while attempting to provide

accurate, consistent and efficient sampling.

These three goals lead to the bias, spread and
efficiency measures described below:

1} bias — Bias is defined to be the absolute
difference between an individual’s actual sam-

pling probability and his expected valne[3]. To

ensure proper credit assignment to the

represented hyperplanes, the expected values

should be sampled as accurately as possible.

The optimal, zero bias is achieved whenever

each individual’s sampling probability equals

his expected value.

2) spread - Let f(i) be the actual number of
offspring individual i receives im a given genera-

tion. We define the “spread” as the range of

possible values for f(i). Furthermore, we define

the “Minimum Spread” as the smallest possi-

ble spread which theoretically permits zero

bias. Hence, the Minimum Spread is one in

which

198 (x)J, 1 cota]
where eu(2) = expected value of individual 1.

14

Whereas the bias indicates accuracy, the

spread indicates precision. Hence the spread

reveals the sampling algorithim’s consistency.

3) efficiency -- Jt is desirable for the sampling
algorithm not to increase the GAs’ overall time

complexity. GAs’ other phases are O(LN) or

better, where L = length of an individual and

N= population size.

All currently available sampling algorithms fail

to provide both zero bias and Minimum

Spread/3]. Yet an accurate sampling algorithm
is crucial, All of the GAs’ theoretical support

presupposes the ability to implement the

intended expected values. How much the

existing inaccuracies have affected the GAs’

performance is unknown. However, inaccura-

cies of sufficient magnitude to alter perfor-

mance should be either understood or elim-

inated. This paper offers an empirical analysis

of one of the most common sampling algo-

rithms[5] -- Remainder Stochastic Sampling
without Replacement--and introduces two new

sampling algorithms designed to reduce or

eliminate these inaccuracies.

Section 2 reviews and compares previously pro-

posed sampling algorithms. Section 3 intro-

duces an improved sampling algorithm which

can be partially executed in parallel, Section 4

introduces a sampling algorithm of zero bias,

Minimum Spread and optimal O(N) time com-

plexity. Section 5 presents an empirical

analysis of these algorithms and section 6 pro-

vides a summary and conclusions.

2. Previous Work

The basic characteristics of various sampling

algorithms/3] are presented in Table 1. The
first four algorithms are stochastic and involve

basically the same technique:

-—~ Determine R, the sum of the competing

expected values,

~— 1-1 map the individuals to contiguous seg-

ments of the real number line, [0..R), such that

each individual’s segment is equal in size to its

competing expected value.

~~ Generate a random number within (0.3).

~~ Select the individual whose segment spans

the random number.

~~ Repeat the process until the desired number

of samples is obtained.



This technique is commonly called the “spin-

ning wheel” method. It is analogous to a

gambler’s spinning wheel with each wheel slice

proportional in size to some individual’s

expected value. This technique is typically

implemented in O(N?) time, but can be imple-

mented in O(NlogN) by using a B-tree.

In “Stochastic Sampling with Replacement”,

the “spinning wheel” is composed of the origi-

nal expected values and remains unchanged

between “spins”. This provides zero bias yet

virtually unlimited spread — any individual

with expected value > 0 could be chosen to fill

the entire next population. “Stochastic Sam-

pling with partial Replacement” prevents this.

In this algorithm, an individual’s expected

value is decreased by 1.0 each time he is

selected. (If the expected value becomes nega-

tive, it is set to 0.) This modification provides

an upper bound of [expected value] on the

spread. However, this upper bound is achieved

at the expense of bias. Furthermore, a reason-

able lower bound is not provided.

Remainder sampling methods reduce the

spread further. A remainder sampling method

involves two distinct phases. In the integral

phase, samples are awarded deterministically

based on the integer portions of the expected

values. This phase guarantees a lower bound

of {expected value} on the spread. The frac-

tional phase then samples according to the

expected values’ fractional portions.

In “Remainder Stochastic Sampling with

Replacement”, the fractional expected values

are sampled by the “spinning wheel” method.

The individual’s fractions remain unaltered

between “spins”, and hence continue to com-

pete for selection. This sampling algorithm

provides zero bias and the greatest lower

bound on the spread, yet it provides virtually

no upper bound. Any individual with an

expected value fraction > 0 can obtain all sam-

ples selected during the fractional phase.

“Remainder Stochastic Sampling without

Replacement”, (RSSwoR), provides Minimum
Spread. This remainder algorithm also uses
the “spinning wheel” for the fractional phase.

However, after each “spin”, the selected
individual’s expected value is set to zero,
Hence, individuals are prevented from having
multiple selections during the fractional phase.

Unfortunately, although this is a commonly
used sampling algorithm, it is biased by favor-

ing smaller fractions(2].

A “Deterministic Sampling” algorithm is sug-

gested and used by Brindle{3]. In this

remainder algorithm’s fractional phase, the

individuals with the largest fractions are

selected. The result is a minimum sampling

error for each generation, yet a high overall

bias. Since overall accuracy in approximating

the expected values is crucial to the applicabil-

ity of the GAs’ current theory, high bias is con-

sidered unacceptable, Hence, “Deterministic

Sampling” is not widely used.

3. Remainder Stochastic Independent Sampling

In a spinning wheel algorithm, selection is

based on the relative expected values of those

competing. This relativity is unnecessary since

the expected values themselves are population

normalized. Furthermore, this relativity is

causing the bias-spread tradeoff and the

O{NlogN) time complexity. (IF the selected
individuals are not inhibited in future competi-

tions, then there is little spread limitation.

However, if they are inhibited, subsequent

selection is biased.)

In “Remainder Stochastic Independent Sam-

pling” (RSIS), the fractional phase is per-
formed without use of the error-prone “spin-

ning wheel”. RSIS independently uses each

fractional expected value as a probability of

selection. This is accomplished by traversing

the population and stochastically determining

whether each individual should be selected:

“C” Code Fragment for RSIS

/* Integral Phase */

NumSelected = 0;

for (i=0; i<N; i++)

for (; ExpValli] >= 1.0; ExpValliJ--)

{ SelectInd{i);

NumSelected++;

/* Fractional Phase */

for (i=0; NumSelected<N; )

{ if (ExpValfi] > Rand())

{ Select Ind (i);

ExpValli] = 0;

NumSelected++;

if (4-41 == N) ie20;

}

Where Rand() returns a random real number

uniformly distributed within the range [0..1).

The code for RSIS is noticeably less complex

than typical implementations of sampling and

much less than O(NlogN) algorithms.

Although the fractional phase is potentially an

infinite loop, probabilistically it completes after

one traversal of the population and is only

O(N). Empirical studies indicate that it rarely

proceeds beyond the second traversal --



An individual can not be selected more than

once during the fractional phase, since the

selected individual’s expected value is set to

zero. Hence this remainder sampling algorithm

has Minimum Spread. However, some bias is

present in RSIS. This bias occurs if a second

population traversal is necessary and is similar

to that found in latter stages of a spinning

wheel algorithm without replacement. How-

ever, the overall bias of RSIS will be much less

since, typically, most of the samples are

obtained in the zero biased, first traversal.

Note that “positional bias’ may oceur if the
individuals are ordered. However, in a

remainder sampling algorithm, the population

is shuffled to prevent excessive cloning. Hence,

this potential bias does not exist.

The selection phase of GAs requires some

sequential processing, both in obtaining and

sampling the expected values. However, the

GAs’ evaluation, recombination and mutation

phases can be executed in full parallel. Hence,

increases in the parallel nature of the selection

phase may eventually prove useful. RSIS is

the only acceptable sampling algorithm which

can be partially executed in parallel. The frac-

tional phase can be performed in full parallel

but must precede the O(N) sequential, integral

phase.

“C" Code Fragment for Partially Parallel RSIS

/* sample fractions in full parallel */
/* copy population and mark selected ind.s */
/* code of jth processor */
parbegin

NextPop.Ind|j] = CurrPop.Ind|j];

NextPop.flag = (ExpValFract|j] > Rand(}};
parend;

/* sample integers sequentially */
/* overwrite unmarked individuals first */

k = 0; /* pointer to NextPop */
; /* availability flag */

for (i==0; i<N; i++)

for (; ExpVal]i] >= 1.0; ExpValfil—)

{ while ( NextPop.flaglk] == set }

if (++k == N) k = set = 0;
NextPop.Ind|k-+-+| = CurrPop.Ind{i};

In the parallel fractional phase, the current

population is copied into the next population

and the selected individuals are marked with a

1. This mark indicates the positions’ unavaila-

bility. During the integral phase, the

unmarked positions will be filled first. Two

potential problem conditions exist: the frac-

tional phase may select too few or too many

individuals. If too few are selected, then some

unmarked individuals will not be overwritten

during the integral phase and hence will be

considered selected. This is equivalent to a

standard RSIS implementation employing ran-

dom selection on the second traversal. (If this

proves undesirable, a sequential, stochastic,

second traversal could easily be performed.) If

fractional selection choses too many individu-

als, then integral selection will require addi-

tional positions. However, {expected value]

must be guaranteed to maintain Minimum

Spread. Thus, some individuals selected dur-

ing the fractional phase must be replaced.

