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7DGDKLNR 0XUDWD

'HSDUWPHQW RI ,QGXVWULDO DQG

,QIRUPDWLRQ 6\VWHPV (QJLQHHULQJ�

$VKLNDJD ,QVWLWXWH RI 7HFKQRORJ\

$VKLNDJD� 7RFKLJL ��������� -DSDQ

PXUDWD#DVKLWHFK�DF�MS

���������������

+LVDR ,VKLEXFKL

'HSDUWPHQW RI ,QGXVWULDO (QJLQHHULQJ

&ROOHJH RI (QJLQHHULQJ

2VDND 3UHIHFWXUH 8QLYHUVLW\

6DNDL� 2VDND ��������� -DSDQ

KLVDRL#LH�RVDNDIX�X�DF�MS
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0LWVXR *HQ

'HSDUWPHQW RI ,QGXVWULDO DQG

,QIRUPDWLRQ 6\VWHPV (QJLQHHULQJ�

$VKLNDJD ,QVWLWXWH RI 7HFKQRORJ\

$VKLNDJD� 7RFKLJL ��������� -DSDQ

JHQ#DVKLWHFK�DF�MS

���������������

$EVWUDFW

,Q WKLV SDSHU� ZH VKRZ KRZ FHOOXODU VWUXFWXUHV

FDQ EH FRPELQHG ZLWK PXOWL�REMHFWLYH JHQHWLF

ORFDO VHDUFK �02*/6� DOJRULWKPV IRU LPSURYLQJ

WKHLU VHDUFK DELOLW\ WR ILQG 3DUHWR�RSWLPDO

VROXWLRQV RI PXOWL�REMHFWLYH RSWLPL]DWLRQ

SUREOHPV� :H SURSRVH WZR LGHDV IRU

LPSOHPHQWLQJ D FHOOXODU 02*/6 DOJRULWKP�

DVVLJQPHQW RI D GLIIHUHQW ORFDO VHDUFK GLUHFWLRQ WR

HDFK FHOO� DQG UHORFDWLRQ RI LQGLYLGXDOV EDVHG RQ

WKHLU REMHFWLYH YDOXHV� ,Q RXU FHOOXODU 02*/6

DOJRULWKP� HYHU\ LQGLYLGXDO LQ HDFK SRSXODWLRQ

H[LVWV LQ D FHOO RI D VSDWLDOO\ VWUXFWXUHG VSDFH �H�J��

WZR�GLPHQVLRQDO JULG�ZRUOG� ZKHUH HDFK FHOO KDV

D GLIIHUHQW ORFDO VHDUFK GLUHFWLRQ� 6XFK D ORFDO

VHDUFK GLUHFWLRQ FRUUHVSRQGV WR ZHLJKWV LQ D

VFDODU ILWQHVV IXQFWLRQ GHILQHG E\ WKH ZHLJKWHG

VXP RI PXOWLSOH REMHFWLYHV� 7KH VHOHFWLRQ RI

SDUHQWV IRU JHQHUDWLQJ D QHZ LQGLYLGXDO LQ D FHOO

LV SHUIRUPHG ZLWKLQ WKH QHLJKERUKRRG RI WKDW FHOO

EDVHG RQ LWV ORFDO VHDUFK GLUHFWLRQ� $ ORFDO VHDUFK

SURFHGXUH LV DSSOLHG WR QHZ LQGLYLGXDOV JHQHUDWHG

E\ JHQHWLF RSHUDWLRQV IRU PD[LPL]LQJ WKH ILWQHVV

IXQFWLRQ� ,W VKRXOG EH QRWHG WKDW HDFK FHOO KDV LWV

RZQ ORFDO VHDUFK GLUHFWLRQ� ZKLFK LV XVHG LQ WKH

VHOHFWLRQ DV ZHOO DV LQ WKH ORFDO VHDUFK� 1HZO\

JHQHUDWHG LQGLYLGXDOV DUH UHORFDWHG LQWR FHOOV

DFFRUGLQJ WR WKHLU ORFDWLRQV LQ WKH

PXOWL�GLPHQVLRQDO REMHFWLYH VSDFH�

� ,1752'8&7,21

*HQHWLF DOJRULWKPV KDYH EHHQ VXFFHVVIXOO\ DSSOLHG WR

YDULRXV RSWLPL]DWLRQ SUREOHPV �*ROGEHUJ ������ 7KH

H[WHQVLRQ RI *$V WR PXOWL�REMHFWLYH RSWLPL]DWLRQ ZDV

SURSRVHG LQ VHYHUDO PDQQHUV �6FKDIIHU ����� .XUVDZH

����� +RUQ HW DO� ����� )RQVHFD 	 )OHPLQJ ����� 0XUDWD

	 ,VKLEXFKL ����� =LW]OHU 	 7KLHOH ������ 7KH DLP RI

WKHVH DOJRULWKPV LV WR ILQG D VHW RI 3DUHWR�RSWLPDO

VROXWLRQV RI D PXOWL�REMHFWLYH RSWLPL]DWLRQ SUREOHP�

$QRWKHU LVVXH LQ PXOWL�REMHFWLYH RSWLPL]DWLRQ LV WR VHOHFW D

VLQJOH ILQDO VROXWLRQ IURP 3DUHWR�RSWLPDO VROXWLRQV� 0DQ\

VWXGLHV RQ PXOWL�REMHFWLYH *$V GLG QRW DGGUHVV WKLV LVVXH

EHFDXVH WKH VHOHFWLRQ WRWDOO\ GHSHQGV RQ WKH GHFLVLRQ

PDNHU¶V SUHIHUHQFH� ,Q WKLV SDSHU� ZH DOVR FRQFHQWUDWH RXU

DWWHQWLRQ RQ WKH VHDUFK IRU ILQGLQJ D VHW RI 3DUHWR�RSWLPDO

VROXWLRQV�

0DQ\ K\EULG DOJRULWKPV RI *$V DQG QHLJKERUKRRG VHDUFK

�H�J�� ORFDO VHDUFK� VLPXODWHG DQQHDOLQJ� DQG WDEX VHDUFK�

ZHUH SURSRVHG IRU VLQJOH�REMHFWLYH RSWLPL]DWLRQ SUREOHPV

WR LPSURYH WKH VHDUFK DELOLW\ RI *$V� DQG WKHLU KLJK

SHUIRUPDQFH ZDV UHSRUWHG LQ WKH OLWHUDWXUH� :KLOH ZH FDQ

H[SHFW VLJQLILFDQW LPSURYHPHQW RI WKH SHUIRUPDQFH RI

PXOWL�REMHFWLYH *$V E\ VXFK K\EULGL]DWLRQ�

PXOWL�REMHFWLYH K\EULG *$V KDG QRW EHHQ SURSRVHG XQWLO

,VKLEXFKL 	 0XUDWD ������ K\EULGL]HG WKHLU

PXOWL�REMHFWLYH JHQHWLF DOJRULWKP �02*$� 0XUDWD 	

,VKLEXFKL ����� ZLWK D ORFDO VHDUFK SURFHGXUH� 0DLQ

LVVXHV LQ VXFK K\EULGL]DWLRQ IRU PXOWL�REMHFWLYH

RSWLPL]DWLRQ SUREOHPV DUH WKH VSHFLILFDWLRQ RI ORFDO VHDUFK

GLUHFWLRQV DQG WKH EDODQFH EHWZHHQ WKH JHQHWLF JOREDO

VHDUFK DQG WKH ORFDO VHDUFK� ,Q WKH PXOWL�REMHFWLYH JHQHWLF

ORFDO VHDUFK �02*/6� DOJRULWKP RI ,VKLEXFKL 	 0XUDWD

������� WKH ZHLJKWHG VXP RI PXOWLSOH REMHFWLYHV LV XVHG DV

D ILWQHVV IXQFWLRQ� 7KH ILWQHVV IXQFWLRQ LV XVHG LQ WKH ORFDO

VHDUFK DV ZHOO DV LQ WKH VHOHFWLRQ� )RU WKH VHDUFK RI YDULRXV

3DUHWR�RSWLPDO VROXWLRQV LQ ODUJH DUHDV RI WKH REMHFWLYH

VSDFH� D GLIIHUHQW ZHLJKW YHFWRU LV UDQGRPO\ VSHFLILHG

ZKHQHYHU D SDLU RI SDUHQW VROXWLRQV LV VHOHFWHG IRU

JHQHUDWLQJ D QHZ VROXWLRQ� 7KH UDQGRPO\ VSHFLILHG ZHLJKW

YHFWRU LV DOVR XVHG DV WKH ORFDO VHDUFK GLUHFWLRQ IRU WKH

QHZ VROXWLRQ� $ ORFDO VHDUFK SURFHGXUH LV DSSOLHG WR WKH

QHZ VROXWLRQ IRU LWHUDWLYHO\ LPSURYLQJ LWV ILWQHVV YDOXH �L�H��

WKH ZHLJKWHG VXP RI PXOWLSOH REMHFWLYHV�� 7KLV PHDQV WKDW

HDFK QHZ VROXWLRQ KDV LWV RZQ ORFDO VHDUFK GLUHFWLRQ WKDW LV

UDQGRPO\ VSHFLILHG IRU WKH VHOHFWLRQ RI WKHLU SDUHQWV� $