This replacement does not alter the perfor-

mance characteristics of RSIS, since sequential

RSIS would not have chosen these extra indivi-

duals in the first place. In either case,

Minimum Spread is maintained and the low
bias of RSIS remains uneffected.

4, Stochastic Universal Sampling

“Stochastic Universal Sampling” (SUS) is a

simple, single phase, O(N) sampling algorithm.

It is zero biased, has Minimum Spread and will
achieve all N samples in a single traversal.

However, the algorithm is strictly sequential.

“C* Code Fragment for SUS

ptr = Rand();

for (sum=i==0; i<N; i++)
for (sum += ExpValli]; sum > ptr; ptr++)

SelectInd(i};

On a standard spinning wheel, there is a single
pointer which indicates the “winner”. SUS is

analogous to a spinning wheel with N equally

spaced pointers. Hence, a single spin results in

N “winners”. Since the sum of the

population’s expected values = N, the pointers

are exactly 1.0 apart. Thus an individual is

guaranteed |expected value] in samples and

no more than [expected value]. Hence, SUS

has Minimum Spread. Furthermore, in a ran-

domly ordered population, an individual’s

selection probability is based solely on the ini-

tial spin and the magnitude of his expected

value. Hence, SUS has zero bias. Like

remainder sampling algorithms, the population

must be shuffled before crossover. Therefore,

positional biag can not exist in SUS, either.

(Note that, in general, any number of samples,

n, can be obtained by letting ptr range within

(0..N/n) and incrementing it by N/n after



each selection.) In a sequential environment,

SUS seems to be the optimal sampling algo-

rithm. In the next section, an empirical

analysis of RSIS and SUS is presented.

5. Empirical Analysis

This analysis investigates the severity, direc-

tion and progression of bias in RSSwoR,

sequential RSIS and SUS. The severity is

important from an implementation standpoint.

Although bias can be proven theoretically[2}, it

is of less interest if it does not alter perfor-

mance. The direction of the bias indicates

which individuals are favored and the progres-

sion indicates when the bias occurs. Since we

are concerned only with the sampling algo-

rithm, a full execution of GAs is not necessary.

Rather, we simply maintain a population of

expected values. This allows a single expected

value distribution to be sampled, repeatedly.

We use linear distributions specified by the

parameter MAX. Given 1.0<MAX<2.0, the

expected values’ range is (2~-MAX..MAX), see

Figure 1.

Bias Severity

The severity of the bias is given by its average

actual affect. on selection, ie. by the number of

individuals not selected that should be, or visa

versa. The “Fertility Factor”, (FF), is defined

to be the percentage of the population selected

to reproduce[i]. The FF indicates the number

of distinct individuals that are selected. There-

fore, the difference between the experimentally

observed FF and the theoretically expected

FF(2] indicates the severity of the bias. In
Experiment 1, the sampling algorithms are exe-
cuted 1,000,000 times for each of ten MAX

values between 1.1 and 2.0. The average FFs

of each sampling algorithm are compared in

Figure 2. Figure 3 presents the bias severity,

the difference between the experimental and
theoretical FFs.

Clearly RSSwoR is severely biased. It has
been empirically shown that in GAs, expected
values seldom exceed 1.2(1|, Yet for such a

case (MAX = 1.1) approximately 3% of the
total population is erroneously not selected.

Thus, for N=100, an average of 3 individuals
are lost due to bias during each generation.

The bias in RSIS is much less severe. For
N=100, RSIS averages losing only 1 individual
due to bias in every 3 generations. This is an
order of magnitude better than RSSwoR. The
zero bias expected for SUS is empirically sup-
ported by this experiment. Note that, Experi-
ment 1 simply indicates favoritism between

two groups: those selected in the integral
Phase versus those not selected in the integral

phase. Hence, some decline in the bias severity

as MAX— 2.0 is due to the increasing similarity

between these group’s fractions, see Figure 3.

Bias Direction

We define an individual’s “Bias Factor” as the

ratio of his actual sampling probability to his

expected value. By comparing Bias Factors,

we can characterize the direction of the bias, ie.

what type of individuals are favored? Since

bias only occurs in the fractional phase and the

integral phase is deterministic, the Bias Fac-

tors will be based solely on the fractional

expected values. In Experiment 2, each sam-

pling algorithm is executed 10,000,000 times

with MAX = 11. This MAX value is chosen

to closely resemble a typical expected value dis-

tribution, The actual sampling frequencies of

each fractional expected value are obtained and

used to calculate the Bias Factors plotted in

Figure 4, Note that for MAX = 1.1 the frac-

tional expected values form a split range (0 ..

0.1) and (0.9 .. 1.0).

RSSwoR and RSIS favor smaller fractions.

Furthermore, the Bias Factor monotonically

decreases with increasing fractional magnitude.

Both of these results can be proven theoreti-

cally(2]. Experiment Vs indication of the sam-
pling algorithms’ relative bias is also confirmed,

as is its affect on the FF. (In this example,

individuals with small fractions have expected

values in the range (1.0 ., 1.1). Hence, they are

selected during the integral phase. A favorable

bias toward these individuals will decrease the

FF, see Figure 1. Furthermore, as MAX

increases, these fractions increase, thereby

decreasing the bias severity, see Figure 3.)

Experiment 2 indicates that SUS does not

favor any individuals and hence, is empirically

zero biased.

Bias Progression

Js the bias constant throughout the fractional

selection phase or does it vary? This is impor-

tant both in understanding the bias and for

systems where the generation gap, (fraction of

the population replaced during each genera-

tion), is less than 1.0, To determine the pro-
gression, we must know the sampling probabil-

ity each individual experiences whenever each

sample is taken. This is obtained by recording

when each selected individual is sampled. Long

term averages reveal Bias Factors for each

selection cycle, ie. the Bias Factor each indivi-

dual experiences whenever the 1" selection is
made, whenever the 2TM selection is made, etc.
In Experiment 3, the sampling algorithms are

executed 10,000,000 times with MAX = 1.1

and the Bias Factors are determined. Due to



presents these individuals’ Bias Factors,

though some stochastic fluctuation is still evi-

dent.

Clearly, the bias in RSSwoR gets progressively

worse. This is intuitive — as more fractions are

removed from the “spinning wheel”, the bias

increases. For RSIS the zero bias of its first

population traversal is evident in Figure 5.

The second population traversal has constant

bias, however it depends upon the number and
nature of the first traversal’s samples. Hence

the apparent steady, late increase in RSIS bias

is misleading. It is a direct result of the vari-
able length of the zero biased, first traversal of

the population. As a consequence of the

increase during latter selections for both

RSSwokt and RSIS, the amount of overall bias

is strongly dependent upon the generation gap.

This dependence upon the generation gap may
in fact have affected previous determinations of

optimal generation gap settings[4,6]. Due to

the simultaneity of SUS -- all N samples are

simultaneously determined by the single ran-

dom number generated -- the concept of a sam-

ple cycle is inapplicable.

8. Conclusions

The commonly used sampling algorithm

RSSwok. is severely biased and is O(NlogN).

Whereas efficiency is always desirable, accurate
performance (zero bias) is crucial. Hence, two

new sampling algorithms are presented. The

first algorithm, RSS, has Minimum Spread,

optimal O(N), and an order of magnitude less

bias than RSSwoR. Furthermore, it can be

partially implemented in parallel. The second

algorithm, SUS, has Minimum Spread, optimal

O(N}, and zero bias. Yet it can only be imple-
mented sequentially.

Empirical evidence is presented that reveals

the relative bias of these three sampling algo-

rithms. The Bias Factors are found to

decrease monotonically with increasing

expected values. The Bias Factors in RSSwoR

are also found to grow steadily worse as an

increasing number of selections are made, For

RSIS, zero bias is maintained throughout the

algorithm’s first traversal, yet increases sharply

for later traversals. This results in bias occur-

ring only for the last few selections. SUS is

shown to be zero biased for all individuals.

The SUS algorithm is an optimal sequential
sampling algorithm. Its use enables GAs, for

the first time, to assign offspring according to

the theoretical specifications. How much the

bias has affected the GAs’ ability to perform, is

unknown. Since the bias reduces the actual

FF, its removal will impede convergence.

Thus, the bias should improve performance on

simple, unimodal functions and worsen perfor-

mance on others. This has not been empiri-

cally verified, but will be thoroughly analyzed

in {2}. Since simple functions are not the

domain for which GAs are most useful, a

degradation in their performance is not of great

concern. Hence, in sequential environments,

GAs should employ the SUS algorithm. It will

sample performance on more difficult functions.