PRUH VRSKLVWLFDWHG VSHFLILFDWLRQ PHWKRG ZDV SURSRVHG LQ

0XUDWD HW DO������� ZKHUH WKH ORFDO VHDUFK GLUHFWLRQ RI

HDFK QHZ VROXWLRQ ZDV GHILQHG DFFRUGLQJ WR LWV ORFDWLRQ LQ



WKH PXOWL�GLPHQVLRQDO REMHFWLYH VSDFH� ,Q WKHVH 02*/6

DOJRULWKPV� WKH EDODQFH EHWZHHQ WKH JHQHWLF JOREDO VHDUFK

DQG WKH ORFDO VHDUFK FDQ EH FRQWUROOHG E\ UHVWULFWLQJ WKH

QXPEHU RI VROXWLRQV H[DPLQHG LQ D VLQJOH LWHUDWLRQ RI WKH

ORFDO VHDUFK SURFHGXUH� 7KDW LV� DOO WKH QHLJKERULQJ

VROXWLRQV DUH QRW H[DPLQHG LQ WKH ORFDO VHDUFK SURFHGXUH

IRU SUHYHQWLQJ LW IURP VSHQGLQJ DOPRVW DOO WKH DYDLODEOH

FRPSXWDWLRQ WLPH� ,Q WKLV SDSHU� ZH FRPELQH WKHVH

02*/6 DOJRULWKPV ZLWK FHOOXODU VWUXFWXUHV�

7KH FRQFHSW RI FHOOXODU JHQHWLF DOJRULWKPV ZDV SURSRVHG

E\ :KLWOH\ ������� ,Q FHOOXODU JHQHWLF DOJRULWKPV� HDFK

LQGLYLGXDO �L�H� D FKURPRVRPH� UHVLGHV LQ D FHOO RI D

VSDWLDOO\ VWUXFWXUHG VSDFH� *HQHWLF RSHUDWLRQV IRU

JHQHUDWLQJ QHZ LQGLYLGXDOV DUH ORFDOO\ SHUIRUPHG LQ WKH

QHLJKERUKRRG RI HDFK FHOO� :KLOH WKH WHUP ³FHOOXODU

JHQHWLF DOJRULWKP´ ZDV SURSRVHG E\ :KLWOH\� VXFK

DOJRULWKPV KDG DOUHDG\ EHHQ SURSRVHG E\ 0DQGHULN DQG

6SLHVVHQV ������� $ VLPLODU FRQFHSW ZDV DOVR VWXGLHG LQ

HYROXWLRQDU\ HFRORJ\ LQ WKH IUDPHZRUN RI ³VWUXFWXUHG

GHPHV´ �:LOVRQ ����� 'XJDWNLQ DQG 0�

0HVWHUWRQ�*LEERQV ������ 7KH HIIHFW RI VSDWLDO VWUXFWXUHV

RQ WKH HYROXWLRQ RI FRRSHUDWLYH EHKDYLRU KDV DOVR EHHQ

H[DPLQHG LQ PDQ\ VWXGLHV �H�J�� 1RZDN 	 0D\ �����

:LOVRQ HW DO� ����� 2OLSKDQW ����� *ULP ����� DQG

,VKLEXFKL HW DO� ����� ZKHUH HDFK LQGLYLGXDO ZDV ORFDWHG

LQ D FHOO RI VLQJOH�GLPHQVLRQDO RU WZR�GLPHQVLRQDO

JULG�ZRUOGV�

,Q WKLV SDSHU� ZH H[WHQG RXU 02*$ �0XUDWD 	 ,VKLEXFKL�

����� DQG 02*/6 �,VKLEXFKL 	 0XUDWD� ����� DV VKRZQ

LQ )LJXUH � E\ FRPELQLQJ WKHVH DOJRULWKPV ZLWK FHOOXODU

VWUXFWXUHV DQG LPPLJUDWLRQ SURFHGXUHV� )LUVW ZH H[WHQG

WKHVH DOJRULWKPV E\ DVVLJQLQJ HYHU\ LQGLYLGXDO LQ HDFK

SRSXODWLRQ WR D FHOO LQ D VSDWLDOO\ VWUXFWXUHG VSDFH �H�J��

WZR�GLPHQVLRQDO JULG�ZRUOG�� :H DGG WKH DEEUHYLDWLRQ

³&�´ WR VKRZ ³&HOOXODU�´ IRU WKH H[WHQGHG DOJRULWKPV�

)XUWKHUPRUH ZH H[WHQG WKH FHOOXODU DOJRULWKPV E\

LQWURGXFLQJ D UHORFDWLRQ SURFHGXUH �L�H�� D NLQG RI

LPPLJUDWLRQ�� (DFK LQGLYLGXDO LV UHORFDWHG WR D FHOO DW

HYHU\ JHQHUDWLRQ EDVHG RQ WKH YDOXHV RI PXOWLSOH

REMHFWLYHV �L�H�� WKH ORFDWLRQ LQ WKH PXOWL�GLPHQVLRQDO

REMHFWLYH VSDFH�� 7KH H[WHQGHG DOJRULWKPV� ZKLFK DUH

EDVHG RQ WKH FHOOXODU VWUXFWXUH DQG WKH LPPLJUDWLRQ

SURFHGXUH� DUH UHIHUUHG WR DV &HOOXODU ,PPLJUDWLYH �³&,�´�

DOJRULWKPV LQ WKLV SDSHU�

� 08/7,�2%-(&7,9( 237,0,=$7,21

/HW XV FRQVLGHU WKH IROORZLQJ PXOWL�REMHFWLYH RSWLPL]DWLRQ

SUREOHP ZLWK Q REMHFWLYHV�

0D[LPL]H ��� [I � ��� [I � ���� ��[
Q
I � ���

ZKHUH ��� ⋅I � ��� ⋅I � ���� ��⋅
Q
I DUH Q REMHFWLYHV� :KHQ

WKH IROORZLQJ LQHTXDOLWLHV KROG EHWZHHQ WZR VROXWLRQV [

DQG \� WKH VROXWLRQ \ LV VDLG WR GRPLQDWH WKH VROXWLRQ [�

&,�02*/6

/RFDO 6HDUFK

&HOOXODU VWUXFWXUH

,PPLJUDWLRQ

&,�02*$

&�02*/6&�02*$

02*/602*$

)LJXUH �� ([WHQVLRQV RI WKH 02*$ DQG WKH 02*/6 LQ

WKLV SDSHU E\ LQWURGXFLQJ FHOOXODU VWUXFWXUHV DQG

LPPLJUDWLRQ SURFHGXUHV�

����� \[ LL IIL ≤∀ DQG ����� \[ MM IIM <∃ � ���

,I D VROXWLRQ LV QRW GRPLQDWHG E\ DQ\ RWKHU VROXWLRQV RI WKH

PXOWL�REMHFWLYH RSWLPL]DWLRQ SUREOHP� WKDW VROXWLRQ LV VDLG

WR EH D 3DUHWR�RSWLPDO VROXWLRQ� 7KH WDVN RI

PXOWL�REMHFWLYH DOJRULWKPV LQ WKLV SDSHU LV QRW WR VHOHFW D

VLQJOH ILQDO VROXWLRQ EXW WR ILQG DOO 3DUHWR�RSWLPDO

VROXWLRQV RI WKH PXOWL�REMHFWLYH RSWLPL]DWLRQ SUREOHP LQ

���� :KHQ ZH XVH KHXULVWLF VHDUFK DOJRULWKPV VXFK DV

WDERR VHDUFK� VLPXODWHG DQQHDOLQJ� DQG JHQHWLF DOJRULWKPV

IRU ILQGLQJ 3DUHWR�RSWLPDO VROXWLRQV� ZH XVXDOO\ FDQ QRW

FRQILUP WKH RSWLPDOLW\ RI REWDLQHG VROXWLRQV� :H RQO\

NQRZ WKDW HDFK RI WKH REWDLQHG VROXWLRQV LV QRW GRPLQDWHG

E\ DQ\ RWKHU VROXWLRQV H[DPLQHG GXULQJ WKH H[HFXWLRQ RI

WKRVH DOJRULWKPV� 7KHUHIRUH REWDLQHG VROXWLRQV E\

KHXULVWLF DOJRULWKPV DUH UHIHUUHG WR DV ³QRQGRPLQDWHG´

VROXWLRQV� )RU D ODUJH�VFDOH PXOWL�REMHFWLYH RSWLPL]DWLRQ

SUREOHP� LW LV LPSRVVLEOH WR ILQG DOO 3DUHWR�RSWLPDO

VROXWLRQV� 7KXV RXU WDVN LV WR ILQG PDQ\ QHDU�RSWLPDO

QRQGRPLQDWHG VROXWLRQV LQ D SUDFWLFDOO\ DFFHSWDEOH

FRPSXWDWLRQDO WLPH� 7KH SHUIRUPDQFH RI GLIIHUHQW

PXOWL�REMHFWLYH DOJRULWKPV LV FRPSDUHG EDVHG RQ VHYHUDO

TXDOLW\ PHDVXUHV RI REWDLQHG QRQGRPLQDWHG VROXWLRQV�

� 02*$ $1'02*/6

,Q WKLV VHFWLRQ� ZH H[SODLQ RXU 02*$ DQG 02*/6�

ZKLFK ZLOO EH H[WHQGHG LQ ODWHU VHFWLRQV RI WKLV SDSHU�

6LQFH WKH 02*$ FDQ EH YLHZHG DV D VSHFLDO FDVH RI WKH