If a parallel environment is available, RSIS

may prove valuable, especially if a generation

gap < 1.0 is desired.
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EXPECTED

; VALUE

2.0-MAX 4

Sampling Method Bias Spread Cost Parallelability

Stochastic

with zero unlimited O(NlogN) None

Replacement ON

Stochastic

with medium | upper bounded | O(NlogN) None
Partial 0 fev]
Replacement

Remainder

Stochastic zero lower bounded | O(NlogN) None
with lev[—lev}+R

Replacement

Remainder

Stochastic medium minimum O(NlogN) None
without lev}, fev]

Replacement

Deterministic high minimum O(NlogN} None

lev] fev]
Remainder

Stochastic low minimum O(N) Fractional
Independant lev] ,fev] Phase
Sampling

Stochastic

Universal zero minimum O(N) None
Sampling lev], fev}

Table 1 - Comparison of Sampling Methods
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Figure 1 -- Expected Value Distribution
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Abstract --We examine the bucket brigade in a 51m~

ple allustrative production system. We employ a

penalty scheme to produce an interpretable bucket

brigade reward scheme. The result is a reward

scheme that looks Like a genetic scheme wath

altruism added,

1. INTRODUCTION:

RAILWAY

A PRODUCTION SYSTEM VIEWED AS A

We shall investigate the action of certain

reward schemes 1n a simple illustrative praduction

system and environment. The system consists of

seven productions. h, b, c, d, e, f, and g. f

call the set of productions that can fire in the

current time unit the eligibility set. Ie 1s of

course a function of environment state. Gur eligi-

bility situation can be stmmarized with a simple

diagram -~ se@ Fig. tT.

@-.. , __&)
yp Aer oe)

@)) -- AE)

System and Enviranment, With Station d Split

Fig. 4 Fag. 2

After each production fires, the eligibility set 1s

the set af those productions 1f 28 connected to by

arrows. The possible firing sequences are the Left

ta right paths an the figure

The figure Looks like a rallway map, where the

productions are atatilons. Trains on this ranrlway

always move from west to east. The stations can be

seen to form three groups: the western, central

and eastern group. The rarlway layout 1s on a

cylindrical planet and so trains Leaving eastern

stations proceeding e@astwaTds, pass around the far

side of the planet and appear on the western edge

of the map. Therr next stop will be one of the

western statrons, h or d. In other words, emanat-

ang from each eastern station there are two arrows

{not shown) potnting to h and d. Station b has two

platforms. Trains arriving from h arrive at the

northern platform and they always depart for c

Jrains arriving from d arrive at the southern plat-

form and they always depart for e.

On a trip around the planet, a train takes one

of three routes: the northern, hbc; the middle

dbe; or the southern, dfg. A sequence of produc-

tions 1s a permissible firing sequence yust 2f that

sequence 1s a sequence of successive stations on a

possible rallway Journey

With every train that arrives at

the trallway company

station c¢,

1s paid payoff plc), whereas

University of London

with every train that arrives at station e the com~

pany 1s pald ufe}, and wath every train that

arrives at station g the company as paid ylg).

These three fares are fixed and unchanging.

Arrivals at western and central stations yield no

such income, no payoff.

Attached to each station is a

number called the station's avarlability. When a

train has a decision ta make as toe which track to

take {as for example when it leaves station d)} then

it makeg a prababilistic chalice from among the sta-

tions aun the eligibility set, chosing with proba~

bilities piaportianal to the stations’ avaxrbabili-

tiles. (Systems in whreh the driver's charce 1s

deterministic (1) are more common in practice, but

harder to analyze. We shall not discuss them, but

see section ? for a comment on their rationale and

analysis.} It will be the job of the reward scheme

pasitive real

to adjust the availabilities in an attempt to max-

imise company income per unit time. For example

af pig} 1s very high then the reward scheme will

want to have a high availability of f.

When the reward scheme increases a station's

avarlability we say the station has been rewarded.

The amount of the increase 18 the station's reward.

2. TWO RAILWAY REWARD SCHEMES

Our simple system and environment has a

periodicity af 3. Reward schemes discussed in this

paper will be specifically designed to handle sys-~-

tems and environments which have a periodicity af

3. We have discussed elsewhere [2,3] the handlang

of more general systems and environments.

Scheme A: Each train keeps a record of the

Stations ait passes through while crossing the

map from west to east. When the train arrives

at an eastern station, the payoff received 15

added to the availabilities of the last three

stations the train has passed through.

Scheme A 1s not a subgoal reward scheme, so

its analysis 19 comparatively easy. {I said *com-

paratively”. See the analysis an [2].) Bucket bri-

gade schemes, on the other hand, are subgoal reward

schemes, Let us move directiy to a bucket brigade

scheme. In this scheme each station holds a cer-~

tain amount of cash, called its cash balance.

Every time a train arrives at a station, that sta-~

tron sends a hundredth of its cash to the station

from which the train arrived, Thus cash moves east

to west around the planet, carraed by the “bucket

brigade”.

fut the cash management at eastern statians is

rather different. astern stations throw away the

cash they receive from the bucket brigade.
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Instead, when a train arrives at an eastern station

x, the cash balance af ¥ 18 Lacremanted by the pay-

off plx).

Scheme B samply sets the availability af each

station equal to its cash balance.

In Scheme A, trains coming from h end up at c,

and their payoff, wic) , rewards station h, but

does not reward station d. In Scheme 6 that payoff

rewards d as well. In other words, cash traveling

through station b can change platforms, whereas

traing cannot,

Under the bucket brigade, the cash valances of

the stations will fluctuate around an “equil2zbrium

value”, at which the expectation of cash inflow per

train arrival 25 equal ta the expectation of the

cash outflow. For any station x, we write % to

mean the equilibrium value of the cash balance of

x. Thus we have € = 100 * ulc} , &@ = 100 * wlel ,

g = 100 * wlg) , and Fz BR.

For analysis purposes, 1t 18 sometimes useful

to modify the bucket brigade as follows: Ali pay-~

offs are multiplied by 100, and when a train

arrives at a station, that station sends its whole

cash balance (rather than only a hundredth) to the

station from which the train arrived, This modifi~

cation produces what we will call the modified

bucket brigade. The equilabrium cash balances are

unchanged by the modification.

Scheme & looks interesting, but it 1s never

used and 2t 14s clearly wrong. In fact 1t 15

clearly wrong in even simpler systems and = enviaron-

ments. Suppose for example that there 1s no north-

ern route on the map, that there are no stations h

and c and that station b has aniy one platform,

Then we have both # = § and 6 = @ Suppose that

lg) = 2 * ule), sa that # = 26 . Then the trains

leaving d take the route to f about twice as often

as the route to bh, As they do this, more and more

evidence piles up that the f route 2s the better

route, but instead of sending more and more trains

to f, the system keeps sending about a third of its

trains to b.

3. A HGRE BIOLOGICAL BUCKET BRIGADE

In biologically motivated systems one gen-

erally sets the reward Proportronal to payoff.

That is, the change in avallability 13 proportional

to payoff, This 15 the case in Scheme A, But in
Scheme &, the cash balances are proportional to

payoff, so the cash balances ought not to be the
availabilzties, but rather ought to be
in the availabilities. Sa we have

the change

Scheme C: fach station Keeps two numbers, its

cash balance and rts avazlability. The cash

balances are maintained exactly as in Scheme

8. The availabilities are updated as follows:
Every tame a train arrives at a station, that
statian's aVallab2zlity has added to it the
Product of K and the station's cash balance.

{K 2s a small positive constant.)

It 15 Scheme C, nat Scheme B, which we should

have been comparing to Scheme A. If we use the

modified bucket brigade, then Schemes C and A are

almost identical. tf we look at the east to west

path followed by any penny in the modified bucket

brigade, we can see that if the peany could not

change platforms at b then Scheme C would be yust

like Scheme A.

Let us look more carefully at what

Scheme €, Note that fh = 6 whatever the

ties. The value of 6 depends on the availabrli-

ties, since these determine the ratio between the

number of trains passing through the northern plat-

farm of 6 and the number of trains passing through

the southern platform of b.

happens in

availabili-~

Let us let the station name without the tilde

stand for the availability of that station. It

should be clear from context whether at ig the sta-

tion or its avallabilzty that 13 maant,

To obtain a formula for 6 an terms of availa-

bilities, we need to know the proportion of trains

that go through h, and the proportion that ga

through d. We define q = h + d, the total availa-

bility of the western stations. We define H = h/q

and 0 = d/q. The capital letters can be thought of

as normalized avallabilities, or under certain cir-

cumstances, as probabilities. Similarly for the

central stations we let r=b+ f, B= bB/r, and

Fos fir. There are three routes for trains going

from west to east, and their probabilities are H

for route hbc, 08 for route dbe, and OF for route

dfg. The first two routes go through b and so ait

us easy to see that 6& = (Hé + OBe}/{H + DB) .

Similarly, d = 66 + FF . The 6 15 the equilibrium

value of the cash balance of b far the given

aVallabilities, The cash balance wail fluctuate

around this value & provided the availabilities are

held constant.

They will of course be changing, but we assume

slowly. Thus we can approximate the behavior of

the system by the usual continuous deterministic

model in which we think of the tratns as fluads and

the tracks a pipes, the volume of fluid flowing

through a pipe reflecting the average number of

trains passing along that track, Under Scheme C¢

the availability of, for example, f increases by KF

{on average) every time a train enters f, Thus

f' , the rate of change of the availability of f,

as K# times the rate at which trains enter f. If on

trains leave the western stations per hour on aver-

age, then there are on average nDF of these passing

through f and so £f' = K#nDF , in our continuous
model, #y the same reasoning, there are nH + nDdB

trains passing through b on average, sO

b’ = K6n(H + DB) . We can similarly calculate h’

and a’. Then, defining 4 = HA + dd and
$= BB + FF , and using ordinary differential cal-

culus, we can obtain the other rates in Table 1.

Sa what does Table 1

Not a Lot, [I’m afraid.

tell us about Scheme C€?

Perhaps the three routes,



kniif Hoos (Ui/qykandth - 4)

Knod D’ - ftfqyknibta | A)

Kail + DOIG |B’ = (t/riknF((H + DBIB - vet)

Kant Fis (1/r)KnP (DBF - (H © Da}B)

Knq

Kng

Table 1. Rates for Scheme C

hbc, dbe, and dfg can be thought of as three geno-

types with respective fitnesses ¢, &, and g. There

would need to be some fancy recombination rules.

Let's look at the three routes under Scheme Cc.

The proportion of trains on the three routes is H,

DB, and DF, respectively. The Changes in these

three are easily calculated. WW’ we have already

(OF) = (t/q) knDF(HT-HB)s (1/21 Ko QF L087-HG-086); and

(DB) ‘= (1/q)KnbO(HF-HB}+ (1 /rdKnOF(HB+OB6-DBF) .

This dosn't look very helpful.

4. AN ATTEMPT AT STATION SPLITTING

Let's try Lo go part way toward separating our

system into the three routes, part way toward

thanking of at am a genetic manner. It Looks as if

a fork like that at @ can be treated as LF Lt were

two stations d, and d,, with trains frum d going

only to b and trains from 35 gaing only to f. See
Figure 2. A train leaving an eastern station goes

to h, d., or ¢, according to the 3 availabilities

af those stations.

The hope 1s that Fig. 2 will behave just as

Fig. 1% did if d, ~ dB and d, = dF. Unfortunately

this doesn't work. 0) = (1/dIknOFDB(b - #) , af we

represent at an Fig. 1 quantities, and

DL (t/q)Konr(H + OBd¢F 6) . If our splitting

of Station d really results in an equivalent sys-
tem, then Di) should equal ovr Fig. 1 (D8)' , and DS

should equal our Fig. t+ (DF)‘. Cven when r= gq

these quantities are not equal. When r = g we have

(DF)’ = {1/qhKnOr((K + DUI (F-Bt - HE ,

(08)' = (t/q)knoFOB(G-T) + (t/qiknDH(at + (F-B)B),

and DS ~ (OP}' = €d/qyknDrHh -

5S. THE PLNALTY SCHEME

Looking at G4 - (DFJ , we see that the Fig. 1

dfg route seems to be getting less reward than it

should. {t Looks as if cash from & has something

to do with the discrepancy. If we look at b’ and

f’ in Table 1, we can see what might be causing the

problem. bh‘ 1s too big. The availabilities b and

f are used by trains leaving d. Under Scheme C,

all those arrelevant trains leaving bh proceed on to

b and boast its avaikability. Clearly the 4 1n the

formula for b' does not belong.

This 23 part of a more general problem A

sensible reward scheme penalizes a production when-

ever it 4s a member of the eligibility set. Other~

wise, there is na incentive for a production to

take itself out of the eligibility set when there

1s little likelihood of 1ts doing good. J have pro-

posed, in a non bucket-brigade context, that when a

production 1s rewarded, its reward 1s then sub-

tracted from all the members of the eligibility set

in proportion to their availabilities (2). If we

do this we obtain the rates given in Table 2.

hoo Knttoth - &) Rie (1/q)Knno(h - a)

d’ = XnHo(d - A} D' = {t/q)KnHD(a - fi}

b' = KaDBF(B - 7) B's (t/rlknapecG - Fy

f' = KnOaF(f - 6) Flos (t/r)Knper(? - 6}

go =o
ri oz QD

Table 2: Rates for Scheme C with Penalties

We can now go ahead and derive as before

(DB)’ = KnDF((1/q)HB(F ~ 6) + (2/rjoB(B - 7)) , and

(OV}' = KANDEL TAQGSHEEF - O) + C1/rpDB{F - Bd)

Splitting station Gd and using the penalty scheme

gives

oI {1/g)KaDeDFIBb ~ Fy and
g 2 Udabknor(r - OFF ~ 6)

It 1s now easy to show that to have (DB)' = 0!

and (DF)’ = Of iat 18 necessary and sufficrent thal
ros d. The penalty scheme was developed for a

non-subgaal reward scheme like Scheme A, but 1s

applied here to a bucket brigade. And 1ts applica-

tion suddenly makes sense of the equations: The

availabilities 6 and f are for the use of trains

leaving d. QGne will be able to split d just if the

avallabllities of b and fF add up to the availabil-

aty of da. 1 questioned [4] whether the penalty

stheme made sense in the burket brigade context

Evidently tt does.

On the other hand, the penalty scheme doesn't

really allow station splitting. Wath the penalty

stheme, ris constant, so keeping d= r means d

can't be rewarded. Since gq 18 also constant, that

means nh can’t be rewarded erther. That's no good.

&. RESTORING THC PENALTY

The penalty scheme was developed [2] as a

practical equivalent toa a biologically motivated

scheme which instead of penalizing productions

inside the eligibility set, rewards productions

outside it. The brologically motivated scheme can

be thought of as identical to the penaity scheme

except that after penalizing, the penalty is

restored as follows. All the stations of the

current locus (the geographical region at which the

train 18 arriving: west, central, or east} are

rewarded by the total penalty .in proportion to

thez1 avarlability. The penalized eligibility set

1s a subset of the locus, so for the locus as a

whole, the penalty 1s restored.

There are two obvious ways of implementing

this scheme. One 1s by making the reward, then

penalizing across the eligibility set, and then

distributing the resturation across the whole

lecus, Another more suggestive, but much noxrsier

implementation ts as follows. When a train arrives



at a station, calculate the reward {K times the

station's cash balance), but don’t gave at to that geno-,Pr payoff)routes of Pr rewards | Pr

deserving station necessarily. Choose an arbitrary type | payoff
station from the same locus {choose wath probabila- cen ia hh

ties proportional to avaLlabilities), lf the nb c

chosen station ts outside the eligibility set, give

the reward ta the chosen station. If the chosen

station 1S ainside the e@lagibility set, give the

reward instead to the deserving station.

Table 3 gives the rates for Scheme C with

restored penalties,

b's KnH Hoo. (1/qiKanp(h - db =

d‘ = Knod D' = {1/qiknuo{a - fi)

b' knob B’ = (t/r)Knpr(b - Ff) Table 4: Payaff Routes and Rewards

f'o= KnF{Hb + oF) Fos (t/rj)Kape(t - 6)

q' Kaq rewarding the central station, b will be the

ros Knog deserving station, whereas the chosen station will

be b with probability 6, and f with probability fF.

Jable 2: Rates for Scheme C with Restored Penalties The eligibility set 1s {b}, so af f 15 chosen the

reward goes to the chosen staLion f, whereas if b

If we use Table 3 to calcukate {DB}‘ and 1s chosen the reward goes to the deservang station

(DF}' . and af we ask what 1s necessary for these b. In rewarding the western station, h will be the

to equal D’ and 0! respectively after station deserving station, whereas the chosen station wiil

splitting. we come up with the ridiculous require~ be bh with probability H and d with probability 0D.

ment that 0 = t . Why should this be so? Can we The eligibility set 1s {hd} , 30 whether ho d

make any sense of Table 3? are chosen, the reward will ain any case go tu the

deserving station h, Thus 2f the payoff follows

the raute via b and h, the reward will go to ho and

y. ALTRUISM bo with probability 8, and to h and f with probabll-

aty F. This 18 summarized in the farst two entries

If we set r= q , then Table 3 makes sense, in each of the Last two columns af the table.

We can think of a population of size q * q , con-

sisting of individuals of the four genotypes (see Table 4 can be used to caleulate the rates.

Table 4). The number of individuals in the popula- In each time unit, m trains run from west to east

tion of genotype bb 1s simply the product hb, and sa for example to get h’ we need only run down the

the same for the other genotypes. So the pupula- second ta the last calumn, chogsing all entries

tran 1s in Hardy-Weinberg equilibrium, containing an h, Far each of these entries, we

multiply together K, n, the reward 2n column 3, and

We can view the operation af the scheme as the three probability columns, We then sum the

follows. Each time unit, nm genotypes are chosen at results. The rates we so obtain are those given in

random from the populatron. Each of these geno~ Table 2

types 1s then run as follows. It 18 given to a

train driver who runs his train west to east, using There ls 4a certain strange unifarmity in

the genotype as a prescription to tell him which Table 4. The last four columns have identical

track to take when the tracks fork, When the train entries for the genotypes hb, hf, and db. In othea

arrives at the eastern station, the payoff (ple), words, these three genotypes distribute their

H(e@), or plg)}) as passed to the modified bucket reward adentically. $0 we can samplify Table 4 toa

brigade, which runs it back east ta west. Table 4 Table 5.

shows the routes back wast that the payoff can

take, and for each route, Table 4 shows which sta- genotype! payott rewards to probability

tions can be rewarded, nb é ; ho ~~) tho) /(hb + hf + db)

he c | I nf (nf)/(hb + hf + db}
The top line of the table says that when hb is db a | dab . (db) /thb + hf + db)

the genotype, the payoff will be £ (since the train af _ 3 | t 1 4
will go by the northern route). The payoff has two ~~ ~ ~

possible routes back west, via b and h or via b and Table 5: Reward Distribution

d. (Remember, money can change platforms at b.)