02*/6 �L�H�� 02*/6 ZLWK QR ORFDO VHDUFK SURFHGXUH��

ZH RQO\ VKRZ WKH 02*/6 DOJRULWKP LQ GHWDLO�

,Q WKH 02*/6 DOJRULWKP RI ,VKLEXFKL 	 0XUDWD ������� D

ORFDO VHDUFK SURFHGXUH LV DSSOLHG WR HDFK RI QHZ VROXWLRQV

�L�H�� QHZ LQGLYLGXDOV� JHQHUDWHG E\ JHQHWLF RSHUDWLRQV IRU

LWHUDWLYHO\ LPSURYLQJ WKHLU ILWQHVV YDOXHV� 7KH ZHLJKWHG

VXP RI WKH Q REMHFWLYHV LV XVHG DV D ILWQHVV IXQFWLRQ�
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ZKHUH
Q

ZZ ��� � DUH QRQQHJDWLYH ZHLJKWV IRU WKH Q

REMHFWLYHV� ZKLFK VDWLVI\ WKH IROORZLQJ UHODWLRQV�



�≥
L

Z IRU QL ����� �= � ���

��� =+++
Q

ZZZ � � ���

7KLV ILWQHVV IXQFWLRQ LV XWLOL]HG ZKHQ D SDLU RI SDUHQW

VROXWLRQV DUH VHOHFWHG IRU JHQHUDWLQJ D QHZ VROXWLRQ E\

FURVVRYHU DQG PXWDWLRQ� $ ORFDO VHDUFK SURFHGXUH LV

DSSOLHG WR WKH QHZO\ JHQHUDWHG VROXWLRQ WR PD[LPL]H LWV

ILWQHVV YDOXH� 2QH FKDUDFWHULVWLF IHDWXUH RI RXU 02*/6

DOJRULWKP LV WR UDQGRPO\ VSHFLI\ ZHLJKW YDOXHV ZKHQHYHU

D SDLU RI SDUHQW VROXWLRQV DUH VHOHFWHG� 7KDW LV� HDFK

VHOHFWLRQ �L�H�� WKH VHOHFWLRQ RI WZR SDUHQWV� LV SHUIRUPHG

EDVHG RQ D GLIIHUHQW ZHLJKW YHFWRU� 7KLV PHDQV WKDW HDFK

RI QHZO\ JHQHUDWHG VROXWLRQV E\ WKH JHQHWLF RSHUDWLRQV KDV

LWV RZQ ZHLJKW YHFWRU� $QRWKHU FKDUDFWHULVWLF IHDWXUH RI

WKH 02*/6 DOJRULWKP LV QRW WR H[DPLQH DOO QHLJKERUKRRG

VROXWLRQV RI D FXUUHQW VROXWLRQ LQ WKH ORFDO VHDUFK� 2QO\ D

VPDOO QXPEHU RI QHLJKERUKRRG VROXWLRQV DUH H[DPLQHG WR

SUHYHQW WKH ORFDO VHDUFK SURFHGXUH IURP VSHQGLQJ DOPRVW

DOO WKH DYDLODEOH FRPSXWDWLRQ WLPH LQ WKH 02*/6

DOJRULWKP� 7KH QHLJKERUKRRG VWUXFWXUH IRU WKH ORFDO VHDUFK

LV GHILQHG LQ WKH VROXWLRQ VSDFH� 7KH QHLJKERULQJ VROXWLRQV

RI D FXUUHQW VROXWLRQ DUH GHILQHG E\ LWV VPDOO PRGLILFDWLRQV

�H�J�� H[FKDQJH RI WZR MREV LQ D VFKHGXOH FRUUHVSRQGLQJ WR

WKH FXUUHQW VROXWLRQ��

��� 6(/(&7,21 23(5$7,21

:KHQ D SDLU RI SDUHQW VROXWLRQV DUH WR EH VHOHFWHG IURP D

FXUUHQW SRSXODWLRQ IRU JHQHUDWLQJ DQ RIIVSULQJ E\ JHQHWLF

RSHUDWLRQV� ILUVW WKH Q ZHLJKW YDOXHV � �� �� ZZ
Q

Z�� � DUH

UDQGRPO\ VSHFLILHG DV IROORZV�

��� � QLL
UDQGRPUDQGRPUDQGRPZ ++= � �

QL ����� �= � ���

ZKHUH
L

UDQGRP DUH QRQQHJDWLYH UDQGRP UHDO QXPEHUV�

)RU H[DPSOH� ZKHQ 1 SDLUV RI SDUHQW VROXWLRQV DUH VHOHFWHG

IRU JHQHUDWLQJ D QHZ SRSXODWLRQ� 1 GLIIHUHQW ZHLJKW

YHFWRUV DUH VSHFLILHG E\ ���� 7KLV PHDQV WKDW 1 VHDUFK

GLUHFWLRQV DUH XWLOL]HG LQ D VLQJOH JHQHUDWLRQ� ,Q RWKHU

ZRUGV� HDFK VHOHFWLRQ �L�H�� WKH VHOHFWLRQ RI WZR SDUHQWV� LV

JRYHUQHG E\ D GLIIHUHQW ILWQHVV IXQFWLRQ�

��� /2&$/ 6($5&+ 352&('85(

$V ZH KDYH DOUHDG\ PHQWLRQHG� D ORFDO VHDUFK SURFHGXUH LV

DSSOLHG WR HDFK QHZ VROXWLRQ JHQHUDWHG E\ WKH JHQHWLF

RSHUDWLRQV �L�H�� VHOHFWLRQ� FURVVRYHU� DQG PXWDWLRQ� IRU

PD[LPL]LQJ LWV ILWQHVV IXQFWLRQ ��[I LQ ���� 2XU

02*/6 DOJRULWKP HPSOR\V WKH IROORZLQJ ORFDO VHDUFK

SURFHGXUH ZLWK WKH OLPLWHG H[DPLQDWLRQ RI QHLJKERUKRRG

VROXWLRQV IRU LWHUDWLYHO\ LPSURYLQJ WKH ILWQHVV IXQFWLRQ

��[I RI D VROXWLRQ [ LQ D FXUUHQW SRSXODWLRQ�

6WHS �� /HW [ EH WKH LQLWLDO VROXWLRQ RI WKH ORFDO VHDUFK�

6WHS �� 5DQGRPO\ VHOHFW D QHLJKERUKRRG VROXWLRQ \ RI WKH

FXUUHQW VROXWLRQ [�

6WHS �� ,I ���� \[ II < � L�H�� LI \ LV D EHWWHU VROXWLRQ WKDQ

[� UHSODFH WKH FXUUHQW VROXWLRQ [ ZLWK \ DQG UHWXUQ

WR 6WHS ��

6WHS �� ,I UDQGRPO\ VHOHFWHG N QHLJKERUKRRG VROXWLRQV RI

WKH FXUUHQW VROXWLRQ [ KDYH EHHQ DOUHDG\

H[DPLQHG �L�H�� LI WKHUH LV QR EHWWHU VROXWLRQ

DPRQJ WKH H[DPLQHG N QHLJKERUKRRG VROXWLRQV��

VWRS WKH ORFDO VHDUFK SURFHGXUH IRU WKH FXUUHQW

VROXWLRQ [� 2WKHUZLVH� UHWXUQ WR 6WHS ��

7KLV SURFHGXUH LV WHUPLQDWHG ZKHQ QR EHWWHU VROXWLRQ LV

IRXQG DPRQJ N QHLJKERUKRRG VROXWLRQV WKDW DUH UDQGRPO\

VHOHFWHG IURP WKH QHLJKERUKRRG RI WKH FXUUHQW VROXWLRQ�

:H FDQ DGMXVW WKH EDODQFH EHWZHHQ WKH JHQHWLF JOREDO

VHDUFK DQG WKH ORFDO VHDUFK WKURXJK WKH YDOXH RI N� ,I ZH

VSHFLI\ N DV �=N � RXU 02*/6 DOJRULWKP LV LGHQWLFDO WR

WKH 02*$ EHFDXVH QR ORFDO VHDUFK LV H[HFXWHG LQ RXU

02*/6 DOJRULWKP�

��� (/,7,67 675$7(*<

2XU 02*/6 DOJRULWKP VHSDUDWHO\ VWRUHV WZR GLIIHUHQW VHWV

RI VROXWLRQV� D FXUUHQW SRSXODWLRQ DQG D WHQWDWLYH VHW RI

QRQGRPLQDWHG VROXWLRQV� $IWHU WKH ORFDO VHDUFK SURFHGXUH

LV DSSOLHG WR HDFK VROXWLRQ� WKH FXUUHQW SRSXODWLRQ LV

UHSODFHG ZLWK WKH LPSURYHG VROXWLRQV E\ WKH ORFDO VHDUFK

SURFHGXUH� 7KH WHQWDWLYH VHW RI QRQGRPLQDWHG VROXWLRQV LV

DOVR XSGDWHG E\ WKH LPSURYHG VROXWLRQV� 7KDW LV� LI D

VROXWLRQ REWDLQHG E\ WKH ORFDO VHDUFK SURFHGXUH LV QRW

GRPLQDWHG E\ DQ\ RWKHU VROXWLRQV LQ WKH LPSURYHG FXUUHQW