Whether at goes fram b to h or from b ta d depends The last column of Tahle 5 is the product of

of where the next train entering b comes from. The columns five and seven of Table 4. Table S$ teils

probability that 1t comes from h as clearly us that when hb is the genotype, the payoff 15 &
HA(H + D8) . We can see that 1f at. follows the and this reward is given to one of the genotypes

Foute via b and h, it has a chance to make one hb, hf, or db, according to the probabilities ain

reward to a central station (when 1t 19 at b and a the Last column.

train arrives at ») and one ta a western station
(when it is at h and a train arrives at h) Now in So we can think of the four genotypes in ou

“the pay off



papulation as beang grouped ante two mations. One

mation consists of all those individuals whose

genotypes are hb, hf, ar db. The other nation con-

sists of all those whose genotypes are df. Each

genotype has a value {Table 5 column 2). If the

scheme were a straightforward genetic scheme, the

bumber of children per time unit of each andividual

would be K times that andividual’s value, and thea

complete recombination would take place, In this

scheme, however, each individual altrurstically

hands his payoff to an arbitrary individual which

he selects at random from his own mation. Thus the

payoff determines the number of children of the

arbitrary recipient rather than af the donor. OF

Course the payoff does at least remain within the

same Nation. So our system can indeed be divided

into two parts, but evidently not in the way we

intended.

The system seams ta exhibit genuine altruxsm

and not simply kin selection [6]. Each genotype

would doe better for its genes af at didn’t give

away its payoff. Group selection 1s taking place,

the natians being the groups.

Suppose we remove from the scheme the altruis

tic handing over of payoff, giving us a straight~-

forward genetic scheme. if we had begun not with

Scheme C, but with Scheme A, and 1f we had added

the penalties and then the restorations ta Scheme

A, then the scheme we would have ended up with

would have been that straightforward genetic

scheme. Thus 1£ 15 the altruism that distinguishes

Scheme © from Scheme A. 2t 2s altruism when the

pennies change platforms at station bd,

To what extent can the previous analys2s be

performed tn a more complex system and envirenment?

The short answer is that I don’t know. Elimination

of the perrodicity does not seem to me to present

the more serious problem Tt 1g the introduction

of fancier railway branching that lavks the more

worrying. Suppose for example that there were an

addz:tionai route hjk in the extreme arctic. Then

bow could alleles specify charces buth for drivers

leaving h and for those leaving 4d? 1 suggested in

{2} that to handle more complicated branchings, the

alleles should be orderings of the stations at a

given locus. That track might work.

In many published systems [1] the train driver

makes a deterministac rather than a probabilistic

choice when the track forks. The rationale is that

$ince a higher cash balance will ultimately lead to

a very much higher avallability, we can forget

about availabilities and ask the driver to always

head for the station with the higher cash balance.

Such a system relies on notse to shake the system

out of non-maximal equiltbria. Analysis 1s diffi-

cult because results depend on assumptions regard-

Lng norse. Such an amalysis 1s nat attempted here

8. CONCLUSIONS

By a continual process of modifying our bucket

brigade scheme and trying to make sense of it, we

have arrived at a scheme which has a simple

description in one simple system and eavironment.

This scheme employs a system of penalties. It

Looks like a genetic scheme with altruism added.

The sequence of analyses and changes reported

here are genuinely an the order 1 followed, but

with the false trails removed. I really did try

the Scheme C first with no penalty, and was puzzled

by the messy equations. 2 had previously used the

penalty scheme zn a non subgoal reward context [2],

but 1 genuinely forgot about it and so was led

astray. The nature of my difficulties reminded me

of at, and it seemed to work. 1 had previously 147

wondered whether the penalty scheme made sense in a

subgoah reward context. I'm convinced aow that it

does. If [ had used 1t from the first, 1 wouldn’t

be so sure.

Tf we had trred different modifications we

would have ended up with a different scheme, and

perhaps 1f we had been cleverer we could have made

gense of some of the schemes we rejected as nonsen-

sical. $t221, what we have shown as that we can

ask our qUestLons rigorously ensugh that the answer

can land frequently does} come gut “no”. That we

can be forced by the facts inte an explanation dif-

ferent from the one we intended is an indication

that we are dolng more than merely making qualita-

tive generalizations. But perhaps not very much

more.
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Abstract

A simple pattern recognition problem is pre-

sented, where a population of binary strings evolves

under the genetic algorithm as it tries to match

and recognize another population of binary strings.

Sampling is used in the genetic algorithm to do

matching, which determines fitness, and crowd-

ing, which allowa subpopulations to form that

recognize different pattern strings. To under-

stand what subpatterns the recognizer strings

chose as the regularities in the patterns and how

these are organized as recognition improves, the

theory of schemata is applied to the resulting

recognizer string population. The achemata that

are formed by recombining other schemata and

mutating them with a low level of noise emerge

in a default hierarchy. This hierarchy has gen-

eral properties that apply to any knowledge rep-

resentation used in such a pattern recognition

system.

1 Introduction

Adaptive systems require a dynamic memory in which

to store information about the environment. The mem-

ory must be organized in such a way so that relevant

information can be retreived quickly and can be used

to predict states of the environment based on the cur-

rent states, Feedback from the environment should be

used to have the system learn: the memory should be

updated using the feedback so that it can make more

accurate predictions in the future, even with partial or

noisy information about the environment. The mem-

oty’s predictions are also used to determine the perfor-

mance or behavior of the system.

The adaptive system builds its memory by trying to
find regularities in the environment that occur in more
than one environmental state or occur frequently in the
environment. These regularities based on similarity and

Tepeateability are then used to form equivalence classes

of environmental states that are then used to organize
eer

“Formanent address: EECS Department, The University of
Michigan, Ann Arbor, MI 48109.

Arxpanat address; ims@lanl.gov,

the memory. These form the basis of the learned model

of the environment stored on memory.

Ina population of adaptive systems, another require-

ment can be placed on the memory. The memory must

be capable of being transmitted from one system to an-

other, That is, a code representing instructions on how

to build a functioning memory must be transmitted to

the another system. The code consists of discrete units,

which are transmitted in some partial sequential order.

Once the code is formed, it does not change but rather

is subjected to pressures of selection. It is transmitted

throughout the population based on its fitness. It is not

clear how the transmitted code is decoded and how it

affects the structure and information represented in the

receiving memory.

Adaptive system memories have been described in

the paradigm of adaptive networks. Adaptive networks

include autocatalytic networks of chemical reactions [3],

the idiotypic network in the immune system [10], classi-

fiers under the Bucket Brigade Algorithm [9], and nets

abstracted from these systems [4]. Transmittable adap-

tive memories include self-reproducing "organsims” in

cellular automata (12] and genetic algorithms [8].

This paper presents a model of an adaptive system

based on genetics, which has a memory consisting of

binary bit strings. The transmittability of the mem-

ory is not discusses since presumably the binary strings

can be transmitted in a sequence of discrete bits. How-

ever, the organization of a memory consisting of binary

strings is studied as the binary strings evolve under a

genetic algorithm. The system with this memory is a

simple pattern recognizer, based on pattern recognition

in the immune system. The system’s memory is a popu-

lation of recognizer strings which try to recognize many

pattern strings in parallel by picking out regularities in

the pattern strings. The genetic algorithm generates

new recognizer strings according to fitness. The fitness

of each recognizer string is determined by how many

bits it matches of how many pattern strings. Recog-

nizer strings with above average fitness reproduce, and

of those, the ones with higher fitness produce more off-

spring. Thus, recognizers that contain “subpatterns” or

substrings of one or more pattern strings will prolifer-



2 The Problem

This pattern recognition problem has been motivated

by the pattern recognition that occurs in the immune

system. In the immune system|5], one population of

antibodies (recognizers) tries to recognize any antigens

(patterns) that might invade an organism. By recogniz-

ing the antigens, the antibodies tag the antigens, which

will then be killed and removed by other cells. The

antibodies are formed from gene libraries. From experi-

mental data, we see that these initial antbodies undergo

a high rate of mutation once an anitgen is found in the

organism. This implies that the initial antibodies must

contain some initial structure that can simply be mu-

tated to quickly produce an antibody that recognizes

the new antigen. Also, this structure must have been

transmitted through the gene libraries. What structure

might exist in the gene libraries that have evolved to

produce antibodies that are good at recognizing anti-

gens?