SRSXODWLRQ DQG WKH WHQWDWLYH VHW RI QRQGRPLQDWHG VROXWLRQV�

WKLV VROXWLRQ LV DGGHG WR WKH WHQWDWLYH VHW� 7KHQ DOO

VROXWLRQV GRPLQDWHG E\ WKH DGGHG RQH DUH UHPRYHG IURP

WKH WHQWDWLYH VHW� ,Q WKLV PDQQHU� WKH WHQWDWLYH VHW RI

QRQGRPLQDWHG VROXWLRQV LV XSGDWHG DW HYHU\ JHQHUDWLRQ LQ

RXU 02*/6 DOJRULWKP�

)URP WKH WHQWDWLYH VHW RI QRQGRPLQDWHG VROXWLRQV� D IHZ

VROXWLRQV DUH UDQGRPO\ VHOHFWHG DQG DGGHG WR WKH FXUUHQW

SRSXODWLRQ EHIRUH WKH ORFDO VHDUFK SURFHGXUH LV DSSOLHG

�VHH )LJXUH ��� 7KDW LV� WKH ORFDO VHDUFK SURFHGXUH LV

DSSOLHG WR WKH VHOHFWHG QRQGRPLQDWHG VROXWLRQV DV ZHOO DV

WKH JHQHUDWHG VROXWLRQV E\ WKH JHQHWLF RSHUDWLRQV� 7KH

GLUHFWLRQ RI WKH ORFDO VHDUFK �L�H�� ZHLJKW YDOXHV� IRU HDFK

QRQGRPLQDWHG VROXWLRQ LV GHWHUPLQHG E\ WKH ILWQHVV

IXQFWLRQ XVHG LQ WKH VHOHFWLRQ RI LWV SDUHQW VROXWLRQV� 7KH

UDQGRPO\ VHOHFWHG QRQGRPLQDWHG VROXWLRQV PD\ EH YLHZHG

DV HOLWH VROXWLRQV EHFDXVH WKH\ DUH DGGHG WR WKH FXUUHQW

SRSXODWLRQ ZLWK QR JHQHWLF RSHUDWLRQV�

��� 02*/6 $/*25,7+0

/HW XV GHQRWH WKH SRSXODWLRQ VL]H E\ SRS1 � :H DOVR

GHQRWH WKH QXPEHU RI QRQGRPLQDWHG VROXWLRQV DGGHG WR WKH

FXUUHQW SRSXODWLRQ E\ HOLWH1 �L�H�� HOLWH1 LV WKH QXPEHU

RI HOLWH VROXWLRQV� VHH )LJXUH ��� 8VLQJ WKHVH QRWDWLRQV� RXU

02*/6 DOJRULWKP FDQ EH ZULWWHQ DV IROORZV�



/RFDO

VHDUFK

(OLWH
VROXWLRQV

*HQHWLF

RSHUDWLRQV

&XUUHQW

SRSXODWLRQ

8SGDWH

1RQ�GRPLQDWHG

VROXWLRQV

1H[W

SRSXODWLRQ

8SGDWH

1RQ�GRPLQDWHG

VROXWLRQV

)LJXUH �� ,OOXVWUDWLRQ RI RXU 02*/6 DOJRULWKP�

6WHS �� ,QLWLDOL]DWLRQ� 5DQGRPO\ JHQHUDWH DQ LQLWLDO

SRSXODWLRQ RI SRS1 VROXWLRQV�

6WHS �� (YDOXDWLRQ� &DOFXODWH WKH YDOXHV RI WKH Q

REMHFWLYHV IRU HDFK VROXWLRQ LQ WKH FXUUHQW

SRSXODWLRQ� 7KHQ XSGDWH WKH WHQWDWLYH VHW RI

QRQGRPLQDWHG VROXWLRQV�

6WHS �� 6HOHFWLRQ� 5HSHDW WKH IROORZLQJ SURFHGXUHV WR

VHOHFW � HOLWHSRS 11 − � SDLUV RI SDUHQW VROXWLRQV�

D� 5DQGRPO\ VSHFLI\ WKH ZHLJKW YDOXHV �Z �

Q
ZZ ��� � LQ WKH ILWQHVV IXQFWLRQ ��� E\ ����

E� $FFRUGLQJ WR WKH IROORZLQJ VHOHFWLRQ

SUREDELOLW\ ��[3 � VHOHFW D SDLU RI SDUHQW

VROXWLRQV IURP WKH FXUUHQW SRSXODWLRQ Ψ �
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ZKHUH ��PLQ ΨI LV WKH PLQLPXP ILWQHVV

YDOXH LQ WKH FXUUHQW SRSXODWLRQ Ψ �

6WHS �� &URVVRYHU DQG 0XWDWLRQ� $SSO\ D FURVVRYHU

RSHUDWRU WR HDFK RI WKH VHOHFWHG � HOLWHSRS 11 − �

SDLUV RI SDUHQW VROXWLRQV� $ QHZ VROXWLRQ LV

JHQHUDWHG IURP HDFK SDLU RI SDUHQW VROXWLRQV�

7KHQ DSSO\ D PXWDWLRQ RSHUDWRU WR WKH JHQHUDWHG

QHZ VROXWLRQV�

6WHS �� (OLWLVW 6WUDWHJ\� 5DQGRPO\ VHOHFW HOLWH1

VROXWLRQV IURP WKH WHQWDWLYH VHW RI QRQGRPLQDWHG

VROXWLRQV� DQG DGG WKH VHOHFWHG HOLWH1 VROXWLRQV

WR WKH � HOLWHSRS 11 − � VROXWLRQV JHQHUDWHG LQ

6WHS � WR FRQVWUXFW D SRSXODWLRQ RI SRS1

VROXWLRQV�

6WHS �� /RFDO 6HDUFK� $SSO\ WKH ORFDO VHDUFK SURFHGXUH

LQ 6HFWLRQ ��� WR HDFK RI WKH SRS1 VROXWLRQV LQ

WKH FXUUHQW SRSXODWLRQ� 7KH ORFDO VHDUFK GLUHFWLRQ

IRU HDFK VROXWLRQ LV VSHFLILHG E\ WKH ZHLJKW YDOXHV

XVHG LQ WKH VHOHFWLRQ RI LWV SDUHQW VROXWLRQV� 7KH

FXUUHQW SRSXODWLRQ LV UHSODFHG ZLWK WKH SRS1

VROXWLRQV LPSURYHG E\ WKH ORFDO VHDUFK SURFHGXUH�

6WHS �� 7HUPLQDWLRQ 7HVW� ,I D SUHVSHFLILHG VWRSSLQJ

FRQGLWLRQ LV VDWLVILHG� HQG WKH DOJRULWKP�

2WKHUZLVH� UHWXUQ WR 6WHS ��

� &(//8/$5 $/*25,7+06

��� &(//6 :,7+:(,*+7 9(&7256

,Q FHOOXODU DOJRULWKPV� HDFK LQGLYLGXDO UHVLGHV LQ D FHOO LQ D

VSDWLDOO\ VWUXFWXUHG VSDFH �H�J�� WZR�GLPHQVLRQDO

JULG�ZRUOG�� )RU XWLOL]LQJ D FHOOXODU VWUXFWXUH LQ RXU

02*/6 DOJRULWKP� ZH DVVLJQ D GLIIHUHQW ZHLJKW YHFWRU WR

HDFK FHOO� 7KDW LV� HDFK FHOO KDV LWV RZQ ZHLJKW YHFWRU�

ZKLFK LV XVHG IRU JHQHUDWLQJ D QHZ LQGLYLGXDO IRU WKDW FHOO

LQ WKH VHOHFWLRQ DQG WKH ORFDO VHDUFK� )RU RXU Q�REMHFWLYH

RSWLPL]DWLRQ SUREOHP� FHOOV DUH VWUXFWXUHG LQ DQ

Q�GLPHQVLRQDO ZHLJKW VSDFH� )LJXUH � VKRZV DQ H[DPSOH

RI VWUXFWXUHG FHOOV IRU D WZR�GLPHQVLRQDO RSWLPL]DWLRQ

SUREOHP ZKHUH WKH ILWQHVV IXQFWLRQ ��[I LV GHILQHG E\

WZR ZHLJKWV �Z DQG �Z DV

������ ���� [[[ IZIZI += � ,Q WKLV ILJXUH� WKH SRSXODWLRQ

VL]H LV WHQ EHFDXVH DQ LQGLYLGXDO H[LVWV LQ HDFK FHOO� $V

VKRZQ LQ )LJXUH �� WKH ORFDWLRQ RI HDFK FHOO FRUUHVSRQGV WR

LWV ZHLJKW YHFWRU� :HLJKW YHFWRUV DUH XQLIRUPO\ VSHFLILHG

DFFRUGLQJ WR WKH SRSXODWLRQ VL]H� )RU H[DPSOH� ZHLJKW

YHFWRUV IRU �� LQGLYLGXDOV �L�H�� IRU �� FHOOV� DUH ����� �����

����� ����� ���� ����� �����
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)LJXUH �� /RFDWLRQ RI HDFK FHOO LQ WKH ZHLJKW VSDFH�

��� '(),1,7,21 2) 1(,*+%25+22'