In order to study what structure might be found in

the gene libraries, a model has been built and simu-

lated which represents the antibodies (recognizers) and

antigens (patterns) as binary strings of a fixed length.

Several constraints have been put on this model which

will be used to study the structures that might occur

in the gene libraries. The gene libraries are implicitly

represented in this model by the antibodies for which

they code. The model constraints are evolutionary con-

straints, pattern recognition constraints, and covering

constraints, The evolutionary constraints have been

implemented by the genetic algorithm described in the

next section.

The pattern recognition problem is defined as fol-

lows:

Population A, of binary strings of length !

recognizes a binary string z ¢ population A,

of binary strings of length J,

where [|A,| > |Ap| if and only if

danon-empty S C A, such that

Vales

tnt

D((r(eT 2!) > acd) 27,
ret

where f is the XOR operator, > is the shift-right op-

erator, & is the bitwise AND operator, and T is an

integer threshold. Thus, a population A, of recognizer

strings recognizes a pattern string when there is at least

28

one recognizer string that has the same bit values in at

least T bit positions.

T in the immune system has been experimentally

found to be between six and eight amino acids, but

in this conceptual model T has been set to five bits,

though this can easily be changed. Also, in the real

immune system the antibodies form three dimensional

configurations so that any T’ or more positions can try

to match the antigen. In the current model, this trans-

lates to letting any bit position value of the recognizer

string match any other bit position value of the pat-

tern string within the limits of the configuration possi-

bilities. Since the configurations of real antibodies are

not known yet, this idea has been abstracted to simply

allowing any T bit position values to match with the

values in the same bit positions in the pattern string.

Also, two bit values match if they are not only in the

same position in the binary string, but also if they are

the same values. In the real immune system, matches

occur between complementary values rather than iden-

tical values, In this simple model, this does not make

a difference. However, if the model were to incorporate

the fact that antibodies can match other antibodies as

well (where self-recognition and loop creation are im-

portant), then complementary matching would have to

be the rule. However, in the current model, antibodies

as recognizers evolve as they try to match the antigens

or patterns, regardless of what other recognizers the rec-

ognizer string may match.

Another way of looking at the pattern recognition

problem is in terms of schemata. Schemata represent

subsets of binary strings by picking out certain bit po-

sitions that must have a certain bit value, where the

rest of the bit positions can have either value(8]. For

instance, the string 011 is contained in schemata 0##,

#1#, ##1, O14, OF 1, #11, O11, and HHH, where the

#-sign indicates that for that position the schema will

accept any value. In this model, the defining bits of

a schema would represent those bit values that match

between a recognizer string and a pattern string.

The theory of how schemata are manipulated under

the genetic algorithm can be used to understand how

the recognizer strings are evolving. Since each binary

string is a member of 2' schemata, between 2! and 3!

schemata are implicitly tested and recombined by the

genetic algorithm each generation or time step as the

strings get tested and recombined with respect to their

fitnesses. The strings reproduce in proportion to their

fitness, Schemata can also be thought of as having fit-

nesses based on the average of the fitnesses of the strings

that are members of that schema, Then as Holland has

shown|8], the schemata also reproduce in the population

in proportion to their fitnesses. Each schema is implic-

itly manipulated in the strings that are members of that

schema, where the strings are explicitly manipulated by



the genetic operators. What this means for the cur-

rent pattern recognition problem is that if the genetic

algorithm finds one schema in the recognizer popula-

tion with at least T defining bits that match with a

pattern, then the recognizer population recognizes that

pattern string. Also, as the genetic algorithm manipu-

lates schemata at an exponential rate to find useful ones

that match patterns in the pattern population, it also

finds recognizer strings at an exponential rate to match

and recognize the patterns.

The covering problem can simply be stated as fol-

lows:

Population A, covers population A,

if and only if

VreA,3 a non-empty 5 ¢ Agr

such that

V 2'eS, x! recognizes z.

That is, every pattern string in the pattern population

should be recognized by at least one recognizer string.

The runs of this model should at least be able to

show that the recognizer population can evolve under

the genetic algorithm to recognize a pattern string as

well as cover the pattern population. Once parameter

settings and reproduction strategies have been found

that give this result, the schemata in the evolving rec-

ognizer population can be studied to determine how the

recognizer population as a whole organizes information

about the patterns as it discovers recognizers to recog-

nize the patterns.

3 The Model

The parameter values for the genetic algorithm are set

as follows.

The length of the strings is

Us 36

bits,

To determine the size of the recognizer population,

the length of the schemata one expects to find must be

taken into account. Based on recognition in the immune

system, the model should be able to let schemata with

five or six defining bits develop in the recognizer pop-

ulation, To see what schemata we can expect to find

in the recognizer population, we can use a corollary of

John Holland's Theorem 6.2.3 [8] that

Qn
EST

where ¢ is the error due to crossover (which may break

an instance of a schema), n is the the number of defin-

ing bits in the schemata one is interested in, and / is
J the string length. Since / = 36, the error for a schema

: of length 1 is < 0,056, 2 < 0.12, 3 < 0.17, 4 < 0.23,
$< 0.28,6 <0. 34, and so on. In order for the recog-

nizer population to be able to search for schemata with

= 6 defining bits, of which there are 2" = 2° = 64,

the recognizer population size should be about 64 as an

upper bound. Schemata with more defining bits might

still be found. The recognizer population size has been

set to

recognizer populationstze = 50

which is still much greater than 2° = 32 and close to

28 = 64, where the error rate is about 0.3, about as high

as the genetic algorithm can tolerate. The initial strings

in the recognizer population are created at random.

The pattern population size has been chosen to be

patternpopulationsize = 1

for one set of runs, and

patternpopulationsize = 10

for another set. of runs to see if the recognizer population

can recognize just one string as well as cover several pat-

tern strings. The population is initialized with random

strings that do not change over time.

The point mutation rate has been set as low back-

ground noise,

pointmutationrate = 2

two point mutations per time step, where the mutated

bits are chosen at random.

The crossover rate has been set to

1 . . .
crossoverrate = 3° recognizer populationsize

so that in each generation ; of the recognizer strings

are chosen as parents, thus producing that many new

strings, and replacing that many old strings. The par-

ents are chosen probabilistically with respect to fitness

so that the algorithm results in reproduction with em-

phasis (on fitness)[8]. Schemata with above average fit-

ness have new copies or samples of them generated in

the recognizer population in accordance with the theo-

rem that guarentees minimal performance loss.

Several fitness functions have been considered. With

fitness equal to the average number of matching bits

of the recognizer string to every pattern string, fitness

generally does not increase monotonically nor exponen-

tially as claimed should happen with crossover[8]. To

encourage the recognizer strings to evolve with as many

consecutive bits matching a pattern string as possible

so that it is less likely that the schema of matching bits

will be broken by crossover, fitness has been chosen to

be

soruomale sopamatehes — 0
TPO Gown, (+1)

msample
f(z) =



where z is a recognizer string, msample is matchsample,

m,(t) is the number of consecutive bit matches between

the ith set of consecutive bit matches in string x and the

jth pattern string in sample s,,, #jmatches is the num-

ber of consecutive bit match sequences between string

x and the jth pattern string, and ! is the length of the

strings. For example, if z =01101 and s, = {11100,

00101}, then my(1) = 3, mo(1) = 1, m2{2) = 3, and

o ay h

i 3 1 3 V8 ~ t

Ne) = Garg + garg t gavg het 2 5 TP
. 4

The matchsample is the size of the sample 5, of

strings chosen from the pattern population. The sam-

ple 8, ,rather than all of the strings in the pattern pop-

ulation, is used to compute fitness. Using this sample

helps subpopulations emerge in the recognizer popula-

tion, as in Booker’s simulation [1]. Subpopulations are

necessary if all of the patterns are to be recognized by

the recognizer population.

The combinatorial bias of the probability of finding

m matching bits between two strings, 3 —m+),

has been removed by dividing the number of matches

by the bias to get the unbiased fitness that would make

all lengths of matches equally likely to occur when based

on fitness. The probability of finding a match between

two bits is $. For m bits, it is 1". Since these bits are

consecutive, there are (!~ m-+-1) ways that they can be

chosen in a string of length |. Therefore, a sequence of

m consecutive matching bits occurs with a probability

of 4"(i ~m +1) in a string of length 1. Dividing by

this probability is equivalent to putting more emphasis

on longer schemata since the dominating term of 2")

increases exponentially with the length of the substring,

m,(2).

Several replacement strategies have been tried for

determining which recognizer strings get replaced by the

new offspring strings created by crossover. Choosing a

string probabilistically with respect to Jana

ally gives rise to a homogeneous population consisting

of one highly fit string. Choosing a string that most

closely matches the new string, a “crowding” strategy,

never allows the fitness to go up since the child too often

replaces its parent and thus schemata do not increase

in proportion to their fitness as they should. A similar

strategy, first tried by DeJong [2] and later by Booker

[1] where the closest matching string is chosen from a

small random sample of the recognizer population does

not do much better than the first strategy. A strategy

which works well is one which chooses a small sample of

recognizer strings, 8,, of size crowdsample probabilisti-

cally with respect to jana Then from this sample, the
string which most closely matches the new string is cho-

sen to be replaced. With this strategy, the recognizer

population fitness increases and does not yield a ho-

mogencous recognizer population. The crowdsample is

determined by how many copies of a schema one wants.

eventu-

A sample of size n would on average include recognizer

strings in all schemata that are present in + of the recog-

nizer population. Thus, n subpopulations are allowed to

coexist in the recognizer population since any subpop-

ulation cannot contain more than i recognizer strings.