:H FDQ LQWXLWLYHO\ GHILQH WKH QHLJKERUKRRG VWUXFWXUH

DPRQJ FHOOV� 7KDW LV� ZH FDQ XWLOL]H DQ\ GLVWDQFH EHWZHHQ

FHOOV LQ WKH Q�GLPHQVLRQDO VSDFH LQ ZKLFK FHOOV DUH

VWUXFWXUHG� )RU H[DPSOH� WKH (XFOLG GLVWDQFH FDQ EH XVHG

IRU PHDVXULQJ WKH GLVWDQFH EHWZHHQ FHOOV� ,Q WKLV SDSHU� WKH

QHLJKERUKRRG RI HDFK FHOO LV GHILQHG E\ LWV QHDUHVW



QHLJKERUN FHOOV �LQFOXGLQJ WKDW FHOO ZLWK ]HUR GLVWDQFH��

��� 6(/(&7,21 $1' /2&$/ 6($5&+

,Q RXU 02*/6 DOJRULWKP GHVFULEHG LQ 6HFWLRQ �� HDFK

VROXWLRQ KDV LWV RZQ ZHLJKW YHFWRU� ZKLFK ZDV XVHG IRU

VHOHFWLQJ LWV SDUHQW VROXWLRQV� ,Q RXU FHOOXODU

PXOWL�REMHFWLYH JHQHWLF ORFDO VHDUFK �&�02*/6�

DOJRULWKPV SURSRVHG LQ WKLV SDSHU� KRZHYHU� HDFK FHOO KDV

LWV RZQ ZHLJKW YHFWRU� $V VKRZQ LQ )LJXUH �� WKH ZHLJKW

YHFWRU DVVLJQHG WR HDFK FHOO FRUUHVSRQGV WR LWV ORFDWLRQ�

)RU JHQHUDWLQJ D QHZ LQGLYLGXDO IRU D FHOO E\ WKH JHQHWLF

RSHUDWLRQV� ZH XVH LWV ZHLJKW YHFWRU LQ WKH ILWQHVV IXQFWLRQ�

7KH VDPH ZHLJKW YHFWRU �L�H�� WKH VDPH ILWQHVV IXQFWLRQ� LV

DOVR XVHG IRU LPSURYLQJ WKH QHZO\ JHQHUDWHG LQGLYLGXDO E\

WKH ORFDO VHDUFK SURFHGXUH� 7KH ORFDO VHDUFK LV DSSOLHG WR

WKH LQGLYLGXDO JHQHUDWHG E\ WKH JHQHWLF RSHUDWLRQ LQ WKH

VDPH PDQQHU DV LQ RXU 02*/6 DOJRULWKP LQ 6HFWLRQ ��

7KH LPSURYHG LQGLYLGXDO LV WKH UHVLGHQW LQ WKH VDPH FHOO DW

WKH QH[W JHQHUDWLRQ�

7ZR SDUHQWV IRU JHQHUDWLQJ D QHZ LQGLYLGXDO LQ D FHOO DUH

VHOHFWHG IURP LWV QHLJKERUN QHLJKERUV �LQFOXGLQJ WKDW FHOO��

7KH ILWQHVV YDOXH RI HDFK QHLJKERU LV UHFDOFXODWHG EDVHG

RQ WKH ZHLJKW YHFWRU DVVLJQHG WR WKH FHOO IRU ZKLFK D QHZ

LQGLYLGXDO LV JHQHUDWHG� 7KDW LV� HDFK LQGLYLGXDO LV

GLIIHUHQWO\ HYDOXDWHG E\ WKLV UHFDOFXODWLRQ SURFHGXUH RI WKH

ILWQHVV IXQFWLRQ LQ WKH VHOHFWLRQ IRU HDFK FHOO�

� ,00,*5$7,21 352&('85(

)XUWKHUPRUH ZH H[WHQG WKH &�02*/6 DOJRULWKP WR D

FHOOXODU LPPLJUDWLYH PXOWL�REMHFWLYH JHQHWLF ORFDO VHDUFK

�&,�02*/� DOJRULWKP E\ UHORFDWLQJ QHZO\ JHQHUDWHG

LQGLYLGXDOV EDVHG RQ WKHLU ORFDWLRQV LQ WKH

PXOWL�GLPHQVLRQDO REMHFWLYH VSDFH� 7KDW LV� ZH LPPLJUDWH

HDFK LQGLYLGXDO WR DQ DSSURSULDWH FHOO DFFRUGLQJ WR LWV

PXOWLSOH REMHFWLYH YDOXHV� 7KLV SURFHGXUH LV DSSOLHG WR

LQGLYLGXDOV LQ WKH FXUUHQW SRSXODWLRQ EHIRUH WKH ORFDO

VHDUFK� 7KLV LV WR DVVLJQ DQ DSSURSULDWH ORFDO VHDUFK

GLUHFWLRQ WR HDFK LQGLYLGXDO JHQHUDWHG E\ WKH JHQHWLF

RSHUDWLRQV�

/HW XV LOOXVWUDWH WKH QHFHVVLW\ RI WKLV LPPLJUDWLRQ

SURFHGXUH XVLQJ )LJXUH �� /HW XV DVVXPH WKDW WZR

LQGLYLGXDOV LQGLFDWHG ODUJH RSHQ FLUFOHV LQ WKLV ILJXUH DUH

VHOHFWHG IRU JHQHUDWLQJ D QHZ LQGLYLGXDO IRU D FHOO ZLWK WKH

GHSLFWHG ZHLJKW YHFWRU� =Z ����� ����� 7KLV ZHLJKW YHFWRU

LV DOVR XVHG DV WKH ORFDO VHDUFK GLUHFWLRQ IRU D QHZ

LQGLYLGXDO JHQHUDWHG E\ WKH JHQHWLF RSHUDWLRQV IURP WKHVH

SDUHQWV� :KHQ D QHZ LQGLYLGXDO LV JHQHUDWHG DURXQG WKH

SDUHQWV �H�J�� $ LQ )LJXUH ��� WKH ZHLJKW YHFWRU =Z �����

���� LV DSSURSULDWH DV WKH ORFDO VHDUFK GLUHFWLRQ IRU WKH

QHZ LQGLYLGXDO� 2Q WKH FRQWUDU\� ZKHQ D QHZ LQGLYLGXDO LV

IDU IURP WKH SDUHQWV �H�J�� % LQ )LJXUH ��� WKH ZHLJKW

YHFWRU =Z ����� ���� LV QRW DSSURSULDWH DV WKH ORFDO VHDUFK

GLUHFWLRQ� $V ZH FDQ VHH IURP )LJXUH �� DQ DSSURSULDWH

ORFDO VHDUFK GLUHFWLRQ PD\ EH UHODWHG WR WKH ORFDWLRQ RI WKH

LQLWLDO VROXWLRQ IRU WKH ORFDO VHDUFK SURFHGXUH LQ WKH

PXOWL�GLPHQVLRQDO REMHFWLYH VSDFH� )RU H[DPSOH� D ZHLJKW

YHFWRU =Z ����� ���� VHHPV WR EH PXFK PRUH DSSURSULDWH

IRU WKH VROXWLRQ % WKDQ =Z ����� ���� LQ )LJXUH ��

%DVHG RQ WKH DERYH GLVFXVVLRQ� ZH FDQ UHORFDWH HDFK

LQGLYLGXDO JHQHUDWHG E\ WKH JHQHWLF RSHUDWLRQV WR DQ

DSSURSULDWH FHOO� 7KLV UHORFDWLRQ SURFHGXUH LV EDVHG RQ WKH

ORFDWLRQ RI HDFK LQGLYLGXDO LQ WKH REMHFWLYH VSDFH� )RU

UHORFDWLQJ DOO LQGLYLGXDOV LQ WKH FXUUHQW SRSXODWLRQ EHIRUH

WKH ORFDO VHDUFK SURFHGXUH� ZH QXPEHU HDFK LQGLYLGXDO

DFFRUGLQJ WR LWV ORFDWLRQ LQ WKH REMHFWLYH VSDFH� )RU WKH

VLPSOLFLW\ RI H[SODQDWLRQ RI WKH LPPLJUDWLRQ SURFHGXUH�

ZH DVVXPH WKDW RXU PXOWL�REMHFWLYH RSWLPL]DWLRQ SUREOHP

KDV WZR REMHFWLYHV ��� [I DQG ��� [I � 7KH IROORZLQJ

SURFHGXUH LV XVHG IRU QXPEHULQJ WKH VROXWLRQV�

>1XPEHULQJ 3URFHGXUH@

/HW
[

3 EH WKH ORFDWLRQ RI WKH VROXWLRQ [ LQ WKH

WZR�GLPHQVLRQDO REMHFWLYH VSDFH� L�H��

=
[

3 ������� �� [[ II � &DOFXODWH WKH DQJOH ��[θ EHWZHHQ

WKH ��� [I D[LV RI WKH REMHFWLYH VSDFH DQG WKH OLQH
[

23

ZKHUH 2 LV WKH RULJLQ RI WKH REMHFWLYH VSDFH� 7KH DQJOH

��[θ LV REWDLQHG IURP WKH IROORZLQJ UHODWLRQ�

��

��
��WDQ

�

�

[

[

[

I

I=θ � ���

$V VKRZQ LQ WKH OHIW ILJXUH LQ )LJXUH �� ZH QXPEHU WKH

LQGLYLGXDOV LQ WKH FXUUHQW SRSXODWLRQ IURP � WR SRS1 LQ

DQ LQFUHDVLQJ RUGHU RI ��[θ ZKHUH SRS1 LV WKH

SRSXODWLRQ VL]H� (DFK LQGLYLGXDO LV LPPLJUDWHG WR WKH FHOO

ZLWK WKH VDPH QXPEHU �FRPSDUH )LJXUH � ZLWK )LJXUH ���

,W VKRXOG EH QRWHG WKDW HDFK FHOO KDV LWV RZQ QXPEHU

DVVLJQHG LQ D VLPLODU PHFKDQLVP DV VKRZQ LQ )LJXUH ��

� 6HOHFWHG SDUHQW VROXWLRQV

$

%:HLJKW YHFWRU

'HVLUHG VHDUFK

DUHD IRU %

'HVLUHG VHDUFK DUHD

IRU $

� *HQHUDWHG QHZ VROXWLRQV

��� [I

��� [I

)LJXUH �� 6HDUFK 'LUHFWLRQ�
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)LJXUH �� 6SHFLILFDWLRQ RI DQ DSSURSULDWH ORFDO VHDUFK GLUHFWLRQ IRU HDFK LQGLYLGXDO�

� &20387(5 6,08/$7,216

��� 7(67 352%/(06

:H DSSOLHG WKH SURSRVHG &,�02*/6 DOJRULWKP DQG LWV

YDULDQWV WR IORZVKRS VFKHGXOLQJ SUREOHPV� )ORZVKRS

VFKHGXOLQJ LV RQH RI WKH PRVW ZHOO�NQRZQ VFKHGXOLQJ

SUREOHPV� 6LQFH -RKQVRQ¶V ZRUN ������� YDULRXV

VFKHGXOLQJ FULWHULD KDYH EHHQ FRQVLGHUHG� $PRQJ WKHP DUH

PDNHVSDQ� PD[LPXP WDUGLQHVV� WRWDO WDUGLQHVV� DQG WRWDO

IORZWLPH� 6HYHUDO UHVHDUFKHUV H[WHQGHG VLQJOH�REMHFWLYH

IORZVKRS VFKHGXOLQJ SUREOHPV WR PXOWL�REMHFWLYH

SUREOHPV �VHH� IRU H[DPSOH� 'DQLHOV 	 &KDPEHUV ������

,Q WKLV SDSHU� ZH XVH WKH PDNHVSDQ DQG WKH WRWDO WDUGLQHVV

DV WZR VFKHGXOLQJ FULWHULD LQ RXU IORZVKRS VFKHGXOLQJ

SUREOHPV� 7KH PDNHVSDQ LV WKH PD[LPXP FRPSOHWLRQ WLPH

RI DOO MREV WR EH SURFHVVHG� 7KH WRWDO WDUGLQHVV LV WKH WRWDO

RYHUGXH RI DOO MREV� /HW ��� [J DQG ��� [J EH WKH

PDNHVSDQ DQG WKH WRWDO WDUGLQHVV� 6LQFH WKHVH VFKHGXOLQJ

FULWHULD DUH WR EH PLQLPL]HG� ZH VSHFLI\ WKH WZR REMHFWLYHV

��� [I DQG ��� [I RI RXU IORZVKRS VFKHGXOLQJ DV

=��� [I ��� [J− DQG ���� �� [[ JI −= �

6LQFH IORZVKRS VFKHGXOLQJ LV WR ILQG D MRE SHUPXWDWLRQ

WKDW RSWLPL]HV WKH JLYHQ REMHFWLYHV� $ VHTXHQFH RI MREV LV

KDQGOHG DV DQ LQGLYLGXDO �L�H�� DV D VWULQJ� LQ RXU DOJRULWKP�

$V WHVW SUREOHPV� ZH JHQHUDWHG WHQ ���MRE DQG

���PDFKLQH IORZVKRS VFKHGXOLQJ SUREOHPV� 7KH

SURFHVVLQJ WLPH RI HDFK MRE RQ HDFK PDFKLQH ZDV

VSHFLILHG DV D UDQGRP LQWHJHU LQ WKH LQWHUYDO >�� ��@� DQG

WKH GXHGDWH RI HDFK MRE ZDV GHILQHG UDQGRPO\� 2XU WDVN LV

WR ILQG D VHW RI 3DUHWR�RSWLPDO VROXWLRQV RI HDFK WHVW

SUREOHP� ,Q RXU FRPSXWHU VLPXODWLRQV� HDFK VROXWLRQ [ ZDV

UHSUHVHQWHG E\ D SHUPXWDWLRQ RI �� MREV�

��� 48$/,7< 0($685(6 2) 62/87,21 6(76

6LQFH PXOWL�REMHFWLYH DOJRULWKPV ILQG D VHW RI

QRQGRPLQDWHG VROXWLRQV ZLWK UHVSHFW WR PXOWLSOH

REMHFWLYHV �QRW D VLQJOH ILQDO VROXWLRQ ZLWK UHVSHFW WR D

VLQJOH REMHFWLYH�� WKH FRPSDULVRQ EHWZHHQ GLIIHUHQW

PXOWL�REMHFWLYH DOJRULWKPV LV QRW HDV\� )RU WKLV SXUSRVH�

ZH XVH WKH IROORZLQJ PHDVXUHV IRU HYDOXDWLQJ WKH TXDOLW\

RI D VROXWLRQ VHW REWDLQHG E\ HDFK DOJRULWKP�

�� 7KH QXPEHU RI REWDLQHG QRQGRPLQDWHG VROXWLRQV

7KH QXPEHU RI QRQGRPLQDWHG VROXWLRQV REWDLQHG E\

HDFK DOJRULWKP LV D PHDVXUH WR HYDOXDWH WKH YDULHW\ RI

WKH VROXWLRQ VHW�

�� 7KH QXPEHU RI VROXWLRQV WKDW DUH QRW GRPLQDWHG E\

RWKHU VROXWLRQ VHWV

)RU FRPSDULQJ GLIIHUHQW VROXWLRQ VHWV ZLWK RQH DQRWKHU�

ZH H[DPLQH ZKHWKHU HDFK VROXWLRQ LV GRPLQDWHG E\ DQ\

RWKHU VROXWLRQV LQ RWKHU VHWV� ,I D VROXWLRQ LV GRPLQDWHG

E\ DQRWKHU VROXWLRQ� ZH UHPRYH WKDW VROXWLRQ� ,Q WKLV

PDQQHU� ZH UHPRYH VROXWLRQV GRPLQDWHG E\ RWKHU

VROXWLRQ VHWV� 7KH QXPEHU RI UHPDLQLQJ VROXWLRQV LQ

HDFK VROXWLRQ VHW LV D PHDVXUH IRU HYDOXDWLQJ LWV UHODWLYH

TXDOLW\ ZLWK UHVSHFW WR WKH RWKHU VROXWLRQ VHWV�

�� 6HW TXDOLW\ PHDVXUH SURSRVHG E\ (VEHQVHQ ������

(VEHQVHQ ������ SURSRVHG DQ HYDOXDWLRQ PHWKRG RI WKH

TXDOLW\ RI D VROXWLRQ VHW� /HW XV GHQRWH D VROXWLRQ VHW E\

Ω � 7KH EHVW VROXWLRQ [ IRU D JLYHQ ZHLJKW YHFWRU

��� �� ZZ=Z FDQ EH FKRVHQ IURP Ω IRU WKH

WZR�REMHFWLYH RSWLPL]DWLRQ SUREOHP DV IROORZV�

������ ���� [[[ IZIZI +=
`_����PD[^ ���� Ω∈+= [[[ IZIZ � ����

(VEHQVHQ ������ SURSRVHG DQ LGHD RI PHDVXULQJ WKH

TXDOLW\ RI WKH VROXWLRQ VHW Ω E\ FDOFXODWLQJ WKH

H[SHFWHG YDOXH RI ��[I RYHU SRVVLEOH ZHLJKW

YHFWRUV� ,Q WKLV SDSHU� ZH FDOFXODWH WKH H[SHFWHG YDOXH

RI ��[I E\ UDQGRPO\ JHQHUDWLQJ ������ ZHLJKW

YHFWRUV E\ ���� 7KDW LV� WKH TXDOLW\ RI WKH VROXWLRQ VHW

Ω LV FDOFXODWHG DV IROORZV�
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ZKHUH ��ΩT LV WKH TXDOLW\ RI WKH VROXWLRQ VHW Ω DQG

���
��

LLL ZZ=Z � ���������� �=L DUH UDQGRPO\

VSHFLILHG ZHLJKW YHFWRUV�

�� 0D[LPXP GLVWDQFH EHWZHHQ WZR VROXWLRQV

7KH PD[LPXP GLVWDQFH EHWZHHQ WZR VROXWLRQV LQ WKH

VROXWLRQ VHW VKRZV LWV YDULHW\ �L�H�� WKH VSUHDG RI

VROXWLRQV LQ WKH PXOWL�GLPHQVLRQDO REMHFWLYH VSDFH��

7KLV LV GHILQHG IRU D VROXWLRQ VHW Ω DV
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��� 6,08/$7,21 5(68/76

,Q RXU FRPSXWHU VLPXODWLRQV� ZH HPSOR\HG WKH IROORZLQJ

SDUDPHWHU VSHFLILFDWLRQV LQ HDFK DOJRULWKP�

3RSXODWLRQ VL]H� ���SRS =1 �L�H�� ��� FHOOV��

&URVVRYHU� 7ZR�SRLQW RUGHU FURVVRYHU

�FURVVRYHU UDWH� �����

0XWDWLRQ� 6KLIW PXWDWLRQ �PXWDWLRQ UDWH� �����

1XPEHU RI HOLWH VROXWLRQV� �HOLWH =1 �

1HLJKERUKRRG VWUXFWXUH IRU WKH ORFDO VHDUFK� 6KLIW�

7KH VWRSSLQJ FRQGLWLRQ IRU WKH ORFDO VHDUFK LQ 6HFWLRQ ����

��=N �

7KH QXPEHU RI QHLJKERULQJ FHOOV�

=QHLJKN �� ��� ��� ��� ��

6WRSSLQJ FRQGLWLRQ� ([DPLQDWLRQ RI ������ VROXWLRQV�

:H XVHG WKH DERYH VWRSSLQJ FRQGLWLRQ LQ RUGHU WR FRPSDUH

GLIIHUHQW DOJRULWKPV XQGHU WKH VDPH FRPSXWDWLRQ ORDG� ,Q D

VLQJOH WULDO RI HDFK DOJRULWKP� ������ VROXWLRQV ZHUH

H[DPLQHG� 6LQFH WKH SRSXODWLRQ VL]H ZDV ���� ZH XVHG ���

FHOOV� 7KH ZHLJKW YHFWRUV RI WKHVH FHOOV ZHUH VSHFLILHG DV

== ��� �� ZZZ ������ ������ ������ ������ ���� ������ ������

:H H[DPLQHG HIIHFWV RI VHYHUDO HOHPHQWV RI WKH SURSRVHG

DOJRULWKPV RQ WKH TXDOLW\ RI VROXWLRQV LQ WKH IROORZLQJ�

��� (IIHFW RI WKH FHOOXODU VWUXFWXUH

:H H[DPLQHG WKH HIIHFW RI WKH LQWURGXFWLRQ RI WKH FHOOXODU

VWUXFWXUH �L�H�� WKH ORFDOO\ UHVWULFWHG JHQHWLF RSHUDWLRQV��

:H FRPSDUHG WKH REWDLQHG VHW RI QRQGRPLQDWHG VROXWLRQV

E\ WKH 02*$ ZLWK WKDW E\ WKH &�02*$ ZLWK

��QHLJKERU =N �

,Q 7DEOH �� ZH VXPPDUL]H WKH DYHUDJH UHVXOWV RYHU ���

WULDOV IRU HDFK DOJRULWKP �L�H� �� WULDOV IRU HDFK RI �� WHVW

SUREOHPV�� ,Q WKLV WDEOH� ³$´ LV WKH QXPEHU RI

QRQGRPLQDWHG VROXWLRQV REWDLQHG E\ HDFK DOJRULWKP� DQG

³%´ LV WKH QXPEHU RI VROXWLRQV WKDW DUH QRW GRPLQDWHG E\

RWKHU VROXWLRQV REWDLQHG E\ WKH RWKHU DOJRULWKP� 7KH UDWLR

RI WKHVH WZR QXPEHUV LV VKRZQ LQ WKH FROXPQ RI %�$�

³4XDOLW\´ LV WKH VHW TXDOLW\ PHDVXUH RI (VEHQVHQ� ³6' RI

4´ VKRZV WKH VWDQGDUG GHYLDWLRQ RI WKH YDOXH RI 4XDOLW\�

DQG ³'´ LV WKH PD[LPXP (XFOLG GLVWDQFH EHWZHHQ WZR

VROXWLRQV LQ WKH REWDLQHG VROXWLRQ VHW E\ HDFK DOJRULWKP�

$V IRU WKH FDOFXODWLRQ RI ³6' RI 4´� ZH DYHUDJH WKH

VWDQGDUG GHYLDWLRQ IRU HDFK RI WHQ WHVW SUREOHPV�

)URP 7DEOH �� ZH FDQ VHH WKDW PRVW VROXWLRQV REWDLQHG E\

WKH 02*$ DUH GRPLQDWHG E\ VROXWLRQV REWDLQHG E\ WKH

&�02*$� 7KXV ZH FDQ FRQFOXGH WKDW WKH &�02*$

RXWSHUIRUPHG WKH 02*$� DQG WKH VWDQGDUG GHYLDWLRQ RI

4XDOLW\ YDOXH IRU WKH &�02*$ LV PXFK OHVV WKDQ WKDW IRU

WKH 02*$� 7KLV VKRZV WKDW WKH LQWURGXFWLRQ RI WKH

FHOOXODU VWUXFWXUH LQ WKH 02*$ LPSURYHV WKH SHUIRUPDQFH

RI WKH 02*$� 7DEOH � VKRZV WKH DYHUDJH UHVXOWV RYHU ���

WULDOV IRU HDFK VSHFLILFDWLRQ RI QHLJKERUN LQ WKH &�02*$�

)URP WKLV WDEOH� ZH FDQ VHH WKDW WKH SHUIRUPDQFH RI WKH

&�02*$ LV QRW VHQVLWLYH WR WKH VSHFLILFDWLRQ RI QHLJKERUN �

:H VSHFLILHG QHLJKERUN DV ��QHLJKERU =N LQ WKH

IROORZLQJ H[SHULPHQWV IRU WKH FHOOXODU JHQHWLF DOJRULWKPV�

��� (IIHFW RI WKH ORFDO VHDUFK SURFHGXUH

:H H[DPLQHG WKH HIIHFW RI WKH K\EULGL]DWLRQ ZLWK WKH ORFDO

VHDUFK SURFHGXUH� :H DSSOLHG WKH 02*$� WKH 02*/6�

WKH &�02*$� DQG WKH &�02*/6 WR WKH WHVW SUREOHPV LQ

WKH VDPH PDQQHU DV LQ WKH SUHYLRXV H[SHULPHQWV�

6LPXODWLRQ UHVXOWV DUH VKRZQ LQ 7DEOH �� :H FDQ VHH WKDW

WKH LQWURGXFWLRQ RI WKH ORFDO VHDUFK SURFHGXUH LPSURYHG

WKH TXDOLW\ PHDVXUH RI (VEHQVHQ �³4XDOLW\´ DQG ³6' RI

4´ LQ 7DEOH ��� 1HYHUWKHOHVV WKH EHVW VXUYLYDO UDWH �L�H�

%�$� ZDV REWDLQHG E\ WKH &�02*$� 7KLV PD\ EH EHFDXVH

WKH ORFDO VHDUFK SURFHGXUH PDLQO\ ZRUNHG IRU H[SDQGLQJ

WKH UDQJH RI VROXWLRQ VHWV DV VXJJHVWHG E\ WKH ODVW FROXPQ

RI 7DEOH ��

7DEOH �� &RPSDULVRQ RI 02*$ ZLWK &�02*$�

$ % %�$ 4XDOLW\ 6' RI 4 '

02*$ ���� ��� ����� ������� ���� ������

&�02*$ ���� ���� ����� ������ ���� ������

$� 7KH QXPEHU RI QRQGRPLQDWHG VROXWLRQV RI WKH PHWKRG�

%� 7KH QXPEHU RI QRQGRPLQDWHG VROXWLRQV WKDW DUH QRW GRPLQDWHG E\ WKH

RWKHU VROXWLRQV REWDLQHG E\ WKH RWKHU PHWKRG�

4XDOLW\� 6HW TXDOLW\ PHDVXUH RI (VEHQVHQ�

6' RI 4� 6WDQGDUG GHYLDWLRQ RI 4XDOLW\�

'� (XFOLG GLVWDQFH EHWZHHQ WZR H[WUHPH VROXWLRQV RI WKH PHWKRG�

7DEOH �� (IIHFW RI WKH FKRLFH RI QHLJKERUN LQ &�02*$�

� �� �� �� ��

4XDOLW\ ������� ������ ������ ������ ������



7DEOH �� (IIHFW RI WKH ORFDO VHDUFK�

$ % %�$ 4XDOLW\ 6' RI 4 '

02*$ ���� ��� ����� ������� ���� ������

02*/6 ���� ��� ����� ������ ���� ������

&�02*$ ���� ��� ����� ������ ���� ������

&�02*/6 ���� ��� ����� ������ ���� ������

7DEOH �� (IIHFW RI LPPLJUDWLRQ�

$ % %�$ 4XDOLW\ 6' RI 4 '