Since the replacement strategy uses fitness to determine

which strings to replace, it is consistent with the repro-

duction with emphasis plan. That is, schema with below

average fitness will have copies or samples removed so

that their sample size decreases and makes room for an

increase in the number of above average schema. Thus,

this strategy generally replaces the string with the low-

est fitness and which is in the same subpopulation as

the new string.

The algorithm to find schemata actually finds a small

sample of all schemata present in a string population.

The sampling is designed to find the more useful schemata

(building blocks) that evolve under the genetic algo-

rithm rather than all of the schemata present in a pop- :

wation. The algorithm to find these schemata is:

1. Choose a sample, s;, of the population in which

want to find schemata (e.g. n most fit strings).

2, Find the schemata in each string in sample s).

For each string in sample s;:

(a) Get a random sample, s2, from the popula-

tion.

(b) Check string against each string from s, to

find which bits match.

(c} Record schemata which appear between string

and each string in 32 with matching bits no

more than two bits apart (otherwise you have

a separate schema).

(4) Do not store duplicates.

(e) Store schema frequency, sf, by running through

all the strings in s, again.

3. Check to see what schemata are present randomly.

For each string in sample 5):

(a) Use same random sample s2 as in 2a).

(b) Count the number of matches at each bit be-

tween the string and every string in s;.

(c) If

Hdefanedivte #matches,

rt {s2|

where sf is the schema frequency, #matches,

is the number of matches found in 2b) for bit

i defined in schema,

then remove the schema from the list.

sf<



For example, let 5; == {0110100011} and s, = {1110011101,

0101010101}. For step (2),

$1, Sy = HIP HHA HHI

with schemata

HILO AH HHEH of frequency } and

HRP EL of frequency 5
and

S111 822 = OLEH HE BOB AL

with schemata

OLA HEHAHHHAH# Of frequency 3 and

HEHEHE HOP HA Of frequency 3.

For step (3), the number of matches at each bit is

(1)(2)(1) (1) (0) (0}(1) (0) (0)(2).
Then for schema

HLLOAA AEH, $< 24 50 remove this schema,

HBEHEA HAL 3 so keep this schema,

OleHHHEHHE, } 2 so remove this schema,
and

AHHH RHOPHL, 1 < 43 so remove this schema.

ns Ina!2
<
|

For the schemata in the pattern population, both

samples are the entire pattern population. That is, all

useful pattern schemata that can be located by the al-

gorithm are found and counted. For the recognizer pop-

ulation, the (2 - recognizer populationsize) == n most fit

strings are chosen for the first sample, s,, and the sare

size sample is chosen for the second random sample,

$q. So recognizer schemata occuring in i of the recog-

nizer population are located this way in every time step.

Rather than being explicitly represented anywhere in

the model, the schemata so-located are printed out at

every time step so that they can be analyzed.

This model for pattern recognition is very similar

to, though implemented differently from, Booker’s ge-

netic algorithm simulation(1]. In that simulation, the

classifier system learns useful categories or taxa (the

conditions of the classifers) for one or more categories

in the environment, where the categories are generating

input messages to the system, The taxa are equiva-

lent to schemata though there are fewer of them in a

classifier string than in the recognizer binary bit string.

The binary bit string messages are equivalent to binary

Bit pattern strings that the classifers and recognizers,

respectively, are trying to match.

The matchscore that he uses, called Mg, is defined

for a taxon x and message (binary bit string) z' as

1 if z and x! match identically
My(zx) =s(z) { bn otherwise

where n is the number of mismatched bit values and

fis the length of the strings. This function is linear

with slope ~® except for the case of all defining bits
matching where Ms; returns the value 1 rather than +.

. This Jump when the optimal solution is reached ensures
that a good taxon is never lost from the population. On
the other hand, the fitness function in the model just

presented is an exponential curve which increases the

fitness exponentially with each additional matching bit

tather than just a big jump when the perfect match is

found. The fitness function encourages bit by bit ad-

ditions to matching schemata whereas the matchscore

encourages this but really emphasizes the final perfect

match. The fitness function is also more apt to keep

schemata of all lengths in the population in case the

pattern strings in the environment change so that the

recognizer population can quickly build a matching rec-

ognizer from a few schemata. Matchscore just tries to

match the categories in the current environment.

In the pattern recognition model, there are no mat-

ing restrictions, unlike Booker’s simulation where two

strings can mate only if they match the same message.

Mating in the new model is probabilistic with respect

to fitness, which is computed with respect to a sample

of pattern strings. Thus, higher fitness implies that the

recognizer string matches more pattern strings out of its

sample which implies that there is a good chance that

two mating strings both match at least one same pat-

tern string, like a probabilistic mating restriction, This

chance is equal to 1 — ae at sok , where a is

the pattern population size and m is matchsample. For

instance, in this model the chance would be 7 where

a = 10 and m = 3. Thus, the recognizer population

can find the near-optimal points representing the pat-

tern strings and still incorporate new strings with new

schemata for each time step.

Crowding is also implemented similarly to Booker’s

simulation, The Finan equivalent to wm is used to
pick out a sample of strings to delete based on which

string best matches the new string. This is similar to

Booker’s crowding scheme where taxation and a tax re-

bate lower the strength of strings in a subpopulation

that has reached its “carrying capacity”. Then the

strings with lower strength, are more likely to get re-

moved, just as strings in the new model with lower

fitness and higher jaa are more likely to get re-
moved. Since fitness is noisy, there are recognizer strings

in each subpopulation with lower fitness that will prob-

ably get removed; if the subpopulation is of size 4, then

these strings with lower fitness will appear in the sam-

ple and get chosen to be replaced. Also, in the cur-

rent model, using a sample size equal to the number

of desired subpopulations is simpler to implement than

Booker’s scheme where the system keeps track of which

taxa are relevant to what message, unless the relevance

criterion is such that it can be calculated for each sub-

population rather than every individual taxon.

Thus, the recognizer population in the pattern recog-

nition model, just like the classifiers in Booker’s madel,

can also find the near-optimal points representing the

pattern strings and still incorporate new recognizer strings

with new schemata for each time step.



Preliminary runs have found parameter settings with

which the recognizer population increases its fitness (equal

to the sum of the fitnesses of each recognizer string) as

shown in the following logio( fitness) va. time plot. In-

creasing fitness implies that the recognizer population

is matching one or more pattern strings at more bits.

To test the model’s ability to solve the recognition

problem, fifty recognizer strings have been run under

the genetic algorithm to get them to match one pattern

string. The population fitness does increase exponen-

tially (Figure 1) until it reaches the maximum popula-

tion fitness possible when about ninety percent of the

recognizer strings match the pattern string at every bit

position. The other ten percent match at almost every

bit.

To test the model’s ability to solve the covering prob-

lem, a run where fifty recognizer strings try to recog-

nize ten pattern strings has been tried. The fitness of

the recognizer population does increase fairly monoton-

ically (Figure 2). The listing of pattern schemata found

in the final recognizer population shows that all pattern

schemata with five or fewer defining bits have also been

found in the final recognizer population. Also, upon

closer inspection of the recognizer population, a recog-

nizer string can be found for each pattern string such

that the recognizer string matches the pattern string

at no fewer than five bit positions. Thus, the recog-

nizer population recognizes and covers all of the pattern

strings.

With what sample sizes does this genetic algorithm

solve the recogntion and covering problems? How does

the recognizer population evolve with these parameter

settings?

It turns out to be critical that the value for matchsample

be less than the size of the pattern population. That is,

fitness for each string must be computed with respect

to only a few patterns and with respect to different pat-

terns each time step for a given recognizer string. If all

patterns are used to determine the fitness of a recog-

nizer string, then the entire recognizer population ends

up matching only one pattern as it reaches maximum

possible value for fitness.

There are several reasons why matchsample should

be just a portion of the pattern population size. First

of all, the computations to determine fitness are done

faster if only a few patterns are used for the calculation.

Secondly, each recognizer uses the same sample of

patterns to compute its fitness, namely all of the pat-

terns, Thus, the first pattern with a longer schema

found in the recognizer population will be the one matched

by all of the recognizers over time. That schema will

increase the fitness exponentially of the recognizer con-

taining it with respect to the fitnesses of the other recog-

nizers. That recognizer’s descendents will take over the
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Figure 2. patternpopulationstze = crowdsample =

10, matchsample = 3.

entire recognizer population to match that one pattern.

Thus, in order to cover all of the patterns, a different

sample of patterns must be used to calculate fitness for

each recognizer string.

Thirdly, and most importantly, sampling is the coun-

terpart in this model of collision dynamics. One recog-

nizer can try to recognize only a few patterns at any

one time in real physical space. Modelling this accu-

rately models the fact that this system is far from equi-

fibrium most of the time where changes in the system

are most likely to increase rather than decrease order in

the system. That is, new schemata introduced into the

recognizer population will get their numbers increased

with respect to their fitness and give rise to new recog-

nizer strings as they get distributed throughout the rec-

ognizer population. Otherwise, with non-noisy fitness,

these new schernata would be ignored and eventually

be removed from the recognizer population as one rec~

ognizer string containing one longer schemata was the

only one with surviving descendent strings.

The other sample size for which the value turns out

to be critical is crowdsample. With crowdsample = 10

(equal to patternpopulationsize in this case), a schema

will be replaced if it is in 4 of the recognizer popu-

lation. This allows more room for other schemata to

occur and distribute in 3 of the recognizer population.

If crowdsample is less than that, for example if it set to

3, then the fitness of the recognizer population increases



but only recognizes about three of the patterns.

With crowdsample = 10, as in the second run de-

scribed, it was found that the recognizer population

maintains a high number of schemata at all times, keep-

ing the number of recognizer schemata around 100 +25

each time step. By maintaining such diversity in the rec-

ognizer population, all pattern schemata of 5 or fewer

defining bits are found by the genetic algorithm along

with a few schemata with even more defining bits. This

is also due to the recognizerpopulationsize parame-

ter. Theory predicts that when there are 2" schemata

of length n, a population of size 25 = 32 or greater

should be able to search these. A population of size 50,

where 2° < 50 < 25, does this plus finds a few other

longer schemata. One of these longer schemata, not

in the initial recognizer population, has been created

by putting together two shorter schemata that increase

in frequency enough to form the longer schema, which

then increases in frequency. The shorter schemata de-

crease in frequency since they have been incoporated

into the longer schema. Thus, we see the beginning of a

default hierarchy forming[7|[9]. First shorter, more gen-

eral schemata are tested against the environment, and

then the useful ones are used to build longer, more spe-

cific schemata that predict the environment (or in this

case cover the strings in the pattern population even

more accurately}, With a larger population, more of

the longer schemata should emerge.

5 Conclusion

The recognition and covering constraints are the mini-

mal ones that the current model can satisfy. It does this

by taking two shorter schemata and applying crossover

to the strings of those schemata to form a new longer

schema. This longer schema is a combination of the two

shorter ones and is in a string that matches a pattern at

more bits. Thus, a default hierarchy is emerging in the

tecognizer population. Mutation also can create such

longer schemata and fitter strings but only one more
bit will match an pattern. The one additional matching

bit does not increase the fitness of the string nor the
number of recognizer strings to match pattern strings

as much as recombination does. However, these results

are based on preliminary runs and need to be quantified
More precisely before more specific conclusions can be

made.

There are atill many questions to study about this

Pattern recognition model.

1. How is the default hierarchy of schemata repre-

sented in the recognizer string population? Are

there recognizer strings that contain several shorter

pattern schemata and some recognizer strings with

specific schemata or coarse-grained with more gen-

eral schemata? Is the entire emerging default hi-

erarchy maintained in the recognizer population?

2. Do distinct subpopulations evolve in the recog-

nizer population with respect to the patterns or

other criteria such as regularities in the pattern

strings? Does each recognizer string contain schemata

for one pattern or for more than one pattern? If

the patternpopulationsize is increased, will the

system no longer be able to pick out all of the

regularities which may no longer come from one

pattern but may include several patterns? How

will this depend on the recognizerpopulationstze?

3. How do the schemata in the recognizer popula-

tion change when the initial pattern population is

changed? And if one of the parameter values is

changed? What if the fitness function is changed

to give maximum fitness value when T bits match?

4. Are matchsample and crowdsample, which main-

tain diversity in the recognizer population, also re-

sulting in suboptimal fitnesses for the recognizers

that cover the patterns? That is, does it become

impossible for perfect matches to evolve for each

pattern? Is this somehow an adaptive advantage

even if it is not a performance advantage? How

can their values be set by some feedback mecha-

nism based on regularities found and the resulting

fitness, so that the recognizer population can con-

tinue to recognize and cover a pattern population

that is changing its size and strings over time?

5. Is the final recognizer population robust to changes

in the pattern population? Will the recognizer

population fitness decrease alot quickly if an orig-

inal pattern is replaced with a new and different

pattern string? Will the entire recognizer popula-

tion have to re-evolve to redistribute the pattern

schemata it has, lose the ones no longer in the

pattern population, and acquire new ones?

Various tools still need to be built to analyze the

evolution of schemata and the default hierarchy in the

recognizer population. For instance, since the schema

finding algorithm only finds a sample of the schemata

present in the pattern population, a reasonably-sized

phylogenetic tree can be plotted over time based on

what pattern schemata in the recognizer strings give

tise to which new and possibly longer pattern schemata

in new recognizer strings. The frequency of each pat-

tern schemata in the recognizer population (equal to the

number of recognizer strings with that pattern schemata)

could be plotted over time and used with the phyloge-

netic tree to trace the development of the default hier-

longer schemata? In terms of knowledge representation{6}, 2°hY:

is the representation fine-grained with longer, more
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The frequencies of the schemata can also be studied

with analytical tools developed for understanding dy-

namical systems. Every schemata changes its frequency

{equal to the number of strings in the population be-

longing to that schema) in the population with respect

to the probability

M,(t +1)
P(t +1) = vj = filt)-e.- M(t)

where schema s has an average expected fitness St)
at time t, M,(t) is the number of strings in the recog-

nizer population that are elements of schema s, M is

the total number of strings in the fixed sized recognizer

population, and ¢, is an error term created by having a

schema instance get broken up by a crossover point or

mutation. The size of the recognizer population and the

sample sizes also affect the number of schemata and the

number of their instances that are possible to have in

the recognizer population. Thus, the schemata dynam-

ics can be studied under different parameter settings for

the population and sample sizes, and the affects of fluc-

tuations occuring when new schemata are introduced

into the recognizer population by crossover, mutation,

or changes in the pattern population can also be stud-

ied,

Once the structure and evolution of the default hi-

erarchy is better understood, this pattern recogniton

model can be used to study the structural evolution of

memory in other physical and biological systems that

do pattern recognition. The features of the particular

system can be assigned to the bits of the pattern and

Tecognizer strings. Then one can study how the rec-

ognizer strings of that system’s memory are structured

with respect to the regularities in the patterns the sys-

tem is trying to recognize.

For instance, in modeling the immune system, ex-

perimental evidence can be used to set up the fitness

function and parameter values to be more realistic with

Teal immune systems and to see if the model results in

antibodies with similar characteristics as those found

in the experiments. Some experimental studies have

shown that one antibody can recognize more than one

antigen (called “multi-specificity” in immunology) [13].

Such an antibody is a generalist, Other evidence shows

that when new antigens are introduced, new antibod-

ies are created by an increased rate of point mutations.

The affinity of these new antibodies for new antigens in-

creases ten-fold over a short period of time, indicating

that the antibodies become very specific at recognizing

the antigens [14]. Thus, some sort of default hierarchy

is developing in the immune system. What is the na-

ture of this default hierarchy if the fitness function and

paramters are set to correspond to actual numbers used

and seen in these experiments? What antibodies result

if the intial antibodies are ones that have evolved in this

pattern recognition model and can only undergo muta-

tion in the future when presented with a new antigen?

How might a network of such antibodies compensate for

any shortcomings of the antibody population which can

no longer undergo crossover?

Also, in a letter recognition system, letter patterns

can be represented with line features of different lengths,

angles, and positions. Could this model then generate a

default hierarchy to recognize the letter or letters? How

could it recognize the same letters if they are written in

a different style?

In cognitive science, a concept is represented by a

prototype developed from a set of instances. The na-

ture of the prototype with respect to the properties of

the instances is not yet clearly understood, but the in-

stances do not necessarily all share some set of property

values which might then be the prototype. Rather, each

instance shares one or more property values with one or

more other instances in the set [11]. Translated into

the pattern recognition model, the recognizer popula~

tion can try to match the instances in the environment

where the prototype would appear as the more general

schema that persists over time and is not just used to

build one specific schema. On the other hand, the pro-

totype might turn out to be some piece of the default hi-

erarchy distributed over several recognizer strings. How

would this correspond to any experimental data that has

been collected by psychologists on the nature of proto-

types? What kinds of prototypes are actually commu-

nicated in these experiments (ie. trasmitted verbally

to the experimenter)?

By understanding the organization of the default hi-

erarchy in the recognizer strings, the memories of other

pattern recognition systems evolving under a genetic al-

gorithm can be analyzed as well. A system that tries to

recognize patterns in the environment and then builds

an internal model or memory of those patterns must use

some definition of similarity to cluster the patterns into

classes. If this system also transmits its internal model

by a code representing how to reconstruct that model,

then this system is a good candidate to be cast in and

analyzed by this pattern recognition model.
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