&�02*$ ���� ��� ����� ������ ���� ������

&�02*/6 ���� ��� ����� ������ ���� ������

&,�02*$ ���� ���� ����� ������ ���� ������

&,�02*/6 ���� ��� ����� ������ ���� ������

��� (IIHFW RI WKH LPPLJUDWLRQ SURFHGXUH�

:H H[DPLQHG WKH SHUIRUPDQFH RI &�02*$� &�02*/6�

&,�02*$� DQG &,�02*/6 XVLQJ WKH VDPH WHVW SUREOHPV�

6LPXODWLRQ UHVXOWV DUH VXPPDUL]HG LQ 7DEOH �� :H FDQ VHH

WKDW WKH LPPLJUDWLRQ SURFHGXUH LV HIIHFWLYH EHFDXVH WKH

RYHUDOO SHUIRUPDQFH RI WKH &,�02*$ DQG &,�02*/6

DUH EHWWHU WKDQ WKRVH RI WKH &�02*$ DQG &�02*/6�

UHVSHFWLYHO\� 7KH EHVW TXDOLW\ YDOXH DQG WKH EHVW GLVWDQFH

YDOXH ZHUH REWDLQHG E\ WKH &,�02*/6 ZKLOH WKH EHVW

VXUYLYDO UDWH �L�H� %�$� ZDV REWDLQHG E\ WKH &,�02*$�

� &21&/86,21

,Q WKLV SDSHU� ZH SURSRVHG D FHOOXODU PXOWL�REMHFWLYH

JHQHWLF ORFDO VHDUFK �&�02*/6� DOJRULWKP� ZKLFK LV DQ

H[WHQVLRQ RI D PXOWL�REMHFWLYH JHQHWLF ORFDO VHDUFK

�02*/6� DOJRULWKP LQ RXU IRUPHU VWXG\ �,VKLEXFKL 	

0XUDWD ������ ,Q WKH SURSRVHG &�02*/6 DOJRULWKP� HDFK

LQGLYLGXDO LV ORFDWHG LQ D FHOO ZLWK D GLIIHUHQW ZHLJKW

YHFWRU� 7KLV ZHLJKW YHFWRU JRYHUQV WKH VHOHFWLRQ RSHUDWLRQ

DQG WKH ORFDO VHDUFK SURFHGXUH DW WKDW FHOO� 7KH VHOHFWLRQ LV

SHUIRUPHG LQ WKH QHLJKERUKRRG RI HDFK FHOO� :H DOVR

H[WHQGHG WKH SURSRVHG &�02*/6 DOJRULWKP E\

LQWURGXFLQJ D UHORFDWLRQ SURFHGXUH IRU DVVLJQLQJ DQ

DSSURSULDWH ORFDO VHDUFK GLUHFWLRQ WR HDFK VROXWLRQ� 7KH

HIIHFWLYHQHVV RI WKH SURSRVHG DOJRULWKPV ZDV

GHPRQVWUDWHG E\ FRPSXWHU VLPXODWLRQV RQ WZR�REMHFWLYH

IORZVKRS VFKHGXOLQJ SUREOHPV� 7KH LPSOHPHQWDWLRQ RI WKH

SURSRVHG DOJRULWKPV IRU RSWLPL]DWLRQ SUREOHPV ZLWK WKUHH

RU PRUH REMHFWLYHV LV OHIW IRU IXWXUH ZRUN�

5HIHUHQFHV

5�/�'DQLHOV DQG 5�-�&KDPEHUV ������� 0XOWLREMHFWLYH IORZ�VKRS

VFKHGXOLQJ� 1DYDO 5HVHDUFK /RJLVWLFV ��� ��������

/� $� 'XJDWNLQ DQG 0� 0HVWHUWRQ�*LEERQV ������� &RRSHUDWLRQ

DPRQJ XQUHODWHG LQGLYLGXDOV� 5HFLSURFDO DOWUXLVP� E\�SURGXFW

PXWXDOLVP DQG JURXS VHOHFWLRQ LQ ILVKHV� %LR6\VWHPV� ��� ������

+�(VEHQVHQ ������� 'HILQLQJ VROXWLRQ VHW TXDOLW\� 0HPRUDQGXP

�1R�8&%�(5/ 0����� (OHFWULF 5HVHDUFK /DERUDWRU\� &ROOHJH RI

(QJLQHHULQJ� 8QLYHUVLW\ RI &DOLIRUQLD� %HUNHOH\� 86$� -DQXDU\�

������

&� 0� )RQVHFD DQG 3� -� )OHPLQJ ������� $Q RYHUYLHZ RI

HYROXWLRQDU\ DOJRULWKPV LQ PXOWLREMHFWLYH RSWLPL]DWLRQ�

(YROXWLRQDU\ &RPSXWDWLRQ �� �����

'�(�*ROGEHUJ ������� *HQHWLF $OJRULWKPV LQ 6HDUFK� 2SWLPL]DWLRQ�

DQG 0DFKLQH /HDUQLQJ� 5HDGLQJ� 0$� $GGLVRQ�:HVOH\�

3� *ULP ������� 6SDWLDOL]DWLRQ DQG JUHDWHU JHQHURVLW\ LQ WKH

VWRFKDVWLF 3ULVRQHU¶V 'LOHPPD� %LR6\VWHPV� ��� �����

-�+RUQ� 1�1DISOLRWLV DQG '�(�*ROGEHUJ ������� $ QLFKHG 3DUHWR

JHQHWLF DOJRULWKP IRU PXOWL�REMHFWLYH RSWLPL]DWLRQ� 3URF� RI �VW

,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ (YROXWLRQDU\ &RPSXWDWLRQ�

������

+�,VKLEXFKL DQG 7�0XUDWD ������� $ PXOWL�REMHFWLYH JHQHWLF ORFDO

VHDUFK DOJRULWKPV DQG LWV DSSOLFDWLRQ WR IORZVKRS VFKHGXOLQJ� ,(((

7UDQV� RQ 6\VWHP� 0DQ� DQG &\EHUQHWLFV� 3DUW &� �� ���� ��������

+� ,VKLEXFKL� 7� 1DNDUL� DQG 7� 1DNDVKLPD ������� (YROXWLRQ RI

6WUDWHJLHV LQ 6SDWLDO ,3' *DPHV ZLWK 6WUXFWXUHG 'HPHV� 3URF� RI

*(&&2����� �LQ WKLV SURFHHGLQJV��

6�0�-RKQVRQ ������� 2SWLPDO WZR� DQG WKUHH�VWDJH SURGXFWLRQ

VFKHGXOHV ZLWK VHWXS WLPHV LQFOXGHG� 1DYDO 5HVHDUFK /RJLVWLFV

4XDUWHUO\ � ���� ������

)�.XUVDZH ������� $ YDULDQW RI HYROXWLRQ VWUDWHJLHV IRU YHFWRU

RSWLPL]DWLRQ� ,Q +��3�6FKZHIHO DQG 5�0lQQHU �(GV��� 3DUDOOHO

3UREOHP 6ROYLQJ IURP 1DWXUH� �������� %HUOLQ� 6SULQJHU�9HUODJ�

%�0DQGHULFN DQG 3�6SLHVVHQV ������� )LQH�JUDLQHG SDUDOOHO JHQHWLF

DOJRULWKPV� 3URF� RI �UG ,QWHUQDWLRQDO &RQIHUHQFH RQ *HQHWLF

$OJRULWKPV� ��������

7�0XUDWD DQG +�,VKLEXFKL ������� 02*$� 0XOWL�REMHFWLYH JHQHWLF

DOJRULWKPV� 3URF� RI �QG ,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ

(YROXWLRQDU\ &RPSXWLQJ� ��������

7�0XUDWD� +�,VKLEXFKL� DQG 0�*HQ ������� 6SHFLILFDWLRQ RI ORFDO

VHDUFK GLUHFWLRQV LQ JHQHWLF ORFDO VHDUFK DOJRULWKPV IRU

PXOWL�REMHFWLYH RSWLPL]DWLRQ SUREOHPV� 3URF� RI WKH *HQHWLF DQG

(YROXWLRQDU\ &RPSXWDWLRQ &RQIHUHQFH ����� ��������

0� $� 1RZDN DQG 0� 0D\ ������� (YROXWLRQDU\ JDPHV DQG VSDWLDO

FKDRV� 1DWXUH� ���� ��������

-�'�6FKDIIHU ������� 0XOWL�REMHFWLYH RSWLPL]DWLRQ ZLWK YHFWRU

HYDOXDWHG JHQHWLF DOJRULWKPV� 3URF� RI �VW ,QWHUQDWLRQDO &RQIHUHQFH

RQ *HQHWLF $OJRULWKPV� �������

0� 2OLSKDQW ������� (YROYLQJ FRRSHUDWLRQ LQ WKH QRQ�LWHUDWHG

3ULVRQHU¶V 'LOHPPD� 7KH LPSRUWDQFH RI VSDWLDO RUJDQL]DWLRQ� LQ 5�

$� %URRNV DQG 3� 0DHV �HGV��� $UWLILFLDO /LIH ,9 �0,7 3UHVV�

&DPEULGJH�� ��������

'� :KLWOH\ ������� &HOOXODU *HQHWLF $OJRULWKPV� 3URF� RI �WK

,QWHUQDWLRQDO &RQIHUHQFH RQ *HQHWLF $OJRULWKPV� ����

'� 6� :LOVRQ ������� 6WUXFWXUHG GHPHV DQG WKH HYROXWLRQ RI

JURXS�DGYDQWDJHRXV WUDLWV� 7KH $PHULFDQ 1DWXUDOLVW� ��� ������

��������

'� 6� :LOVRQ� *� %� 3ROORFN� DQG /� $� 'XJDWNLQ ������� &DQ

DOWUXLVP HYROYH LQ SXUHO\ YLVFRXV SRSXODWLRQV" (YROXWLRQDU\

(FRORJ\� �� ��������

(� =LW]OHU DQG /� 7KLHOH ������� 0XOWLREMHFWLYH HYROXWLRQDU\

DOJRULWKPV� $ FRPSDUDWLYH FDVH VWXG\ DQG WKH VWUHQJWK 3DUHWR

$SSURDFK� ,((( 7UDQV� RQ (YROXWLRQDU\ &RPSXWDWLRQ �� ��������


