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Abstract

State justi�cation is one of the most time-
consuming tasks in sequential Automatic
Test Pattern Generation (ATPG). For states
that are diÆcult to justify, deterministic al-
gorithms take signi�cant CPU time without
much success most of the time. In this work,
we adopt a hybrid approach for state justi-
�cation. A new method based on Genetic
Algorithms is proposed, in which we engi-
neer state justi�cation sequences vector by
vector. The proposed method is compared
with previous GA-based approaches. Signif-
icant improvements have been obtained for
ISCAS benchmark circuits in terms of state
coverage and CPU time.

1 Introduction

With today's technology, it is possible to build very
large systems containing millions of transistors on
a single integrated circuit. Designing such large
and complex systems while meeting stringent cost
and time-to-market constraints requires the use of
computer-aided-design (CAD) tools. Increasing com-
plexity of digital circuits in very large scale integra-
tion (VLSI) environment requires more eÆcient algo-
rithms to support the operations performed by CAD
tools [1]. Testing of integrated circuits is an impor-
tant area which nowadays accounts for a signi�cant
percentage of the total design and production costs of
ICs. For this reason, a large amount of research e�orts
have been invested in the last decade in the develop-
ment of more eÆcient algorithms for the Automatic
Test Pattern Generation (ATPG) for digital circuits
[2]. In order to obtain acceptably high quality tests,
design for testability (DFT) techniques are in use [3].
The �rst technique, called full-scan design, can be used

to reduce the sequential test generation problem to a
less diÆcult combinational test generation problem. In
this technique, all memory elements are chained into
shift registers so that they can be set to desired val-
ues and observed by shifting test patterns in and out.
In large circuits however, this technique adversely af-
fects the test application time as all the test vectors
have to be scanned in and out of the ip-ops. More-
over, all of the memory elements may not be scanable
in a given circuit [4]. In order to alleviate the test
complexity, a second technique, called partial-scan de-

sign, is employed. This involves scanning a selected
set of memory elements. Both these methods can add
10-20% hardware overhead. In case of a full scan de-
sign, a combinational test generator can be used to
obtain tests. However, a sequential test generator is
necessary in case of a partial scan or no-scan design
[4]. The goal in this work is to use Genetic Algo-
rithms (GAs) for generating sequences that will help
the Automatic Test Pattern Generator (ATPG) in de-
tecting more faults by reaching speci�c states. GAs
are very well suited for optimization and search prob-
lems [5]. Several ATPGs have been reported which
use genetic algorithms for simulation-based test gen-
eration. A good comparison is given in [3]. The main
advantage of GA-based ATPGs, as compared to other
approaches, is their ability to cover a larger search
space in lower CPU time. This improves the fault cov-
erage and makes these ATPGs capable of dealing with
larger circuits. On the other hand, the main draw-
back consists in their inability to identify untestable
faults [2]. Deterministic algorithms for combinational
circuit test generation have proven to be more e�ec-
tive than genetic algorithms [6]. Higher fault cover-
ages are obtained, and the execution time is signi�-
cantly smaller. However, state justi�cation using de-
terministic algorithms is a diÆcult problem, especially
if design and tester constraints are considered [7]. In
simulation-based ATPGs, the search proceeds in the
forward direction only. Hence there are no backtracks
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and state justi�cation is easier as compared to deter-
ministic ATPGs. In this work, a hybrid state justi�-
cation approach is proposed, where both deterministic
and genetic-based algorithms are employed. In eval-
uating this approach, we will conduct experiments in
which a deterministic test generator will be employed
initially. Untestable faults will be identi�ed. The
states which could not be reached in this phase, will
be attempted in a genetic phase for state justi�cation.
Since Genetic Algorithms have been used successfully
for combining useful portions of several candidate so-
lutions to a given problem [5], we will try to genetically
engineer sequences which justify the leftover states. In
[8], Genetic Algorithms have been used for state jus-
ti�cation. The length of the sequence was a function
of the structural sequential depth of the circuit, where
sequential depth is de�ned as the minimum number
of ip-ops in a path between the primary inputs and
the farthest gate. In case of feed-back loops, the struc-
tural sequential depth may not give a correct estimate
of the number of vectors required for justifying a given
state. Thus, if a state requires longer justi�cation se-
quence, it will not be justi�ed. The approach also does
not take into account the quality of intermediate states
reached and evaluates a chromosome only on the basis
of the �nal state reached. In this work, we will use
an incremental approach in which the length of the se-
quences will be dynamic. State justi�cation sequences
will be genetically engineered vector by vector. Even if
some state remains unjusti�ed after the genetic phase,
the best sequence obtained in a given number of gen-
erations will be viewed as a partial solution. The de-
terminisitc ATPG will be seeded with this sequence
so that it may become able to reach previously un-
visited regions of the search space. The remainder of
this paper is organized as follows: Section 2 discusses
application of genetic algorithms to sequential ATPG.
In Section 3, genetic-based state justi�cation is pre-
sented. Experimental results are given in Section 4.
Section 5 concludes the paper.

2 Sequential ATPG and Genetic

Algorithms

The goal of sequential circuit ATPG using the single
stuck-at fault (SSF) model is to derive an input vec-
tor sequence such that, upon application of this input
vector sequence, we obtain di�erent output responses
between the fault-free and faulty circuits. The SSF
model is an abstraction of defects in a circuit which
cause a single line connecting components to be per-
manently stuck either at logic 0 or logic 1 [9]. In this
work, we assume the SSF model.

2.1 Complexity of sequential ATPG

Sequential ATPG is a much more complex process
than combinational ATPG due to signal dependencies
across multiple time frames [10]. It has been shown
in [11] that the test generation problem for combina-
tional circuits is NP-complete. The search space is of
the order of 2n, where 'n' is the number of inputs. For
sequential circuit ATPG, the worst-case search space
is 9m, where m is the number of ip-ops. This expo-
nential search space makes exhaustive ATPG search
computationally impractical for large sequential cir-
cuits [4]. In the last years, one of the main goals of
researchers was to develop e�ective algorithms for se-
quential circuit test pattern generation [12]. A lot of
work has been done in the area of sequential circuit
test generation using both deterministic and simula-
tion based algorithms. The bottleneck in determin-
istic algorithms is line justi�cation and backtracking.
In simulation-based approaches, no backtracking is re-
quired but their quality in terms of fault coverage is
generally lower [12]. It can however be improved with
the help of GAs which are very well suited for opti-
mization and search problems.

2.2 Using GA in Sequential ATPG

Genetic Algorithms work by analogy with Natural Se-
lection as follows. First, a population pool of chro-
mosomes is maintained. The chromosomes are strings
of symbols or numbers. They might be as simple as
strings of bits - the simplest type of strings possible.
The chromosomes are also called the genotype (the
coding of the solution). These chromosomes must be
evaluated for �tness. Poor solutions are purged and
small changes are made to existing solutions. The gene
pool thus evolves steadily towards better solutions. In
this work, we have used a Simple Genetic Algorithm
as given in [13]. Several approaches to test genera-
tion using genetic algorithms have been proposed in
the past [2], [6] - [8], [12], [14] - [21]. Fitness functions
were used to guide the GA in �nding a test vector or
sequence that maximizes given objectives for a single
fault or a group of faults. However, hard-to-test faults
often could not be detected. GAs were used in dif-
ferent phases of the test generation process. In [15],
[6] and [16], GA-based test generators were developed
which used logic simulation for �tness evaluation. A
fault simulator was used in [17] [18], and [19] for com-
puting the �tness. The �tness functions were biased
towards maximizing the number of faults detected and
the number of fault e�ects propagated to the ip-ops.
Several genetic parameters were experimented with in
[17] and [20]. The fault coverage improved by more
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than 40% for some benchmark circuits. These genetic-
based ATPGs were however, not successful in propa-
gating fault e�ects to the primary outputs. Moreover,
they were unable to identify redundant faults. Hence,
hybrid techniques were proposed in [7], [8], [12] [14]
and [21].

3 Genetic-based State Justi�cation

State justi�cation is the most diÆcult task in sequen-
tial ATPG. Storing the complete state information for
large circuits is impractical. Similarly, keeping a list
of sequences capable of reaching each reachable state
is also infeasible. State justi�cation is therefore per-
formed by using a GA. In [7] and [8], deterministic
algorithms were used for fault excitation and propa-
gation, and a GA was used for state justi�cation. Se-
quences were evolved over several generations. The
�tness of each individual was a measure of how closely
the �nal state reached matched the desired state. A
chromosome was represented by a sequence of vectors.
Candidate sequences were simulated starting from the
last state reached at the end of the previous test se-
quence. The objective was to engineer a test sequence
that justi�ed the required state. If a sequence was
found which justi�ed the required state, the sequence
was added to the test set. In this work, we use GA
for traversing from one state to another. Individual
vectors are represented by chromosomes in the popu-
lation and genetic operators are applied at individual
bit positions. Deterministic ATPG is run for every
target fault. First, the fault is activated and propa-
gated to a primary output. Next, state justi�cation is
attempted. If the required state is justi�ed by the de-
terministic ATPG, then the derived sequence is fault
simulated and all detected faults are dropped from
the faultlist. Otherwise, our GA-based algorithm at-
tempts to justify the required state. A block diagram
of the methodology is shown in Figure 1.

We have proposed an evolutionary meta-heuristic for
the state justi�cation phase. A owchart of the heuris-
tic used is shown in Figure 2.

3.1 Encoding of the chromosome

In our work, a chromosome represents a single vector.
Each character of a chromosome in the population is
mapped to a primary input. A binary encoding is used
in this implementation.

6HOHFW 7DUJHW )DXOW

5XQ GHWHUPLQLVWLF

$73*

)DXOW GHWHFWHG

-XVWLI\ VWDWH XVLQJ

*HQHWLF $OJRULWKP

)DXOW VLPXODWH

JHQHUDWHG VHTXHQFH
<HV

1R

Figure 1: A block diagram of the methodology.

3.2 Fitness Function

Fitness function is the most important parameter of
the GA. A solution is considered to be better than an-
other if its �tness is higher. Each vector (chromosome)
is logic simulated to give the state reached. This state
is compared with all the ip-op assignment values of
the target state. The �tness f(vi) of a vector vi is
computed as follows:

f(vi) =
m(si;sj)
B(sj )

where si is the state reached by vector vi, sj is the
target state and m(si; sj) are the number of matching
speci�ed bits in si and sj . B(sj) gives the number of
speci�ed bits in sj (i.e. those which are not 'x').

3.3 Crossover and Mutation

One-point uniform crossover as mentioned in [22] has
been used in this work. In one-point uniform crossover,
an integer position is randomly selected within a chro-
mosome. Each of the two parents are divided into two
parts at this random cut point. The o�spring is then
generated by catenating the segment of one parent to
the left of the cut point with the segment of the sec-
ond parent to the right of the cut point. Mutation

produces incremental changes in the o�spring by ran-
domly changing values of some genes. In this work,
mutation corresponds to ipping a randomly selected
bit.
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Figure 2: A owchart of the algorithm used.

3.4 Forming a new generation

A generation is an iteration of GA where individu-
als in the current population are selected for crossover

and o�springs are created. Due to the addition of o�-
springs, the size of population increases. In order to

keep the number of members in a population �xed, a
constant number of individuals are selected from this
set for the new generation. The new population thus
consists of both members from the initial generation
and the o�springs created. In this work, we have used
a one-change strategy as described below.

3.4.1 (n+1) selection strategy

In this strategy, we change one chromosome in every
generation. One crossover is performed in every gener-
ation. If the child is more �t than the worst member of
the previous generation, it is introduced into the pop-
ulation. Hence, we select the best n-1 members from a
population of n, and the worst member gets replaced

if its �tness is less than the �tness of the o�spring.

3.5 Traversing from a state to a state

The algorithm is run for a �xed number of generations.
If the state reached is the desired state, the algorithm
stops and picks the next state from the list. However,
if the algorithm is unable to reach the desired state, it
picks the best chromosome found until then and adds
it to the test set. Since the state reached is nearer in
terms of the Hamming distance to the desired state,
it is probable that it will help the ATPG in reaching
the required search space and detecting the associated
fault. The following parameters are used to guide the
search.

3.5.1 Tabu List Size

To prevent the algorithm from visiting recently visited
states, we propose a Tabu List containing the last vis-
ited states. The length of this list is a user-de�ned
parameter. On reaching a state, the algorithm looks
into the Tabu list. If the state reached is present, the
next �t vector is chosen and its �tness is evaluated.

3.5.2 Backtrack limit

When all the chromosomes in the population are un-
able to reach a new state, (a state which is not in the
Tabu List), we move to a previously visited state. This
is termed as backtracking. We impose an upper limit
on this parameter and the algorithm stops searching
for a state when this parameter exceeds.

3.5.3 Nlimit parameter

The algorithm traverses at least Nlimit number of
states before it gives up the search for the desired state.
If the �tness of the currently visited state is less than
the average �tness of the last Nlimit states, the al-
gorithm stops further searching of the desired state;
otherwise the search is continued.

3.6 Removing the reached states from the

list of desired states

Once a sequence is generated by the algorithm, we
compare the states reached by the sequence with the
list of desired states. All the desired states reached
by the sequence are removed. This prevents us from
searching again for those states which we have already
reached while searching for some other target state.
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4 Experimental Results and

Discussion

In this work, we have compared our state justi�cation
technique in which we use GA for traversing from a
state to a state, with the one proposed in [7][8]. In [8],
GA has been used in state justi�cation and sequences
are genetically engineered. GA has been applied on
a sequence of vectors as opposed to individual vec-
tors in our case. We have used �ve ISCAS89 bench-
mark circuits [23] and four re-timed circuits given in
[10] for which which HITEC [24] requires very large
CPU times. A list of target states was obtained for
hard-to-detect faults in each of the circuits. We have
experimented with several parameters and found that
in general, a population size of 16, a generation limit
of 400, backtrack limit of 10 and tabu list size of 15
gave the best results. Better results were obtained for
an Nlimit value which was 1.5 times the number of
ipops present in the circuit. A roulette wheel selec-
tion scheme as given in [6] gave the best results. The
weakest chromosome in the population was replaced by
a new chromosome in every generation. Hence, the av-
erage and best �tness of the population monotonically
increased in every generation as shown in Figure 3 for
one of the reached target states. One-point crossover
was used with a probability of 1 and mutation rate was
kept at 0.01. In Figure 4, we show the state traver-
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Figure 3: Average and best �tness vs. number of gen-
erations.

sal for one of the states that has been reached by the
algorithm. It can be seen that we progress towards
better states in terms of the hamming distance as the
algorithm runs for more iterations. Less �t states are
reached if we we are unable to reach a better state
because of the Tabu restriction. Moreover, we move

towards the best state among all alternatives, even if
that state is worse than the current state. This helps
in avoiding the local minima. The example is for one
of the target states of s1488 circuit.
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Figure 4: State traversed vs the �tness of reached
states for a target state of s1488 circuit.

The parameters proposed in [8] were 32 chromosomes
and 8 generations. The number of vectors in each chro-
mosome was 4 times the sequential depth of the circuit.

To compute the �tness of chromosomes, we have used
the logic simulator of HOPE [25]. The experiments
were run on SUN ULTRA 10 stations and the results
were obtained as shown in Table 1.

The �rst column in the table shows the circuit name.
In the second and third columns, the number of ip-
ops (FFs) and the number of target states respec-
tively is given for each circuit. The states reached and
CPU time obtained by our algorithm are mentioned
in the next two columns. For comparison purposes we
ran the algorithm proposed in [8] for several number
of generations and the results are shown in the next
columns.

It can be observed from the results that the number of
desired states reached by our technique are more than
those reached by the technique used in [8] for all the
circuits. Furthermore, our proposed technique reached
a higher number of states than [8] in 8 out of 9 cases
even when the latter was run for greater amount of
CPU time.

5 Conclusion

In this work, we have proposed a new state justi�cation
technique based on GA which engineers the sequence
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our approach approach in [8] approach in [8]

Name # of Target states time(sec) gens states time(sec) gens states time(sec)
FF states reached reached reached

s1423 74 135 61 335 8 50 2743 50 61 3953

s3271 116 45 20 1229 8 15 1664 100 18 2390

s3384 183 102 56 8124 8 31 3794 200 42 16411

s5378 179 524 113 29274 8 45 3133 100 48 225160

s6669 239 32 30 1664 8 23 1701 50 24 2289

scfRjisdre 20 267 48 803 8 25 501 100 31 5196

s832jcsrre 31 57 8 139 8 7 120 100 7 2170

s510Rjcsrre 30 114 16 163 8 12 61 100 13 504

s510Rjosrre 32 114 16 181 8 9 62 100 13 583

Table 1: Comparison of the two techniques

vector by vector. This is in contrast to previous ap-
proaches where GA is applied to the whole sequence.
The drawback of previous approaches lies in their in-
ability to justify hard-to-reach states because of �xed-
length sequences. Moreover, they do not take into ac-
count the quality of intermediate states reached and
evaluate a chromosome only on the basis of the �nal
state reached. We propose dynamic length sequences
in this work and the �tness measure takes into account
all the states reached by the sequence. The approach
has been compared with previous approaches and im-
provements in reached states and CPU time have been
demonstrated.
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� JB�I��~^FZDiS�R\Lba�`zO�FZ��� W DYF�j�O W J X FZDY[\JBD9� siJ

�����\�i�Y�����

U } J�J�H\RK� W O�FZR\D�MQObLb`TO�J�[KPE��FIO } DYJBFI[ } X R\L } RnRis^`TONj
ObLb`Kh�O�FZR\D����� �¡�F¢Mc`£DYJB�¤hRKa X FZDG`TO�FZR\D¥R\S�MNJB��S¦j
RKL�[d`TDYF � FZDY[�a�`T_GM1�§g|¨�©ª¡-`\DGs0JBH\R\� W ObFIRKD�MQObLb`TO�Jj
[KFIJ=M«�§�fgY¡��moO$`\sY`\_iObM�O } J«DGJ�FZ[ } X RKL } RdRis¬LbJ��¢`zj
ObFIRKDGM } FI_(�nDYRz��D$S�LbR\agG¨�©®O�R��fg�FID|siFIHnF¢s W `\�ZM
FZD5R\L�siJ�L¯ObR$hRKDGhJBDKObLb`TO�J�O } J�a�`TLbR W DGs�O } J�R\_ij
ObFIa W a¤R\S;O } J0_YLbR X �ZJ�a(�
mqD%O } FZM0_|`T_�J�L=u;siJ�Ob`TFZ�ZJBs°FIDnH\J=MQObFI[d`zObFIRKDGM�R\D%O } J
LbR XYW MQObDYJBMbM�RTS�O } J°�f 4�fJBL�J5_�J�L�S�R\LbacJBs�RKD�`
Hz`TLbFZJOQP�R\S��1J��Z��jo�nDYRz��D�R\_iObFIacF � `zObFIRKDc_YL�R X �ZJ�a�M��
U } J X J } `±HnFIRKL9RTSnO } Jf�� ¥�1`KM9hRKa�_|`TLbJBs^O�R�O } `zO
R\S²M�J�HKJ�L�`T�iR\O } JBL'�nDYRz��DcH±`\L�F¢`TDdO�M�RTS9�fg�M W h } `\M
�1g%��F�O } a W O�`zO�FZH\J
MQObJ�_¥hRKDdO�LbR\��u��1gª��FIO } hRTj
Hz`TLbF¢`TDGh�J&a�`zObL�FI³ª`\sY`\_iOb`TO�FZR\D9u9sYF�´�J�LbJ�DdO�F¢`T�.JBH\RTj
� W O�FZR\Dµ`TD|sªR\O } JBLbMB��mqD°O } FZM�ObJBMNO�MNJBL�FZJBMBu²F�O��¯`\M
M } Rz��D�O } `TO��� ¶FZM.a W h } acR\LbJfLbR XYW MQO.O } `TD�O } J
R\O } JBLE�fg�H±`\L�F¢`TDdO�M��
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Ä^H\R\� W ObFIRKD¤MQObLb`TO�JB[\FZJBMÅ��F�O }Æ JBFI[ } X R\L } RnRis,`zO�O�L�`\hO�FZR\D
���f ^¡�`TLbJE`�hRKa X FZDG`zObFIRKD�RTS�OQ�1R&siFI´�JBL�JBDKOf�dFZDGsYMfRTS²_YLbR X j
�ZJ�aÇMNRK�IHKJ�L�M�Èµ�'HKR\� W O�FZR\DÁMNO�L�`zObJ�[KFIJ=M£���1gY¡$`\DGsÁ`TL�O�FIÉ|h�FZ`\�
DYJ W Lb`\��DYJOQ�1R\Lb�iM�u²F�� J\�$M�J��IS¦j�RKL�[d`TDYF � FZDY[�a�`\_GM��§gG¨�©°¡�u²ObR
X J0a�RKL�J�_YLbJBh�FZM�J\�
�fg^�1J�LbJ'siJ�HKJ��ZR\_�JBs�FZD�O } J'�¢`zObJEtBÊKy\xKM X P�p�JBh } J�D X JBL�[�`\DGs
gih } �1JS�J��f`TDGs%�¢`zO�JBL�FZa�_GL�RzHKJBs¶��M�J�J£Ë p�JBh } JBD X JBL�[|u²tBÊ\Ê\Ì±Í�u
Ë gih } �fJ�S�J���u²tBÊ\ÊdÎBÍ¯`\DGsÏË Ð�V`Kh��$JO�`\�§�Zu²tBÊKÊdv�Í�¡��ªU } J�FZL&a�`TFZD
`T_G_Y�IF¢h�`TO�FZR\DÏF¢M$O } J%R\_iObFIacF � `zObFIRKDÏRTS�LbJB`\��joHz`T� W JBs�a W ��ObF�j
_G`\Lb`\a�J�O�JBL�_YLbR X �ZJ�a�MB�£U } J�PµsiFZL�J=h�O��ZP W MNJ$O } J
FIDiS�RKL�a�`Tj
O�FZR\D5R\S.O } J�Ñ W `T�ZF�OQP
RTS'`�_�RTO�JBDdO�F¢`T�;M�R\� W ObFIRKD«R\S.O } J&S W DGh�j
O�FZR\DlO�R X JµRK_iO�FZacF � JBs²�¤�1gÏ�1R\Lb�ÅRKD�`Å_|RK_ W �¢`zObFIRKD�Ò
RTS._�RTO�JBDdO�F¢`T�;M�R\� W ObFIRKDGM0��FZDGsiFZHnFZs W `T�¢M�Ói¡ X P�a�`TDYFZ_ W �¢`zObFIDG[
O } JBM�J0FIDGsYFIHnF¢s W `T�¢M¯��FIO } J�HKR\� W O�FZR\DG`\L�P�RK_|JBLb`TO�RKLbMB�
rlM�_�JBhF¢`T��h�¢`\MbM'R\S9DYJ W Lb`\�|DYJ�OQ�fRKL��iM.j�O } J^M�J��IS¦j�RKL�[d`TDYF � FZDY[

Ô�FI[ W LbJ^tKÈ;�� &ÈzU-L�`TDGMNS�J�L.R\SGO } J�g|¨�©,DYJBFI[ } X R\L } RnRis�RKDKObR
�fg�FZDGsiFZHdF¢s W `\�ZM

a�`T_GM°�§gG¨�©°¡cj��1J�LbJ£siJBH\J��ZR\_�JBs�FZDÏO } J¿t=Ê\Õ\xKM X P¶Ö�R\j
} RKDYJ�DÃË Ö�R } R\DGJ�D9u²t=Ê\ÊKÎBÍo�ÁU } J5DYJ W LbR\DGMcR\S�`¥gG¨�©×`TLbJ
R\Lb[K`\DYF � JBs(FZDª`�DYJ�FZ[ } X R\L } RnRns(LbJ��¢`zObFIRKDGM } FI_-u�JK� [|�^`$OQ�fR\j
siFZacJ�DGM�FIRKDG`T��[\LbFZs²�ÁØ-JB`\L�DYFZDY[%Ob`\�\J=Mc_Y�Z`KhJ X PÅ`KsY`T_YO�FZDY[
O } J°�1J�FZ[ } O
HKJBhO�R\L�M
RTS0O } J%DGJ W LbR\DGM%��`\DGs�O } J�LbJ X P�O } J
DYJ W L�RKDGMBÙi_|RdMNFIO�FZR\DGMEFID«O } J�_YLbR X �ZJ�a¤M�_G`KhJ=¡¯`Kh�h�R\L�siFIDG[&ObR
`£�ZJB`\L�DGFIDY[°L W �IJ
� } FZh } FID|hR\Lb_�R\L�`zO�J=M�O } J
DYJBFI[ } X RKL } RnRis
LbJ��¢`zO�FZR\D(siJ�ÉGDYJBs(`\a�RKDY[�O } J0DYJ W LbR\DGMB�
U } J$F¢siJ=` X J } FZDGs¿�f ÚFZM�O�R5ObLb`\DGMNS�J�L�O } J$DYJBFI[ } X RKL } RnRis
`TD|sµO } J(�ZJB`\L�DYFZDY[£L W �ZJ
siJ�ÉGDYJ=s¬S�R\L$gG¨�©ÛDYJ W LbR\D|M&RKDKObR
O } J^FZDGsiFZHnFZs W `T�¢M�R\S-`TD��1g5��M�J�J�ÉG[G�¯t=¡��C�M�FIDY[&O } F¢M1DYJ�FZ[ } j
X R\L } RnRns&hR\D|hJ�_YO�FZD&O } J1DYJ��¿�f �u X JONObJ�L��� ÅFZDGsiFZHdF¢s W `\�ZM
h�`\D$`zO�O�L�`\h�O�O } JBFILf�fRKLbM�J�DYJ�FZ[ } X R\L�M�`\DGs�O } W MBu\O } J�FZDGsiFZHnF�j
s W `\�ZM¯��FZ�Z� X J�h�R\DGh�J�DdO�L�`zObJBs«`TLbR W D|s�O } J0R\_iObFIa W a(�
Ü'LbJ�HnFZR W M X J�DGh } a�`\L��(ObJBMNObM��fJBL�J�_�J�L�S�R\Lba�J=s£RKD°`
D W a�j
X J�LÝR\SÏR\_iObFIacF � `zObFIRKDÞOb`KMN�iMß� } F¢h } h�R W �¢s X JàMNRK�IHKJBs
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X P4�� �`KMÁ�1J��Z�%`KM X P�a�`TDnP4hR\DnHKJ�DdO�FZR\DG`\�ª�fgÞ�§h�SQ�
Ë � W } M�J�`TD|s���JB�I��u|w\x\x\x=Í�¡��¥U } J
a�`TFZD¥S�Rih W M��1`KM&RKD¥O } J
hRKDnH\J�Lb[\JBDGhJ¯HKJ��ZRnh�F�OQP�RTS²O } J^�f �un`TDGscFIO1h�R W �¢s X J^M } Rz��D
O } `zO�� JBM�_|J=hF¢`T�Z�IP S�R\L¶MNa�`T�Z��_�R\_ W �Z`TO�FZR\DGM��ÝO } JÁ_|JBLNj
S�R\Lba�`TDGh�JªR\S�O } Jµ�� ®F¢M�J=Ñ W FIHz`T�ZJ�DdO«O�RÅR\L«J�H\JBD X JO�O�J�L
O } `TD�hRKa�_|`TL�` X �ZJ1h�R\DnH\JBDdO�FZR\DG`\�n�1g�R\D�O } RdMNJ X J�DGh } ac`\L��
_YLbR X �ZJ�a�MB�
U } F¢M�_|`T_�J�L1FIDnH\J=MQObFI[d`zObJBM�O } J�LbR XGW MQObDYJBMbM'R\S²O } J��� &�dU } J
S�Rih W M��ZFIJ=M�R\DÅsYF��$h W ��O�R\_YO�FZa�F � `TO�FZR\D¿Ob`\M��iM&� } FZh } RTS¦O�JBD
h�` W M�J�_YLbR X �ZJ�a�M9O�R^h�R\DnH\JBDdO�FZR\DG`\�\�fg��zr¥O�JBMNO X J=s0RTSGa�`\DdP
siF��$h W �IO;RK_iO�FZacF � `zO�FZR\D�Ob`\M��iM²�¯`\M-M�JO W _9uT`TD|s�O } JfL�JB�IF¢` X FZ�Ij
FIOQP$RTS9O } J0�� �FZM�h�R\ac_G`\L�J=scO�R�M�J�H\JBLb`\��sYF�´�J�LbJ�DdO¯H±`\L�F¢`TDdO�M
RTS��fg��ZFI�KJ��fg���F�O } a W Ob`TO�FZH\J�MNO�JB_(h�R\DdO�LbR\��ui�fg
��FIO } hR\j
Hz`TLbFZ`\DGhJ¯a�`zObL�FI³�`KsY`T_YOb`zObFIRKD9u\siFI´�J�LbJ�DdO�F¢`T�YJBH\RK� W ObFIRKD9u\`\DGs
RTO } J�L�MB��U } J^J³i_�J�LbFIacJ�DdO�MfM } Rz�¶O } `TOfO } J^�f  } `KMf`\D�`T_Yj
_G`\L�JBDKOb�IP X JO�O�JBLEL�R XYW MNO�DYJ=M�MfO } `TD
O } J0R\O } JBL��fg�H±`\L�F¢`TDdO�M
R\D«acRKMNOERTS;O } J�ObJBMNO�JBs«RK_iO�FZacF � `zO�FZR\D
Ob`KMN�iMB�
r4M } R\L�O$siJBMbhLbFI_YO�FZR\D¶RTS�O } J£�� F¢M�[\FZH\JBDÅFZD�MNJ=h�O�FZR\DÏwi�
U } J�RK_iO�FZacF � `zObFIRKD«_GL�R X �IJBa�M W M�JBs5`\M�`�O�JBMNO X JBs(S�RKLER W L
FZDdHKJBMNO�FZ[K`TO�FZR\DGM
`TLbJªsiJBMbhLbF X J=sÁFZDlMNJ=h�ObFIRKD
	Y�ÚgnJ=h�O�FZR\DlÌ
M } Rz�EM�O } J�ObJBMNO�M�J�LbFIJ=M�O } `zO^�1J�LbJ�_�J�L�S�R\LbacJBs(R\D°��  `\DGs
O } J��fg�Hz`TLbF¢`TDdObMBu=`\DGs�O } J'L�J=M W ��O�M-`TLbJ'siF¢M�h W MbMNJ=s^FZD�M�JBh�ObFIRKD
Îi�$]^JO�`TFZ�IJ=s%FIDiS�RKL�a�`TO�FZR\D%R\D%O } JcObJBMNO0S W DGhO�FZR\DGM�hB`TD X J
S�R W DGs«FID«O } J�`T_Y_�J�DGsYF�³²�
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U } J$FZDGsiFZHnFZs W `T�¢M�� } F¢h } `TLbJ W DGR\L�siJ�LbJBs%FZD¥hR\DnHKJ�DdO�FZR\DG`\�
�fg²u } `±HKJ�DYJBFI[ } X RKL } RnRis0LbJ��¢`zObFIRKDGM9FZD�O } J1�f ��zU } J1DYJ�FZ[ } j
X R\L } RnRns X JOQ�1J�J�D¶O } J! �_|`TLbJ�DdO�FIDGsYFIHnF¢s W `T�¢M�F¢M$hRKDGMNO�FIj
O W O�JBs X P�`TLbL�`TDY[KFIDY[�O } JBa FZDc`\D&RKLNO } R\[KR\DG`\�§u±J��¢`\MNO�F¢h1[\LbFZs9�
r�M��nDYRz��DµS�LbR\a"gG¨�©¬u-J=`\h } FZDGsiFZHnFZs W `T�¯h�`TD X J�F¢siJBDKObF�j
ÉGJ=s X P$FIObM�ÉY³iJBs
[\LbFZs
_|RdMNFIO�FZR\D-uG`TDGs�OQ�1R�FZDGsiFZHnFZs W `T�¢M�`TLbJ
DYJBFI[ } X R\L�McFIS^O } J�P¶`TLbJ(sYFILbJBhO��ZPÅhRKDYDYJ=h�O�J=s¶R\DÅO } J£[KL�F¢s
��M�J�J�É|[G�'wiui�ZJS¦O�¡��
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hRKLbsYFIDY[�O�R«R\DYJ��IJ=`TLbDYFZDY[
MNO�JB_°FZD°`«gG¨�©¬�²�'HKJ�LbP«_|`TLbJ�DdO
FZDGsiFZHdF¢s W `\�GÓ � F¢M�`zO�O�L�`\hO�JBs&O�R0FIObM X J=MQO'DYJBFI[ } X RKL.Ó�����`\DGs
O } W M X J=hRKa�J=M¯O } J0RT´²MN_YLbFZDY[$Ó��ß��M�J�J�ÉG[ W L�Jx	d¡��1U } J�R X j
� JBhO�Hz`\L�F¢` X �ZJBM��	 �°RTSYO } J1RT´²MN_YLbFZDY[�`TLbJfhB`T�¢h W �¢`zObJBs�`Kh�h�R\L�snj
FZDY[�ObR
J=Ñ W `zObFIRKD¥t�`\DGs5O } J�DYJ�FZ[ } X R\L } RnRns£L�JB�Z`TO�FZR\DGM�`TLbJ
LbJOb`\FIDGJBs W DGh } `\DY[\J=s²�

�	 ��
 �	 ������ ���	 ����� �	 � ¡ �Qt±¡

�EJBL�JKu��	 � FZM�O } J�R X � J=h�O&Hz`TLbF¢` X �ZJBM�HKJBh�ObR\L�R\S¯O } J$_|`TLbJ�DdO
`TD|s��	 ��� F¢M$FIObM X J=MQO�DGJ�FZ[ } X RKLB�ÃU } J£_|`TL�`TacJObJ�L � siJj
ÉGDYJ=McO } JªMQObL�JBDY[TO } RTS�O } J£`TONO�L�`\hO�FZR\DÏ`T�ZR\DG[°O } J£siFI´�JBLNj
J�D|hJ�HKJBhO�R\Lf`TDGs��	 � siJBDYRTObJBM�O } J^R X � J=h�OfHz`\L�F¢` X �ZJBM'RTS²O } J
RT´²M�_YL�FZDY[|�
moS1O } J$_|`TLbJ�DdO0FIDGsYFIHnF¢s W `T�fÓ � F¢M�hRKDGM�FZsiJBL�J=s X JO�O�JBL0O } `\D
`T�Z�'FIObM&DYJ�FZ[ } X R\L�M0Ó����£��� 
 t���������u��ªF¢M�O } J$D W a X J�L&RTS
DYJBFI[ } X R\L�M�¡.` �\M�FIac_Y�ZJ�h�R\DnH\JBDKObFIRKDG`T�!��a W O�`zObFIRKD£��LbJS�J�LbLbJBs
O�R�`KM#"#$&%�')(+*�,-*/.10-2 } J�LbJ=¡�F¢M'_�J�L�S�R\LbacJBs²�43�R\´�M�_YLbFIDY[dM�`TLbJ
[\JBDYJ�L�`zObJBs
`\h�h�R\L�siFZDY[&ObR�wi�

�57698;:=< > 
 �? �§xA@Bt=¡ B 
 t������C3
D 6FEHG 
 acFZD-�CIJ�	 � � �	 ��� I�¡K� 
 t��������
LNMPONO 
 QG D 69EHG�	 �SRT
 �	 �U� LNMPONO � �576F8;: R VW
 t������PX

�§wK¡

X%FZM1O } J0D W a X J�L�R\S�R X � JBhO¯Hz`\L�F¢` X �ZJBMB�
U } JEJ�´�J=h�ObFIHKJ�MQObJ�_$M�F � J LNMPONO F¢M�siJ�O�JBL�acFZDYJBs X P�O } JELbJBh�FI_Yj
LbRnhB`T�YD W a X JBLfR\S²R X � J=h�O�Hz`TLbF¢` X �ZJBM Q `TDGs X P�O } J�siF¢MQO�`TDGh�J
D 6FEHG O�R�O } J^DYJB`\L�J=MQO�DGJ�FZ[ } X RKLB��U } W M�un`0a W Ob`TO�FZR\D�� } F¢h }
� W ac_GM.RzHKJ�L.`�DYJBFI[ } X RKL�`\DGs�`\D&JBDKO�`TDY[K�IJBacJ�DdO�R\SYO } J1[KL�F¢s
X JBhRKacJBMf�IJ=M�M��IFZ�\JB�IPK�.] W LbFIDG[�O } J�h�R\DdO�L�`\hO�FZR\DcRTS²O } J^[KL�F¢s
O } J^J�´�J=h�O�FZH\J�MQObJ�_�M�F � JBM1siJ=hLbJB`\M�JEs W J^O�R&O } J�FZD+Y W JBDGhJ^RTS
D 6FEHG �
p�J=hR\a X FZDG`zObFIRKD
F¢M¯DYRTOEJ�³i_Y�IF¢hFIO��ZP W MNJ=s²�
ÔYRKLEsiJO�`TFZ�ZMBui_Y�ZJB`KMNJ0M�J�J$Ë � W } M�J0`TDGsu��JB�I��uGwTxKx\x=Ío�

Z º����¯ºW[�Àl¹ßÂ%º°¸i½¿¹¡�

rED%J³nObJ�DGM�FIHKJ&ObJBMNO X J=s°R\SfRK_iO�FZacF � `zO�FZR\DªOb`KMN�iM��1`KM�hR\DYj
MNO�FIO W ObJBs°O�R5_�J�LbacF�O0O } R\LbR W [ } FZDnH\JBMNO�FZ[K`TO�FZR\DGM^R\D°O } J�L�R\j
XYW MNO�DGJBMbM¯RTS�O } J��f ��
¨^D«O } J0RKDYJ } `\DGs²uiO } J�S W DGhO�FZR\DGM W MNJ=s$S�RKLE_YLbJ�HnFZR W M1ObJBMNO
M�J�LbFIJ=M¶Ë � W } MNJ�`\DGs!��J��Z�§u�wTx\xKx=Í$�fJBL�J¶FZDGhRKL�_�R\L�`zObJBs¤�/\ Q u\-]\u-\7^Tu_\-`zu_\ QPa u-\7] Q ¡��.U } JBM�J�S W DGhO�FZR\DGM;FZDGh� W siJ W DYFIj�acRisY`T�`TD|s¬a W �IO�FIjoa�RisY`\�'S W D|h�O�FZR\D|M�`KM��1J��Z�1`KM&M�PdacacJObL�F¢h$`\DGs
DYRKDijoM�Pnaca�J�O�LbFZh�RKDYJBMBu-`TD|s£O } J�P°�fJBL�Jc`T�¢MNR W M�JBs%J\� [G�cFZD
Ë siJ b\RKDY[Gu�t=ÊdvTÎBÍou|Ë Ð�V`\h���u²tBÊKÊKwBÍ|`\DGs(Ë gYh } �1JS�JB�§u²t=Ê\ÊdÎBÍ��'¨^D
cPd�efefg�hjilknm�oqpPgsr t#uveCwlufm7x+uvhPolyAz|{�{�}N~�y���wlgq�lhPg;�+g���uf���!g�hFw�kn�

x�d���kne�d��no�g�hPk�pPw����Hg�h�d��=z�� �J�+�9������pPg�� d��NuspPw�u��nufm�o�pPw�g��
pPw�u����lpjd�pPk�g�m��NufeCpPg�h#k�m�iluf�+uvm�iluvm7p�g��SpPw�u�m7����x+uCh� ¡g�����d�hPk��
d�xl�nuf�¢x-£¤o;ufmluvhjd�pPknm�oUpPw�u¥mlg�hP� d��n��£¦i_kn�=p�hPk�xl�lpPu|i¤�NufevpPg�h�uf�nuv�
�qufm-pP����k�pPw¢pPwlu��qu|d�m¨§fuvhPg d�m�i¨��k�pPw¢pPwlu9��d�hPk�d�mlefu�©sª c« ¬

acRKMNO'RTS�O } J=MNJ¯ObJBMNO�S W DGhO�FZR\DGM'`\�IacRdMQO'`T�Z�G�1g&Hz`\L�F¢`TDdObM.`\DGs
`T�¢M�R�O } J0�� ßh�R\DnH\JBL�[KJBs²�
¨^D$O } J�RTO } J�L } `TD|s²uiMN_�JBh�FZ`\�|S�Rih W M1�1`KMfM�JO¯R\D
H\J�LbP�siF���j
h W ��OfO�JBMNO'S W D|h�O�FZR\D|M�� } F¢h } `TLbJE�nDYRz��D�O�R�h�` W MNJE_GL�R X �IJBa�M
O�R¿ac`\DnP¿R\_YO�FZa�F � `TO�FZR\D�O�`\M��nMB�ß�E� [G�\ a ��g } J��KJ���Ù M$S�R±³nj} RK�IJ=Mb¡fhRKDGMNF¢MNObM1RTS;`���F¢siJ�_Y�Z`TO�J=` W ��FIO } a�`TDnP$MNO�J�JB_
`\DGs
DG`\L�LbRz� } RK�IJ=M�J�a X J=sYsiJ=s�`\M��ZRih�`T�Ga�FZDYFZa�`Yud� } J�LbJ¯O } J�FIDij
siFZHnFZs W `T�¢M�acFI[ } O^[\JO�hB` W [ } OB�F\ ]C® Ë {�`T�¢`TL=u�tBÊKÊYt�Í�h�R\DGM�F¢MQO�M
RTS�`µ_Y�¢`zO�J=` W ��F�O } R\DYJ(�ZRnhB`T��a�`z³iFZa W a(u¯hRKDYDYJBhO�J=s¥ObR
O } J�[K�IR X `T��a�`z³iFIa W a X P£`
M�FZDY[\�ZJ�Mb`\sYsY�IJK��U } J�Hz`\L�PnFZDY[
siFZacJ�DGM�FIRKDGM0R\S1J=`\h } O�J=MQO0S W D|h�O�FZR\D¥`\L�J�FZDGsiF¢h�`TO�J=s°FZDµO } J
`T_G_|JBDGsiFI³��

¯ \ Q È�gn_ } JBL�J�acRisiJ��

¯ \-]\È�{�J�DYJBLb`\�IF � J=s
pERKM�J�D X LbRnh���Ù M'S W DGh�ObFIRKD

¯ \ a È�g } JB�\J���Ù M1S�R±³ } R\�ZJBM

¯ \ ^ È�gih } �fJ�S�J���Ù M�sYR WYX �ZJ0M W a

¯ \ ` È'r�h��n�ZJ�P�Ù M1S W DGh�ObFIRKD

¯ \ Qja È�k%J�FZ[ } ObJBs(MN_ } J�LbJ�a�RisiJB�

¯ \ Qj° È'Ô��ZJO�h } J�LE`\DGs(Ü.Rz�fJB�I�

¯ \ Qj± È�g } J��KJ��IjqÎ

¯ \ Q `TÈ�g } J��KJ��IjQv

¯ \ ]C² È�g } J��KJ��Ijbt=x

¯ \ ] Q È�{�LbFZJ��¯`TDY[K�

¯ \ ]v® È�{�`\�Z`\L

¯ \-]C³\È'Ö�Rz�¯`T�ZFZ�

´ º����¯º �V�(¼¶¸'���

ÔYRKL;J=`\h } S W DGh�ObFIRKD&RTSGO } JfO�J=MQO X J=s0O } J1�f ¿�¯`\M;hRKa�_|`TLbJBs
O�R�O } J�S�R\�Z�IRz��FZDY[��fg�Hz`TLbFZ`\DdObMBÈ

¯ �1gÃ��F�O } W DGh�R\LbL�JB�Z`TO�J=s»M�J��IS�`\sG`T_iO�`zO�FZR\D,� W DGh�R\LbL�J�j
�¢`zObJBsG¡

¯ �1g&��FIO } hRzHz`TLbFZ`\DGhJ1a�`zObL�FI³�`KsY`T_iO�`zObFIRKD(�oe1©£r^¡�`\hj
h�R\L�siFIDG[&ObR£Ë �^`TDGM�J�D(`TDGs£¨�MNO�JBL�acJ�FZJ�L=u�tBÊKÊ\y=Í

¯ �1g¬��FIO } a W O�`zO�FZH\J5MNO�JB_ÅhRKDdO�LbR\�0��DG`\acJBs¿©°gip X P
Ë p�JBh } J�D X JBL�[|u²tBÊKÊTÌ±Í�¡

¯ �1g¿��FIO } sYJ�L�`TDGsiRKacF � JBs�MNJB��S0`\sG`T_iO�`zO�FZR\Dß�§siJ�L�`TDGs|¡
Ë ¨�MQObJ�LbacJ�FZJ�L¯JO�`\�§�Zu9tBÊKÊ<	=Í

¯ �1g$��FIO } R W O�M�J��IS.`KsY`T_iO�`zObFIRKD%��RT´�¡
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¯ �1g$��FIO } MNJB��S�`\sG`T_iO�`zO�FZR\D«`\siRK_iO�J=s$S�LbR\a,sYF�´�J�LbJ�DdO�F¢`T�
JBH\R\� W ObFIRKD%�§siF�´�J�HKR\�¦¡�Ë Ü�L�F¢hJ�`TD|s(gnO�R\LbD9u²t=Ê\ÊKÎBÍ

U } J�S�RK�I�ZRz��FZDY[E_G`\Lb`\a�J�O�JBL9MNJ�ONO�FZDY[dM9�1J�LbJ W M�JBs�S�R\L-O } Jf�� �È
gnF � JcRTSfO } J�FZDGsiFZHnFZs W `T��[KL�F¢su 
 t=x\xGu9`zONObLb`Kh�ObFIRKD£S�`\hO�RKL
� 
 x � xKxYt\tKu-`TD|s%O } J$D W a X JBL&R\S¯R\´�M�_YLbFIDG[KM�_�J�L&_|`TLbJ�DdO
[\JBDYJ�L�`zObJBs
s W LbFIDY[�"F$J%�'¢(+*=,7*�.1072�3 
 wY�
ÔYRKL
`\�I���fg¶Hz`TLbFZ`\DdObMBu¯`l�QtBx @�t=x\xK¡qjoMNO�L�`zObJ�[KP%��FIO } R W O«L�J�j
hRKa X FZDG`TO�FZR\D»�1`KM W MNJ=s²� U } J=MNJ¬M�JONObFIDG[KM(�1J�LbJµh } RKM�J�D
X JBh�` W M�J(O } JBP�`\L�J(�nDYRz��D�ObR X J°_YLb`Kh�ObFZhB` X �ZJ«S�R\L�a�`\DdP
R\_YO�FZa�F � `TO�FZR\D
Ob`KMN�iMB�'Ô W L�O } JBL�acRKL�J 3 
 tBxKx�h�R\LbL�J=MN_�R\D|sYM
O�R�O } J�[\LbFZs�M�F � J�RTSGO } JE�� &uT� } F¢h } acJ=`TDGMBuzO } `zO�O } J�D W a�j
X J�L'R\S|S W D|h�O�FZR\D�JBHz`T� W `zObFIRKDGM.� } F¢h } `\L�J�hB`T�¢h W �¢`zObJBs�FIDcR\DGJ
[\JBDYJ�L�`zObFIRKD0RTSG�f ¿hRKL�LbJBM�_�R\DGsYM²O�REO } `zO.RTSYRKDYJ�[KJ�DYJBLb`TO�FZR\D
RTS��fg²�
k%J¶siJBH\JB�IRK_|J=s `lM�_|J=hF¢`T�c��  MNFZa W �Z`TO�FZR\D _YLbR\[KLb`\aÛObR
_�J�L�S�R\Lba O } J¿ObJBMNO%M�J�LbFIJ=M�� ÔGR\L°O } J¶hRKa�_|`TLbFZM�FIRKD»O�JBMNObM
�1J W M�JBs¦" ��� u9`«MNFZa W �Z`TO�FZR\D%_YL�RK[\L�`TaàS�R\L0�'HKR\� W O�FZR\D|`TLbP
rE�Z[\RKL�FIO } acM$� } FZh } �¯`\M�siJ�HKJ��ZR\_�JBs�FZD�O } J%M�`\a�J5[KL�R W _
Ë k%`\� W DGsY`c`TDGsu��JB�I��u²tBÊKÊdv�Ío�
r,M�FIa W �¢`zO�FZR\DµL W Dµ�1`KM0MQObR\_Y_�JBsµ� } J�DµO } J�hRKDdHKJ�Lb[\JBDGhJ
Hz`T� W J«�1`KM&LbJB`Kh } JBs¬RKL�� } J�D¥O } J5`T�Z[\RKL�FIO } a"MNOb`\[\DG`TO�JBs9�
ÔYRih W M��1`KMEDYR\O�RKD5O } J�D W a X J�L�RTS�S W DGh�ObFIRKDªJBH±`\� W `zO�FZR\D|M
XYW OfR\D�O } J X J=MQO�S W D|h�O�FZR\D�Hz`\� W J�LbJB`Kh } JBs9�;�'HKJ�LbP�L W Dc�1`KM
LbJ�_�JB`zObJBsu	KxcO�FZacJBM^��F�O } siFI´�J�LbJ�DdO^L�`TDGsYR\a�MNJBJBsYMB�^U } JBD
O } J X J=MQO�ÉYO�DYJ=M�M�Hz`T� W JBM�LbJB`Kh } JBs
�1J�LbJ�`±H\J�L�`T[KJBs�R W O�`\DGs
O } J&MQO�`TDGsG`TL�s«sYJ�HnFZ`TO�FZR\D5�¯`\MEhB`T�¢h W �¢`zObJBs²��U } J&[\L�`T_ } F¢h�`\�
LbJ�_YLbJBM�J�DdOb`TO�FZR\DGM X JB�IRz�»M } Rz��S�R\L1O } J0siFI´�J�LbJ�DdOEMQObLb`TO�J�[KFIJ=M
��` X MbhF¢M�Mb`K¡�O } J£`±HKJ�L�`T[KJ�RTS^O } J X JBMNO�ÉYObDYJBMbMcHz`T� W JBM�`\DGs
O } J�MNOb`TD|sY`TL�s(siJ�HnF¢`zO�FZR\D5`KsYsiJBs5O�R�`\DGs5M WGX O�L�`\hO�JBs
S�LbR\a
O } `zO�`±H\J�L�`T[KJ���RKLbsiFZDG`TO�J=¡� ] ÔGR\L¯h�¢`TLbF�OQPKu\O } J^RK_iO�FZa W aÚRTS
JB`Kh } ObJBMNO�S W DGhO�FZR\D(FZM¯_G�IR\ONO�J=s(`\M�`�O } FZD5�ZFIDYJK�
 ER\O1`\�I�GO�JBMNO�MNJBL�FZJBM'hB`TD X J�LbJ�_GL�J=MNJBDKObJBs�[\L�`T_ } FZhB`T�Z�IP } JBL�JK�
ÔYRKL1O } J�ObJBMNO1S W DGh�ObFIRKDGM�\ Q u&\ ^ uJ\ ` u \ Qja `\�IacRdMQO�`T�Z�9MQObLb`TO�J�j[\FZJBM¯�1J�LbJ�JBÑ W `T�Z�ZP�L�JB�IF¢` X �ZJ�FID
ÉGDGsYFIDY[$`\�IacRdMQO�`T�Z�1`±PiMfO } J
R\_YO�FZa W a(��¨^DY�ZP0O } JEsYF�´�J�LbJ�DdO�F¢`T�GJ�H\RK� W O�FZR\Dc�fg } `\scM�R\acJ
_YLbR X �ZJ�a�MB�
U } J�acR\LbJ^FZDdO�JBL�J=MQObFIDY[�LbJBM W ��O�MfS�R\L1O } J0siF��$h W �IO�S W DGhO�FZR\DGM
� } F¢h } hR W �Zs�DGRTO X JfM�R\�ZH\J=s X P�MNRKacJ�MQObLb`TO�JB[\FZJBM9`\L�J'M } Rz��D
X J��ZRz�0È
ÔYRKLES W D|h�O�FZR\D \ a u�R\DG�IP5�� Ý�1`KM�ObRTOb`\�I�ZP«L�JB�IF¢` X �ZJ���ÉG[G�^Ìd¡��rE�Z��RTO } J�L^MNO�L�`zObJ�[KFIJ=M��fJBL�J�S�L�J=Ñ W J�DdO��ZP�ObLb`\_Y_�JBs(FZD£R\DYJ&RTS
O } J0�IRih�`\�²R\_iObFIa�`G�
ÔYRKL.S W DGhO�FZR\D¥\ Qj° u\acRdMQO�MNO�L�`zObJ�[\FZJBM.`Kh } FIJBH\J=s&[KRdRis�L�J=M W ��O�M�¦É|[G��ÎK¡��.CEDGh�R\LbL�JB�Z`TO�J=s0�fg�uTe1©£r�jq�fg�`TDGs�sYJ�L�`TDGsiRKacF � JBs
�fg£S�R W DGs°O } JcR\_YO�FZa W a®��F�O } RKDY�ZP£MNa�`T�Z��Hz`TLbFZ`\DGhJKu²O } J

���Fml��£ g;m�uF�=pjd�m�ild�hji)iluf�7k�d�pPkng;m)�4d��4efd��nef����d�pPu|i)�!g�h�x+uvp�pPuvh
d�m�i¥��g�hP��u�hPuf���l��pP�����#g�pPu
	�� w�u����lxlp�hjd�eCpPu|i��=pjd�m�ild�hji�iluf�7k�d��
pPkng;m¨ilg-uv��m�g�p�kn�q�l�n£ pPw�d�p�pPwluvhPu4� uvhPu�hPuf������pP� x+uvp�pPuvh pPw�d�m�pPwlu
g;�_pPkn���������p�kn��g;ml�n£)��w�g|��m¨pPg�� d�efkn��k�pjd�pPu pPwlu9efg;�q��d�hPkn��kng;m�g��
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�� ÃM } Rz�1JBs
DYRc_YL�R X �ZJ�a�M¯FID«O } J0R\_iObFIacF � `TO�FZR\D9�

1029EVOLUTION STRATEGIES



-12

-10

-8

-6

-4

-2

0

2

uncorrelated CMA derandMSR ENdiffevoloff

be
st

 f
itn

es
s

self adaptation

f19
optimum

Ô�FZ[ W LbJ&vnÈ'Ô W DGh�ObFIRKDU\ Q ` uiacFID���\ Q ` ���	 ¡�¡ 
� t=xA� ÌKxKw\Ê

-12

-10

-8

-6

-4

-2

0

2

uncorrelated CMA derandMSR ENdiffevoloff

be
st

 f
itn

es
s

self adaptation

f20
optimum

Ô�FZ[ W LbJ0ÕYÈ'Ô W DGh�ObFIRKDU\-]j²KuiacFID���\-]C²K���	 ¡�¡ 
� t=xA� ÎO	\y\Ì

rE�¢M�R�S�RKL�\ Qj± u9�f ÝF¢M�O } JcacRKMNO^LbR XYW MQO0MQObLb`TO�JB[\Pµ�¦ÉG[|��yK¡��moO£MQO�`T[KDG`zObJBsÏRKDY�IPÏRKDGhJKu^`\DGs�h�R\ac_G`\L�J=s�O�RÅO } JµR\O } JBL
MNO�L�`zO�JB[\FZJBMBui�� Ã�¯`\M¯h�ZJB`\L��ZP�O } J X J=MQO=�
U } J
O�J=MQO�MNJBL�FZJBM&S�R\L¥\ Q ` `TDGs \ ]j² �ZJBs¬ObR%M�FZa�FZ�¢`TLcL�J=M W ��O�M�¦É|[G�
vnu9ÉG[G��ÕK¡È���  �¯`\M�O } J�RKDY�ZP°MNO�L�`zO�JB[\P5� } F¢h } �1`KM
` X �IJ0ObR�`T�Z�¯`±PnM�ÉGDGs(O } J�R\_YO�FZa W a(��r��I��RTO } J�L�MQObLb`TO�J�[KFIJ=M
MNOb`T[KDG`zObJBs
L�JB_|J=`zObJBsi�ZP\�
U } JEMb`TacJ } R\�¢sYM�S�RKL.O } J�a�`z³iFZacF � `zO�FZR\D�_YLbR X �ZJ�a \ ]C® ��ÉG[G�
ÊK¡�°�f ¤`T�Z�¯`±PnM0S�R W DGs¬O } J«[\�ZR X `\�'R\_YO�FZa W a(u'� } FZ�ZJ$O } J
RTO } J�L^MQObLb`TO�J�[KFIJ=M¯RTS¦ObJ�D£h�ZFZa X JBs(R\D«O } J��ZRnhB`T�9a�`T³nFZa W a«u
`TD|s�R\DYJªMNO�L�`zObJ�[KP���sYF�´�J�LbJ�DdO�F¢`T��J�HKR\� W O�FZR\DÏ�1gY¡�siF¢sÏDYR\O
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siJBLb`\DGsiR\acF � J=s��fg��Ye1©£r�jq�fgc`\DGs$�f Á`TLbJ�`T�ZacRKMNOfJ=Ñ W `T��u
siJBLb`\DGsiR\acF � J=s
�1g$_�J�L�S�R\Lba�M�` X F�OE�1R\L�MNJK�
� ] F¢M
O } JµRKDY�IP�ObJBMNO(S W DGh�ObFIRKD�� } J�LbJ%�f  �¯`\M«R W O�_�J�L�j
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Ô�FZ[ W LbJct\tKÈ.Ô W DGhO�FZR\DU\ ] uGa�FZD-�/\ ] ���	 ¡�¡ 
 x

LbJ��¢`zO�J=sµ�fg�u-©°gip¯jq�fg�u-sYJ�L�`TDGsiRKacF � JBsµ�fg%`TD|s°JBH\JBDµ�1g
��FIO } R W OªMNJB��S�`\sG`T_iO�`zO�FZR\D ��R\´�¡(hR\DnHKJ�Lb[\JBs�`T�Z�1`±PiMBu^�f 
} `Ks�_YLbR X �ZJ�a�M�`KM��1J��Z�|`KM¯e1©ªr�jq�fg�`\DGs$siFI´�JBL�JBDdO�F¢`T�GJBH\R\j
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Ô�FI[ W L�Jct±wiÈ�Ô W D|h�O�FZR\DU\ ] Q uGa�FZD-�/\ ] Q ���	 ¡N¡ 
 x

� W O�FZR\D5�fg²�
� ] Q FZM�`ªÑ W FIO�J«siF��$h W ��O�O�J=MQO�S W DGhO�FZR\D¿� } FZh } h�R W �¢s¬DYR\O
X J�R\_iObFIacF � J=s
LbJ��ZF¢` X �ZP X P
`\DnP
MNO�L�`zO�JB[\Pª��ÉG[G�^t=wK¡��¯efRKa�j
_G`\L�FZDY[�O } J�`±HKJ�L�`T[KJBMfRTS-O } J X JBMNO�S W DGhO�FZR\D(Hz`T� W JBM¯S�R W DGs²u
�� »F¢M¯O } J�MNJ=hR\D|s X JBMNO�MQObLb`TO�JB[\P$`zS¦ObJ�L^e1©£rEjo�1g��

� Â¥½¿¹ßÂY��À��1¸Y½¿¹f�

U } J(LbR XYW MNO�DGJBMbM�R\S�O } J(DYJ���� �MQObLb`TO�JB[\PY�¥�'H\RK� W O�FZR\D
MNO�L�`zO�JB[\P(��FIO }  EJBFI[ } X R\L } RnRis£`zO�O�L�`\hO�FZR\D!�5�¯`\M�FIDnHKJBMNO�FIj
[K`TO�J=s°FZDµJ³ } ` W MQObFIHKJcO�J=MQO&M�J�LbFIJ=M W M�FIDY[£`(�¢`TLb[\J�ObJBMNO X J=s
RTS�R\_iObFIacF � `TO�FZR\D�Ob`KMN�iM.`TDGs�a�`TDnP&�1g�Hz`\L�F¢`zObFIRKDGM;S�R\L'hRKa�j
_G`\L�F¢MNFZR\D-�
¨^DY�ZP�S�RKL�R\DGJ�RTS�O } JEO } FZLNObJ�JBDcO�JBMNOfM�J�LbFIJ=M�uKMNRKa�J�RTS�O } J��1g
Hz`TLbFZ`\DdObM��1J�LbJ�acR\LbJ0L�R XYW MNOEO } `TDª�f �uGF�� J\��RTO } J�L�MQObLb`TO�J�j
[\FZJBM'�fJBL�J�` X �IJ¯ObR�R\_iObFIacF � J¯O } J�O�J=MQO�S W DGh�ObFIRKD�acR\LbJ�RTS¦O�JBD
O } `TDµ�� ��9ÔGR\L�`\�I�.ObJBMNO0M�J�LbFZJBMBu�O } J$�f  �¯`\M�` X �IJ�ObR
É|DGs
O } JªR\_YO�FZa W a FZDl`zO��ZJB`KMQO«Ê\x�� RTS0O } J5ObJBMNO
L W DGMB�ÝÔYRKL
acRKMNO�R\S�O } J�O�J=MQO�M�J�LbFIJ=M�u|O } J��f  h�R\DnH\JBL�[KJBs(`T�Z�1`±PiM��¦S�R\L
`T�Z�fM�J�J=sYM�¡�u.`TDGs%S�RKL&a�`TDnPªRK_iO�FZacF � `zObFIRKDµOb`\M��iM�u.�� ,�1`KM
O } J£R\DY�ZPÅMNO�L�`zObJ�[KP¬O } `TO��¯`\M�` X �IJ(ObR¿hRKDdHKJ�Lb[\J(`T�Z�1`±PiMBu
� } FZ�IJ�`T�Z��RTO } J�Lf�1g�Hz`TLbF¢`TDdObM�L�JB_|J=`zO�J=si�ZPcMNOb`\[\DG`TO�J=scFID
�IR\j
h�`\�²R\_iObFIa�`G�
moO�h�R W �¢s X J«M } Rz��D°O } `zO�O } J��� ,FZM0a W h } acR\LbJ�L�R XYW MNO
O } `TDªR\O } JBL0�fgdjoHz`TLbFZ`\DKO�M�u�JBM�_�JBhF¢`T�Z�ZP(S�R\L0siF���h W �IOBu9a W ��ObF�j
acRisY`T��S W D|h�O�FZR\D|M��
ÔYRKL�S W L�O } J�L��fRKL��%F�O�FZM�hRKDGhJBFIHz` X �IJ$O�R£FZDGhRKL�_�R\L�`zObJ�O } J
acJBh } `\DYF¢MNaÞRTS��f ,FZDdO�RªR\O } JBL�J�³iFZMNO�FZDY[Gu.JB�Z` X RKLb`TO�JBs¬�1g
O�RµFZac_YL�RzHKJ$O } JBM�J\�¶rh�R\a X FID|`zO�FZR\DÅRTS�JK� [|��e1©£r�`\DGs
�� Ãh�R W �¢s X J�Ñ W FIO�J0_YLbR\acF¢MNFZDY[|�

� º����¯ºW[�ÀÁ¹ Â%º°¸i½¿¹¡�

����� \ Q��
	�� ?�A � A��� � An�
Ë siJ b\RKDY[Gu�t=ÊdvTÎBÍ
\ Q ���	 ¡ 
�� GE�� Q 	 ]E

� ÎA�It±w�� 	JE �ÏÎ+�Zt=w
� DlV�� 
 t=x
acFZD-��\ Q ¡ 
 \ Q ��x @�������@bxK¡ 
 x

����� \7] �
� A � A � <Y�����\A � � ��@BA �"!�� �$#&%('I@*)o8 � #T:&��� �
Ë siJ b\RKDY[Gu�t=ÊdvTÎBÍ
\-]K���	 ¡ 
�� G,+ QE�� Q �QtBxKx � � 	 E�- Q � 	 ]E ¡ ] � � 	 E � t=¡ ] ¡

� ÎA�It±w�� 	 E �ÏÎ+�Zt=w
� DlV�� 
 t=x
acFZD-��\-]±¡ 
 \-]T�Qtl@�������@Bt=¡ 
 x

���/. \ a �
	 ?�A�%|An�0'Z@*)��,19?2����An@
Ë siJ b\RKDY[Gu�t=ÊdvTÎBÍ
QO035406798 
 Q: � � ] a� � Q Q;�< - �>=R@?�A 4 7 R +"B R <C8ED

��Ó E �±¡ 
F � 	Kw � tBy x tBy 	Kw � 	dw ����� xctBy�	Kw� 	Kw � 	Kw � 	Kw � 	Kw � 	Kw � t=y ����� 	dw�	Kwh	KwHGI 
 ÎTxKx \ a �§Ó Q � @�Ó ]P� ¡KJ>L � 
 �
� ydÎ+� ÎO	\y
� 	&E ��yKÎ+� ÎO	Ky�� DlVM� 
 w
acFZD-��\ a ¡ 
 \ a � � 	dw+@ � 	Kw\¡NJlxA� Ê\Ê\ÕKx\x\Ì

���@O \ ^ �
	 #±?"P&A,)oAn�0'Z@ � ��8 ! ��A5@=8Q
Ë gih } �fJ�S�J���u²tBÊ\ÕGtzu|gih } �1JS�J���u²tBÊKÊKÎBÍf��S W DGhO�FZR\Dµt\� w\¡

\ ^ ���	 ¡ 
 � GE�� QSR � E� � Q 	 �9T ] 
 	VU � 	
� ydÎ+� ÎO	\y
� 	&E ��yKÎ+� ÎO	Ky�� DlVM� 
 t=x
acFZD-��\-^±¡ 
 \-^T��x @�������@bxK¡ 
 x

����W \ ` � � #&%9��A�X('Z@Y)�8 � #T:9��� �
Ë r�h��n�IJBP\u²t=Ê\Õdv�Í

\ ` ���	 ¡ 
� Ó � J³i_ R �[Z]\ QG � � GE@� Q 	 ]E T
� J³i_Y^�QG � � GE@� Q h�RKM���L � 	 E ¡`_ � Ó ��a
Ó 
 w\xb� Z9
 xA� w
�cL 
 w]d
� 	dw+� vzy\Õ
� 	&E ��	Kw+� vzyKÕ�� DlVM� 
 t=x
acFZD-��\ ` ¡ 
 \ ` ��x @�������@bxK¡ 
 x
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��� � \ QPa ��� A����|?�:=A � @ � ?;A � A H� � An�
Ë gih } �fJ�S�J���u²tBÊ\ÕKÕ=Í
\ Qja ���	 ¡ 
 � GE@� Q V � 	 ]E

� ÎA�It±w�� 	JE �ÏÎ+�Zt=w
� DlV�� 
 t=x
acFZD-��\ Qja ¡ 
 \ Qja �§xA@�������@�xK¡ 
 x

����� \ QP° ��� �§Ad:9#±?;A � < �;�
	 �,P&An���
Ë Ô;�ZJO�h } J�LE`\DGs(Ü.Rz�fJB�I��u�tBÊKy<	=Í
\ Qj° ���	 ¡ 
 � GE@� Q ��� E �� E � 	 ¡�¡ ]

� E 
 � G� � Q ��Ó E � M�FZD�� � � Z E � hRdM�� � ¡
 E 
 � G� � Q ��Ó E � MNFZD 	 � � Z E � hRdM 	 � ¡
Ó E � @ Z E ��� Ë � tBxKxA@�t=x\xTÍ ��J=Ñ W �'siFZMNO�L=�.Lb`\DGsiRKacM�¡
� ��� Ë � d4@Cd�Í ��J=Ñ W �'siF¢MQObLB��L�`TDGsYR\a�Mb¡
� d � 	 E ��d � DlVM� 
 Ì
acFZD-��\ Qj° ¡ 
 \ Qj° ��� Q @���]_@�������@�� G ¡ 
 x

����� \ QP± ��	 ?�A %�An��� W
Ë U0VR\LbD«`\DGs����FI�ZFID|MN�z`\MBu²tBÊKÕ\Ê=Í
\ Qj± ���	 ¡ 
 � � 6E@� Q Q4067 +��24�E 8E8 4067 +��24�E 8�8�� - ; R� 
 Î

x*� 	JE �»tBx � DlV�� 
 Ì
V ��� V ¡ L E \ QP± ���	 
 �&� V ¡�¡
t Ì Ì Ì Ì xG�It j�tBxG�It±ÎO	dw
w t t t t xG� w jqÎY� xdÎ\Î\w
	 Õ Õ Õ Õ xG� w jQÎi�ZtBxKxdvTy
Ì y y y y xG� Ì jQwi� y\ÕdwTÕ\Ì
Î 	 v 	 v xG� Ì jqwY� y'	\xTÌ
acFZD-��\ Qj± ¡ 
 \ Qj± �§xA@�������@�xK¡ 
� tBx �It±ÎO	Kw

����� \ Q ` ��	 ?�A %�An��� �
Ë U0VR\LbD«`\DGs����FI�ZFID|MN�z`\MBu²tBÊKÕ\Ê=Í
\ Q ` ���	 ¡ 
 � � 6E@� Q Q4067 +��24�E 8E8 4067 +��24�E 8�8�� - ; R� 
 v

x*� 	JE �»tBx � DlV�� 
 Ì

V ��� V ¡ L E \ Q `K���	 
 �&� V ¡�¡
t Ì Ì Ì Ì xG�It j�tBxG� ÌdxKw\Õ
w t t t t xG� w jQÎi� x\Õnvzynv
	 Õ Õ Õ Õ xG� w jqÎY�It±wTÕ\Õ
Ì y y y y xG� Ì jQwi� vTÎYtBÕKy
Î 	 v 	 v xG� Ì jQwi� vzydÎTÕKÊ
y w Ê w Ê xG� y j�t\� Õ<	nvzxKÕ
v Î Î 	 	 xG� 	 jp	Y� vTwKwKv\Î
acFZD-��\ Q ` ¡ 
 \ Q ` �§xA@�������@�xK¡ 
� tBx � ÌdxKwTÊ

������� \ ]C² �
	 ?;A�%|An� � �!�

Ë U0VR\LbD«`\DGs����FI�ZFID|MN�z`\MBu²tBÊKÕ\Ê=Í
\-]C²K���	 ¡ 
 � � 6E@� Q Q4067 +��24�E 8E8 4067 +��24�E 8�8 � - ; R� 
 tBx

x*� 	JE �»tBx � DlV�� 
 Ì
V �&� V ¡ L E \-]C²K���	 
 ��� V ¡N¡
t Ì Ì Ì Ì xG�It jbt=xY� ÎO	Ky<	
w t t t t xG� w jqÎY�It±wTÕ\Ìnv
	 Õ Õ Õ Õ xG� w jqÎY�ItzvTÎ\yKw
Ì y y y y xG� Ì jQwi� Õdvit
Î 	 v 	 v xG� Ì jqwY� ÕKx\yKyKw
y w Ê w Ê xG� y jbtK� ÕdÎTÕKÊKw
v Î Î 	 	 xG� 	 jj	G� Õ'	<	KyTÌ
Õ Õ t Õ t xG� v jbtK� ynvTÎKw\Î
Ê y w y w xG� Î jqwY� ÌnwTxKÕ<	
t=x v 	Y� y v 	G� y xG� Î jqwY� ÌnwTydÎ\w

acFZD-��\ ]C² ¡ 
 \ ]C² �§xA@�������@�xK¡ 
� tBx � Î<	\yTÌ

����� � \ ] Q��
� � ��A�P&< � � %
Ë U0VR\LbD«`\DGs����FI�ZFID|MN�z`\MBu²tBÊKÕ\Ê=Í

\-] Q ���	 ¡ 
 t � Q" � GE@� Q 	 ]E �$# GE@� Q h�RKM R 7 R% E T
D)
 wTxKx
� t=x\xA� xb� 	JE �lt=x\xA� xb� D_VM� 
 tBx
acFZD-��\ ] Q ¡ 
 \ ] Q �§xA@�������@�xK¡ 
 x

����� � \ ]v® �
� <Y�§< �
Ë {�`T�¢`TL=u²tBÊ\ÊGt�Í
\-]v®\���	 ¡ 
 ��J�³n_;� � Î 	 ] Q ¡ � w.J�³n_9� � ÎY�Nt � 	 Q ¡

] ¡N¡
� J³i_ ^ � Î � GE�� ] 	 ]E _
� ÎA� x � 	&E ��Î+� xb� DlVM� 
 tBx
acFZD-��\ ]v® ¡ 
 \ ]v® �§xA� Ê\ÊKyKÎ+@bxA@������f@bxK¡(JlwA� xKx\yKÕ\y
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�����,. \-]C³ � � �,P&<Y���E%
Ë gih } �fJ�S�J���u²tBÊdvKvKu|gih } �1JS�J���u²tBÊKÊKÎBÍ

\-]C³K���	 ¡ 
 � QvQE@� Q R Ó E � 7 A 4 � =R - ��R 7 = 8� =R - � R 7�� - 7�� T ]
� ÎA� x � 	 E ��Î+� xb� DlVM� 
 Ì

V Ó E Z + QE
t xG�It=ÊKÎdv xY� w\Î
w xG�It=ÊTÌiv xY� Î
	 xG�Itzvw	dÎ t
Ì xG�It=y\xKx w
Î xG� xKÕTÌKÌ Ì
y xG� xKyKwdv y
v xG� x\ÌdÎ\y Õ
Õ xG� x'	TÌnw tBx
Ê xG� x'	Kw<	 t=w
tBx xG� xdwO	dÎ t�Ì
t\t xG� xdwzÌdy tBy

acFZD-��\-]C³z¡KJ \-]C³K�§xA�ZtBÊdwTÕA@bxA�ZtBÊKx\ÕA@bxA�Zt=w<	it_@Nx �It6	\ÎTÕK¡JlxA� x\xKx<	\xnvTÎ
¼����	� � ��
 � � �

Ë r�h��n�IJBP\u²t=Ê\Õdv±Í�r^h��n�IJBP\u;]��0�&���Qt=Ê\ÕnvT¡�� �� 0-2 2�� � */.10-2J.��f*
'�, ��� . 2�����0�������2���*�. ��� .���� � �n. ' ��. 2!�T��Ö�� W �fJBL¯r^h�`KsiJ�acF¢h
Ü WYX �ZF¢M } JBLbMBuiÐ1RKMNO�R\D-�

Ë Ð�V`Kh���u²tBÊ\Êdw±Í�Ð�V`Kh���u%U��%�QtBÊKÊKwK¡�� r W M�J�L=Ù MÁ[ W F¢siJßObR
[\J�DGJBM�PnM�t\� xY�ªU;JBh } DYFZhB`T�1L�JB_|RKLNO=u�CEDYFZH\JBLbM�F�OQP%RTS�]�RKLNO�j
a W DGs9uG]�JB_G`TL�O�acJBDKO�R\S'efRKa�_ W O�JBL�gihFZJ�DGh�J

Ë Ð�V`Kh���JO�`\�§�Zu9tBÊKÊdv±Í�Ð�V`\h���uiU��Iu��^`TacacJ���uYC��ZuY`TDGs«gih } �fJ�j
S�J���uÂ�&� jqÜ.�.�QtBÊKÊdv\¡��^��H\RK� W ObFIRKDG`TLbP
h�R\ac_ W O�`zObFIRKD9�²efRKa�j
a�JBDdObM�R\DÅO } J } F¢MNO�R\LbP¥`TD|s¿h W L�LbJ�DdO�MQO�`zO�JK�¿mqD#"C"�"�"
$%�C,72&��, � */.10-2&� 0-2 " � 0'�n(+*/.10-2&,'�)(+*�0-'-,&(+*�,-*/.10-2GuµHKR\�Ij
W acJ�t\ui_G`\[\JBMV	w��t±vi�

Ë siJ b\RKDY[Gu�t=ÊdvTÎzÍ�sYJ�bKR\DY[|u�Öc���QtBÊnvTÎK¡�� rEDÃ`TDG`\�IPiM�FZM�RTS
O } J X J } `±HnFZR W L.R\S�`�h�¢`\MbM.RTS�[\JBDYJObFZh¯`\sG`T_iObFIHKJ¯M�PiMQObJ�a�MB�
©£`\MNO�JBLBÙ MfO } J=MNF¢M�u|CEDYFZH\JBLbM�F�OQP�R\S.©£FZh } FZ[K`\D9�

Ë Ô;�ZJO�h } J�LE`\DGs(Ü.Rz�fJB�I��u�tBÊKy<	zÍ�Ô��IJ�Obh } JBLBu0p0��`\DGs»Ü.Rz�fJB�I��u
©¬�¨b|�&]&�
�QtBÊKy<	d¡�� r Lb`\_YF¢si�IP hRKDdHKJ�Lb[\JBDKOµsiJBMbhJBDdO
a�J�O } Ris°S�R\L0acFZDYFZa�F � `TO�FZR\D9�.*�07'/,�021%0/3±u-_|`T[\J=MctBy'	��
tBy\ÕG�

Ë {�`T�¢`TL=u²tBÊ\ÊGtÍ0{�`T�¢`TL=u�p0���NtBÊKÊYt=¡�gnFZa W �Z`TO�FZR\D»RTS��ZRih�`\�
J�H\RK� W O�FZR\DG`\L�P¬siPnDG`\a�F¢h�McR\S�M�a�`T�Z��_|RK_ W �¢`zO�FZR\D|M��54�.107%
��06�_. � ,��7*8(9�	���|2���*�. � ��u|ydÎiÈ 	dvH�nÌdÎY�

Ë ��`TD|MNJBD«`\DGs£¨�MQObJ�Lba�JBFIJBLBu�t=Ê\Ê\yTÍ��^`TDGM�J�D-u= &�=`\DGs�¨�MQObJ�L�j
a�JBFIJBLBu'r&���QtBÊKÊ\yd¡��µr�sY`\_iO�FZDY[µ`TL X F�ObLb`\L�P%DYRKL�a�`T�fa W j
Ob`zObFIRKD,siF¢MQObL�F XYW ObFIRKDGM¥FZD,J�HKR\� W O�FZR\DÚMNO�L�`zObJ�[\FZJBMBÈàU } J

hRzHz`TLbFZ`\DGhJ�a�`zO�LbFI³¤`\sY`TOb`zObFIRKD9� mqD+:��v0 � �	�	;-. 2��'� 0<�
* � �.='>9>!3."C"�"�"?"|2 *@���|2&,-*/.10-2 ,��A*�0-2B�C�C�6��2 � ��072 " � 07%
�n(+*�.1072&,'�)(D*407'/, (+*=,7*�.1072�E�"'* "F*HG >�3	I±u|_G`T[KJBMc	Gt=w6��	Ytzvnu
 �`T[KRzPK`Gu�bd`T_G`\D9�

Ë � W } M�J�`TD|s���JB�I��u|w\x\x\xTÍh� W } M�J\u�b|��`\DGsY��J��Z�§u²r�����wTx\xKxK¡�
�'H\RK� W O�FZR\D0MQObLb`TO�JB[\P���FIO } DYJ�FZ[ } X R\L } RnRis�`TONObLb`Kh�O�FZR\D-�TmqD
:��C0 � �	�	;-. 2!����0J�F* � �#$�� � 0-2�;2"�*�$K*�$L(-'-,A0��|. (+' 0-2NMO��(+%
�C,��P*�07'/, (+*=,7*�.1072QERM *SG T�UVU9U)I±u�_G`\[\JBMc	Ky<	w�>	\yKÊY�

Ë Ö�R } RKDYJ�D9u²t=Ê\ÊdÎ±Í�Ö�R } R\DGJ�D9uiU��²�Qt=Ê\ÊKÎK¡��4$W�C� �f%)X��Y�l,72 .[Z�. 2��
\U,	,L���fgn_GL�FZDY[\JBL^]�J�Lb�Z`\[GuYÐ1J�Lb�IFZD9�

Ë ¨�MQObJ�Lba�JBFIJBL¯JO�`T���Zu9tBÊKÊ<	zÍ�¨�MQObJ�LbacJ�FZJ�L=u�r��Zu${�`±�fJB�Zh � Pn��u
r��ZuE`TDGs��^`TDGM�J�D9uE &�^�NtBÊ\Ê'	K¡�»r®siJ�L�`TDGsYR\acF � JBs�`T_Yj
_YL�Rd`\h } O�R»MNJB��S«`\sY`\_iOb`TO�FZR\DßRTS$JBH\RK� W ObFIRKD MQObLb`TO�JB[\FZJBMB�
U-J=h } DYF¢h�`T�²LbJ�_�R\L�OBuYU;JBh } DYFZMbh } J�CEDYFZH\JBLbM�FIO=V`zOEÐ1J�Lb�ZFID9�

Ë Ü'LbFZh�J�`\DGs(gdO�RKL�D9u²t=Ê\ÊdÎ±Í0Ü'LbFZh�J\u Öc�,`\DGs gdO�RKL�D-u p0�
�QtBÊKÊKÎK¡���]^FI´�JBL�JBDKObFZ`\��JBH\R\� W ObFIRKDÅj�`¥MNFZac_Y�ZJª`TDGs¶J9��j
hFZJ�DdO&`\sY`\_iO�FZH\J$Mbh } JBa�JcS�RKL0[\�ZR X `\�'R\_YO�FZa�F � `TO�FZR\DµRzH\JBL
hR\DdObFID W R W M.MN_G`KhJ=M��YU;JBh } DGFZhB`T�Yp�JB_|RKLNO�U�p¯jqÊKÎzjoxGt=wYuBmqDij
O�J�LbDG`TO�FZR\DG`\�YefRKac_ W O�JBL�gihFZJ�D|hJ�mqDGMNO�FIO W ObJ&��m�e¯gimN¡�u\C�DYF�j
H\J�L�M�F�OQP�R\S�e1`T�ZFIS�R\LbDYFZ`c`TO�Ð1JBL��KJ��ZJ�P\�

Ë p�JBh } JBD X JBL�[|u²tBÊ\Ê\ÌTÍ�p�JBh } JBD X JBL�[|uzm��n�NtBÊKÊTÌd¡��" � 0���(+*�.1072&�|%
�f*Y�C,7*_�_�_.`�aG >�bG�'S�LbR\aca�`TDYDYj } RK� � X RnRK[GuigdO W O�O�[d`TL�OB�

Ë gih } �fJ�S�J���u²tBÊdvKv=Í�gih } �fJ�S�J���uc��� joÜ.���NtBÊnv\vT¡�cMq(+' �C�|.�� �	� �
X�, *�. '¢.`���|(+2�� � 0-2d*�0-'-,&(+*@�C�|%_\�0B;9�����[��2 '¢. *�*@�C�e�f;9���
" � 0'�n(+*/.10-2&�	�|*Y�C,-*@�_�7.`��uEH\RK� W a�Jªw\y¬RTSN"�2 *@�C�6;7.�� � . ,��n. 2&,'�)(
�	(g�|*@��'O���6�)���f,�� ��� ��Ð1FILb� } V` W M�J�L=uiÐ¯`\M�J����

Ë gih } �fJ�S�J���u²tBÊ\ÕGtÍ�gih } �fJ�S�J���u��&� jqÜ.���Qt=Ê\ÕGt=¡��hMq(+' ���|. � ,'�
X�, *�. '¢.[Z;,-*/.10-2 0J�.*�0-'-,&(+*@���i\U0B;9���j���»kÏFI�ZJ�PKuEe } FZh } j
JBMNO�J�L=�

Ë gih } �fJ�S�J���u²tBÊ\ÕKÕzÍ�gih } �fJ�S�J���u@�&� jqÜ.�.�QtBÊKÕ\Õd¡��E�'HKR\� W O�FZR\D|`TLbP
�IJ=`TLbDYFIDG[�RK_iO�FZa W a]�iMNJBJ��nFZDY[�R\D5_G`\Lb`\�I�ZJ��;hR\ac_ W O�J�L^`TL�j
h } F�ObJBhO W LbJBMB�ÝmqD�giPnsYRz�0u�r��Zu^U � `zS�JBMNOb`KM�u�g²��{��Zu�`\DGs
]�F¢h } DYJ�HKJO�MN�nP\u�p0�Zu²JBsiFIO�RKLbMBu�:��C0 � ���	;7. 2��'��0J�)* � �k"�2 *@�C�|%
2&,-*/.10-2 ,��S$�(-'/, 0g�|. (+' 0-2�$L(g�|*_��'O� � 2 ,��e(g�|.��¨,-2�;�$J. '¢%
(%��,-*/.10-2l='>9mVm�n."�oQ$ � �f0'�)( ,-2�;fp 0-(+2�;_,-*/.10-2q��u
_G`\[\J=M
wit±v6�iwKw\Îi��r��±`KsiJ�acFZJ°siJBL�kÏF¢M�M�J�D|M�h } `TS¦O�JBDlsiJ�L«]^]�p0u
rE�z`\siJBacFIJ�jY]�JBL��¢`T[|unÐ1JBL��ZFID-�

Ë gih } �fJ�S�J���u²tBÊ\ÊdÎ±Í�gih } �fJ�S�J���u<��� jqÜ.�n�NtBÊKÊKÎ\¡�J" � 0��n(+*/.10-2�,-2�;
X�, *�. '¢(+' $W�	��r7. 2��\� bKR } D�kÏFI�ZJ�P�`TDGscgnR\D|M�u\ �J��ts'R\Lb���

Ë U0VR\LbD«`\DGs����FI�ZFID|MN�z`\MBu²tBÊKÕ\ÊTÍ�U0VRKL�D9u�r���`TD|s ���FZ�IFZDGM��±`KM�u�r��
�QtBÊKÕ\Êd¡���u^��09�f,��7XK,&*/. ').[Z;,-*/.10-2|uGHKR\� W acJ�	dÎTx�RTSwv�� � *�(%���
M¨0-*@�C��. 2t*407'/, (+*_����$ � .`��2 � ���gi_YL�FZDY[KJ�L=uYÐfJBL��ZFZD9�

Ë k%`\� W DGsY`c`TDGsu��JB�I��u²tBÊKÊdv±Í�kµ`T� W DGsG`Yu�b|��`TDGs���J��Z�§u�r��
�QtBÊKÊdv\¡��Å��Hz`ªj&`°ObRdRK�¯S�R\LcR\_YO�FZa�F � `TO�FZR\D¶��F�O } J�H\RK� W j
O�FZR\DG`\L�P«`T�Z[\R\LbFIO } a�MB��mqDx:��C0 � �	��;7. 2��'�¢0J�¨* � �OTVy'��;�"{z %
|NX�\}"�*�|OX~*�072��C���6��2 � �u�Ð W sY`T_�JBMNOBuQ� W DY[d`TLbP\�

1033EVOLUTION STRATEGIES



On the Utility of Populations in Evolutionary Algorithms

Thomas Jansen
FB 4, LS 2

Univ. Dortmund
44221 Dortmund, Germany

jansen@ls2.cs.uni-dortmund.de

Ingo Wegener
FB 4, LS 2

Univ. Dortmund
44221 Dortmund, Germany

wegener@ls2.cs.uni-dortmund.de

Abstract

Evolutionary algorithms (EAs) are
population-based search heuristics often
used for function optimization. Typically
they employ selection, crossover, and mu-
tation as search operators. It is known
that EAs are outperformed by simple hill-
climbers in some cases. Thus, it may be
asked whether the use of a population and
crossover is at all advantageous. In this
paper it is rigorously proven that the use
of a population instead of just a single
individual can be an advantage of its own
even without making use of crossover. This
establishes by example the advantage of
EAs compared to (random) hill-climbers on
appropriate objective functions. Moreover,
we describe one particular situation where
intuitively a population should outperform a
single individual and present a formal proof
justifying this intuition.

1 INTRODUCTION

The class of evolutionary algorithms comprises ge-
netic algorithms, evolution strategies, evolutionary
programming, and genetic programming. All these
general and robust randomized search heuristics are
applied to many different tasks. Though there is a
huge amount of successful applications, from a theo-
retical point of view our understanding of evolutionary
algorithms is still dissatisfactory. Here, we concentrate
on the task of optimization and consider the maximiza-
tion of pseudo-Boolean functions f : {0, 1}n → R.

One common theoretical approach is the investigation
of very simple evolutionary algorithms. This can lead
to the investigation of the (1 + 1) EA in the extreme

case, an evolutionary algorithm using a population of
size 1, no crossover, and deterministic plus-selection
as in evolution strategies (Mühlenbein (1992), Droste,
Jansen, and Wegener (1998), Garnier, Kallel, and
Schoenauer (1999)). This algorithm, that can be con-
sidered to be a kind of randomized hill-climber, is in-
teresting not only from a theoretical point of view, but
also is of practical interest. It is known (Juels and Wat-
tenberg (1995), Mitchell (1995)) that this simple algo-
rithm can outperform quite sophisticated evolutionary
algorithms. This holds even on functions where one
would expect the use of crossover to be of great ben-
efit (Mitchell, Forrest, and Holland (1992), Mitchell,
Holland, and Forrest (1994)). This motivates that we
mistrust intuitions and look for confirmation by rigor-
ous proofs. Thus, we want to find at least one example
where we can prove that a population based evolution-
ary algorithm can outperform the (1+1) EA. Since in
practice it is common to restart an evolutionary algo-
rithm after some time, we want the (1 + 1) EA to be
outperformed even if arbitrary restart strategies are
allowed. The evolutionary algorithm should in some
sense be “standard”: We do not want a specialized
algorithm this is tailored for just this one example.
Therefore, we want to apply standard techniques, only.
However, since we want to prove that the use of a pop-
ulation alone can be advantageous, we do not allow the
use of any crossover operator. Moreover, the same mu-
tation operator has to be applied in both algorithms,
since we do not want any performance differences to
stem from different mutation operators. We are inter-
ested in a comparison of the computation time. Note,
that the number of generations alone is in general not
an appropriate measure. If only the number of gener-
ations is taken into account, the use of a large popula-
tion can only be advantageous. Such a measurement
is obviously cheating. Under such unrealistic assump-
tions it is easy to outperform search heuristics based
on a single individual. Here, we choose the number of
function evaluations as an appropriate measure that is
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easy to define and to measure. For the algorithms con-
sidered it will be obvious that the number of function
evaluations is a realistic measure for the computation
time.

For continuous search space, especially for the
sphere function, some results are known. Beyer
(1993,1995a,1995b) shows that as far as local perfor-
mance on the sphere function is concerned the use
of populations cannot help. In the case of a noisy
environment things are different. Arnold and Beyer
(2000) argue how the use of populations can be help-
ful in a noisy environment and increase the efficiency
of the search. Jansen and Wegener (1999) prove that
a genetic algorithm can by far outperform the (1 + 1)
EA. This result relies heavily on the use of uniform
crossover. Therefore, it remains open whether the use
of a population alone, even without crossover, can be
advantageous. Here, we give a rigorous proof that this
can be the case. In the next section we give precise
definitions of the algorithms used. Furthermore, we
explain an intuitive idea why the use of a population
may be advantageous and define a family of functions
in accordance to that idea. In Section 3, we consider
one special member of that family of functions and
prove that a population-based algorithm with appro-
priately chosen population size can clearly outperform
the (1+1) EA. Based upon the methods from this first
result we derive a much stronger statement. We show
that a population-based algorithm with a population
that is not too small optimizes a broad family of func-
tions in polynomial expected time while the (1 + 1)
EA has superpolynomial expected run time. Finally,
in Section 4 we summarize and discuss open questions.

2 DEFINITIONS

The (1+1) EA is perhaps the most simple EA, using a
population size of just 1 and mutation, only. The selec-
tion mechanism used is the plus-selection known from
evolution strategies. This simple algorithm is sub-
ject of intense research, see for example Mühlenbein
(1992), Rudolph (1997), Droste, Jansen, and Wegener
(1998), Garnier, Kallel, and Schoenauer (1999). We
assume that we want to maximize some objective func-
tion f : {0, 1}n → R.

Algorithm 1 (The (1 + 1) EA).

1. Choose x ∈ {0, 1}n uniformly at random.
2. Create y by flipping each bit in x

independently with probability 1/n.
3. If f(y) ≥ f(x), then set x := y.
4. Continue at 2.

Since the (1+1) EA uses a kind of degenerated popu-
lation of size 1 and accepts only strings with at least
equal function value it can be regarded as a kind of
random mutation hill-climber. Note, however, that
since in each step it generates any x′ ∈ {0, 1}n as child
y with positive probability, it cannot get stuck in any
local optimum. This distinguishes the (1+1) EA from
other hill-climbing algorithms.

We want to compare the efficiency of the (1+1) EA
with that of an evolutionary algorithm that uses a
real population but no crossover. We want to prove
that such an EA can indeed be superior to the simple
(1+1) EA. On the one hand, we would like to have an
EA for this purpose that is a kind of “standard EA”
except for neglecting crossover. On the other hand,
it is immediately obvious that advantages due to the
use of a population can only occur if the population
does not converge too rapidly. Therefore, we would
like to apply some mechanism that helps us to main-
tain at least some minimal degree of diversity. There
are numerous more or less complicated mechanisms
to do so, see Bäck, Fogel, and Michalewicz (1997) for
an overview. A very simple mechanism is avoidance
of duplicates as suggested and investigated by Ronald
(1998). An even simpler and computationally less ex-
pensive mechanism is avoidance of replications as used
by Jansen and Wegener (1999). Avoidance of replica-
tions ensures that every child is subject to a mutation
flipping at least 1 bit or to crossover. We will see
that this weak and computationally cheap mechanism
is sufficient to maintain an acceptable degree of diver-
sity.

The EA we use is a kind of elitist steady-state GA,
using fitness-proportional selection for reproduction,
bit-wise mutations with probability 1/n (just as the
(1+1) EA), no crossover, reverse proportional selec-
tion for deletion, and deletion after insertion. We use
population size N and leave the concrete choice of N
open for the moment.

Algorithm 2 (The Evolutionary Algorithm).

1. For i := 1 To N Do
Choose xi ∈ {0, 1}n uniformly at random.

2. Choose y ∈ {x1, x2, . . . , xN} such that

Prob (y = xi) = f(xi)/
N∑

j=1

f(xj).

3. Repeat
4. Create xN+1 by flipping each bit in y

independently with probability 1/n.
5. Until xN+1 �= y.
6. Sort {x1, x2, . . . , xN+1} such that

f(x1) ≥ f(x2) ≥ · · · ≥ f(xN+1) holds.
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7. Choose z ∈ {x2, x3, . . . , xN+1} such that

Prob (z = xi) = f(x1)+f(xN+1)−f(xi)
N+1∑
j=2

(f(x1)+f(xN+1)−f(xj))

and remove it.
8. Continue at 2.

One may argue that it is not appropriate to call Algo-
rithm 2 a GA since it does not use crossover. Using
mutation as the only variation operator seems to make
this algorithm to be similar to an evolution strategy
or evolutionary programming. In order to avoid this
debate we denote Algorithm 2 as evolutionary algo-
rithm.

Our intuitive idea for the origin of an advantage for
the population-based EA compared to the (1+1) EA is
the following (Rowe 2000). Assume we have a function
that mainly consists of an easy to follow path to a local
optimum that has second best function value. Then a
direct mutation to a global optimum is needed. The
expected waiting time for such a mutation can be quite
large depending on the Hamming distance between the
local and a global optimum. Since Algorithm 2 uses
a population and the quite weak proportional selec-
tion, it has a good chance to “diffuse” the population
around the local optimum. Therefore, some members
of the population have a smaller Hamming distance
to a global optimum what can lead to a quicker find-
ing of this global optimum. We define a class of ob-
jective functions with such properties and prove for
some members of this class that they have the desired
properties such that the (1+1) EA is outperformed
by the population-based evolutionary algorithm. The
function class is a modified (mainly scaled) version of
Jumpk as used by Jansen and Wegener (1999) to ex-
emplify the utility of uniform crossover.

Definition 3. The function SJumpk,s : {0, 1}n → R

(short for ScaledJump) is defined for any n ∈ N,
s ∈ N \ {1}, k ∈ {1, 2, . . . , n} by

SJumpk,s(x) :=

{
s‖x‖1 if (‖x‖1 ≤ n− k) ∨ (‖x‖1 = n)
sn−k + n− k − ‖x‖1 otherwise,

for each x ∈ {0, 1}n, where ‖x‖1 denotes the number
of ones in x.

3 RESULTS

The results for the (1+1) EA follow more or less di-
rectly from the investigations of the (1+1) EA on
Jumpk by Jansen and Wegener (1999). For the sake
of completeness we present full proofs here, too.

Theorem 4. The expected run time of the (1+1) EA
on SJumpk,s : {0, 1}n → R for k > 1, k = O (log n),

and s ∈ N \ {1} is Θ
(
nk
)
. For any t ∈ N, the proba-

bility that the (1+ 1) EA optimizes SJumpk,s within t
steps is bounded above by O

(
t/nk

)
.

Proof. We begin with an upper bound on the expected
run time. Consider levels of strings

li := {x ∈ {0, 1}n | ‖x‖1 = i}
for i ∈ {0, 1, . . . , n}. Note, that for all i and all
x, y ∈ li we have SJumpk,s(x) = SJumpk,s(y) since
SJumpk,s is a symmetric function. Furthermore, for
all i �= j and all x ∈ li and all y ∈ lj we have
SJumpk,s(x) �= SJumpk,s(y). Thus, once the (1 + 1)
EA leaves some level li (that is we have x ∈ li, y /∈ li
and SJumpk,s(x) ≤ SJumpk,s(y)) no string from li
can ever become the current string. Let pi denote
the probability that in one generation the (1 + 1) EA

leaves li. Clearly, then
n−1∑
i=0

1/pi is an upper bound

on the expected run time. For i < n − k it is suf-
ficient to mutate exactly one of the n − i bits with
value 0. For i > n − k it is sufficient to mutate
exactly one of the i bits with value 1. This yields
pi ≥ (min {i, n− i} /n) (1−1/n)n−1 for i �= n−k. For
i = n− k we have pi =

(
1/nk

)
(1− 1/n)n−k, since the

only way to increase the function value is to mutate
exactly the k bits with value 0 leading to the unique
global optimum. Thus, we have

(
1 − 1

n

)1−n

·




2

∑
0≤i≤n/2
i�=n−k

n

n− i


+ nk


 = O

(
nk
)

as upper bound on the expected run time. This upper
bound holds for all values of k ∈ {1, 2, . . . , n}.
Now, we prove the second statement. Note, that the
lower bound on the expected run time follows from
this statement. It is essential that we have k > 1
and k = O(logn), here. We denote the current string
of the (1 + 1) EA in the t-th step by xt. After ran-
dom initialization we have ‖x0‖1 ≤ n − k with prob-
ability 1 − e−Ω(n) due to Chernoff bounds (Motwani
and Rhagavan (1995). Once we have ‖xt‖1 = n − k,
we have ‖x′t‖1 ∈ {n − k, n} for all t′ ≥ t. For all
x with ‖x‖1 < n − k the probability to reach the
unique global optimum from x via a direct mutation
is o

(
1/nk

)
. Thus, we only have to deal with strings

x with ‖x‖1 > n − k. In order to reach the unique
global optimum via a direct mutation from such a
string the following two events are necessary. First,
such a string has to be reached. Second, the global
optimum has to be reached from this string before
some string x′ with ‖x′‖1 = n − k becomes current
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string of the (1 + 1) EA. For all y ∈ {0, 1}n with
‖y‖1 = n−m, we have that y is reached from any string
x with ‖x‖1 ≤ n−k with probability O

(
km/nk+1−m

)
.

This holds since the Hamming distance from x to y is
bounded below by k + 1 −m. Assume, that we have
xt = y at some point of time. Let t∗ be the first
point of time where the current string is either the
global optimum or contains exactly n − k ones, i. e.
t∗ = min {t′ | t′ > t ∧ ‖xt′‖1 ∈ {n− k, k}}. For all t′

with t ≤ t′ < t∗ we have ‖xt′‖1 ≤ n −m. Thus, the
probability to reach the global optimum in one step
is always bounded above by O (1/nm). The probabil-
ity to increase the number of zeros by 1 in one step
is bounded below by ((n− k)/n) · (1 − 1/n)n−1. We
consider only steps t′ with xt′ �= xt′−1. We see that
the probability to reach the global optimum in such a
step is still bounded above by O (1/nm). Note, that
after at most k − m such steps we have reached xt∗ .
Thus, the probability that xt∗ is the unique global
optimum is bounded above by O ((k −m)/nm) =
O (k/nm). Therefore, we have that the probability
to reach the global optimum from y is bounded above
by O

(
km+1/nk+1

)
= O

(
(k/n)k+1

)
= o

(
1/nk

)
for all

such strings y. This completes the proof.

Obviously, the simple (1 + 1) EA is able to optimize
SJumpk,s quite efficiently, at least for small k. How-
ever, we see that arbitrary restart-strategies cannot
decrease significantly the expected run time. Note,
that the size of s does not matter for this algorithm.
This is different for Algorithm 2, which uses a fitness-
sensitive selection mechanism, namely proportional se-
lection. We concentrate on the special case SJump2,n2 ,
first. This is useful, since in this simpler case it is eas-
ier to develop the methods and insights that will yield
the result in more general cases, too. Here, however,
no too big advantage is possible. It is important to
see that arbitrary restart mechanisms cannot lead to
a substantial speed-up of the (1 + 1) EA. This is due
to the upper bound of O

(
t/nk

)
for the success proba-

bility after t steps.
Theorem 5. The expected run time of Algorithm 2
with population size N = �√n� on the function
SJump2,n2 is bounded above by O

(
n3/2

)
.

Before we prove the result for the population-based
evolutionary algorithm we consider two events that are
of special interest and both have to do with selection.
First, we are interested in a lower bound on the prob-
ability to select some member of the population with
a certain function value as parent.
Lemma 6. Consider Algorithm 2 on the function
SJumpk,s. Assume that x is a member of the current
population. Let f1 and f2 denote the function value

of the current best and current second best members of
the population. Consider the selection in line 3 of the
algorithm.

a) The probability to select some mem-
ber y of the current population with
SJumpk,s(y) = SJumpk,s(x) is bounded be-
low by SJumpk,s(x)/(Nf1).

b) The probability to select some member y of the
current population with SJumpk,s(y) = f1 is
bounded below by 1 − (f2N)/f1.

The other aspect of selection is selection for deletion
in line 7. Here, we are interested in an upper bound on
the probability to select some member of the extended
population with a certain function value for deletion.

Lemma 7. Consider Algorithm 2 on the function
SJumpk,s, in particular, consider the selection in
line 7 of the algorithm. We make the following as-
sumptions about the current population:

• The population contains N + 1 strings.

• The current best member of the population con-
tains exactly n− k ones.

• There is exactly one member x of the population
which contains exactly j ones, where we have n−
k < j < n.

a) The probability to select x is bounded above by
2/N .

b) If there is at least one member of the population
with less than n − k ones, then the probability to
select x is bounded above by 1/(s+N).

We omit the proofs of Lemma 6 and Lemma 7. A
technical report with full proofs is available.

Proof of Theorem 5. We use a population size of N =
�√n� and assume for the sake of notational simplicity
that we have �√n� =

√
n. The generalization to other

cases is trivial. We describe a kind of typical run that
ends when the unique global optimum becomes mem-
ber of the current population for the first time. We
divide that run into two disjoint phases and estimate
the expected length of each phase. The first phase be-
gins after random initialization and ends when a string
with n−2 ones or the unique global optimum becomes
member of the current population for the first time.
The second phase begins after the first phase and ends
when the unique global optimum becomes member of
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the current population for the first time. Due to the
elitism employed in Algorithm 2 we always have at
least one string with n − 2 ones in the population in
the second phase.

The expected length of the first phase is O (n logn):
We estimate the probability to select the current best
member of the population as parent in line 3. Ei-
ther the whole population consists of N strings that all
have current best function value, or we have f2/f1 =
O
(
1/n2

)
. In the first case we obviously select such

a parent with probability 1. In the latter case, we
apply Lemma 6 b). Thus, we have 1 − O

(
N/n2

)
=

1−O
(
1/n3/2

)
in any case as a lower bound for select-

ing the current best member of the current popula-
tion for reproduction. Due to the elitistic replacement
strategy the current best member of the population
cannot be replaced. Therefore, we can pessimistically
ignore steps where some other member of the popula-
tion is chosen as parent. Now, consider the case that
the chosen parent is the current best member of the
population and contains i bits with value 1. Then, we
have a probability of at least ((n− i)/n) · (1−1/n)n−1

to create a child y with larger function value. Thus,
the expected waiting time for improving the current
best member of the population is bounded above
by
(
n3/2/

(
n3/2 − 1

)) · en/(n − i) = O (n/(n− i)) in
this situation. We sum up these expected waiting

times and get
n−1∑
i=0

O(n/(n− i)) = O (n logn) as up-

per bound on the expected length of the first phase.
Note, that these considerations do not depend on the
initial population.

In the second phase we are interested in three special
events. First, we investigate the probability that we
introduce a string with exactly n−1 ones in the popu-
lation when there is no such string present in one gen-
eration. Second, we are interested in the probability
to remove the only occurrence of a string with exactly
n − 1 ones without introducing the global optimum
instead in one generation. Finally, we investigate the
probability to create the global optimum in one gener-
ation given that at least one string with exactly n− 1
ones is present in the current population.

We consider the current population and distinguish
three different “states” it can be in. Note, that each
of these three states does not represent one special
population but a large number of different populations
that all have some property in common. If no string in
the current population has more than n−2 ones we say
the EA is in state A. If the string with the maximal
number of ones in the current population contains n−1
ones, we say the EA is in state B. Finally, if the

global optimum is member of the current population
we speak of state C. We want to derive an upper
bound on the expected number of generations the EA
needs to “reach state C”, i. e. to have a population
that satisfies the defining condition of state C.

We consider a Markov chain with three states S0, S1,
and S2. We want to bound the first hitting time of S0

starting in S2 from above. For X,Y ∈ {S0, S1, S2} we
denote by pX,Y the transition probability for a state
transition from X to Y .

We assume pessimistically that we have pS2,S0 = 0.
This can obviously only enlarge the first hitting time
of S0. Since we are interested in the first hitting time
of S0, only, we can assume pS0,S0 = 1, so pS0,S2 =
pS0,S1 = 0 follows. Due to our assumptions we have
pS2,S1 + pS2,S2 = 1, so we can replace pS2,S2 by 1 −
pS2,S1 . In the same way we can replace pS1,S1 by 1 −
pS1,S2 − pS1,S0 . The resulting Markov chain can be
visualized as follows.

S0

1 − pS2,S1 1 − pS1,S2 − pS1,S0 1

S2
pS1,S2

pS2,S1

S1

pS1,S0

Let the random number of transitions starting in
S2 leading to S0 be denoted by TS2. Let the ran-
dom number of transitions starting in S1 leading to
S0 be denoted by TS1 . Then we have E (TS2) =
(1 − pS2,S1) (1 + E (TS2)) + pS2,S1 (1 + E (TS1)) which
leads to E (TS2) = (1/pS2,S1) + E (TS1).

For E (TS1) we have E (TS1) =
(1 − pS1,S0 − pS1,S2) (1 + E (TS1)) + pS1,S0 +
pS1,S2 (1 + E (TS2)) leading to E (TS1) =
(1/pS1,S0) + (pS1,S2/ (pS2,S1 · pS1,S0)).

We look for an upper bound on the expected absorp-
tion time and thus need an upper bound on pS1,S2 and
lower bounds on pS2,S1 and pS1,S0 . In order to obtain
meaningful results, we connect the described Markov
chain to the evolutionary algorithm we consider. First
of all, the defining conditions of the three different
“states” of the EA are obviously not sufficient to de-
scribe unambiguously exactly one population. In fact,
for each such “state” a lot of different populations sat-
isfy the according defining condition. The probability
to reach some population that meets condition B in
one generation starting from a population that meets
condition A depends on the specific population the
EA starts in. The same holds for all other “transition
probabilities”.
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If we associate A with S2, B with S1, and C with S0

we have the following. If the minimal number of zeros
a member of the current population contains, equals
i, then the population satisfies a condition that is as-
sociated with Si. We choose values for pS2,S1 , pS1,S0 ,
and pS1,S2 in the following way. Let PA denote the
set of all populations satisfying condition A. Let PB

and PC denote the according sets for conditions B and
C. We denote the change from a population P1 to an-
other population P2 in one generation by P1 → P2.
We want pS2,S1 to be a lower bound on the probabil-
ity to come from a population satisfying condition A
to a population satisfying condition B, i. e. pS2,S1 ≤
min

{∑
P2∈PB

Prob (P1 → P2) | P1 ∈ PA

}
. We want

pS1,S0 to be a lower bound on the probability to come
from a population satisfying condition B to a popu-
lation satisfying condition C, thus we want to have
pS1,S0 ≤ min

{∑
P2∈PC

Prob (P1 → P2) | P1 ∈ PB

}
.

Finally, we want pS1,S2 to be an upper bound on the
probability to come from a population satisfying con-
dition B to a population satisfying condition A, that
is pS1,S2 ≥ max

{∑
P2∈PA

Prob (P1 → P2) | P1 ∈ PB

}
.

Such lower bounds for pS2,S1 and pS1,S0 are easy to
find. Introducing a string with exactly n − 1 ones
into the population can be achieved in the following
way. First, one selects the current best member of the
population, which is a string with exactly n− 2 ones.
As in the first phase, either the the whole population
consists of strings with n − 2 ones and have current
best function value. In this case we obviously select
such a string with probability 1. Otherwise, we apply
Lemma 6 b) and have f1 = n2(n−2) and f2 ≤ n2(n−3).
Thus, the probability for this event is bounded below
by 1 − N/n2 in any case. Then exactly one of the
two bits with value zero is mutated. This event has
probability (2/n)(1 − 1/n)n−1. Finally, this child is
not deleted from the (at this moment enlarged) popu-
lation. We apply Lemma 7 a) and have 1 − 2/N as a
lower bound. Therefore, we have(

1 − 1
n3/2

)
· 1
2en

·
(
1 − 2√

n

)
= Ω

(
1
n

)

as a lower bound for pS2,S1 .

For pS1,S0 we consider the case that a string with n−1
ones is selected as the parent and the only bit with
value 0 is mutated, only. The probability to select
such a string is bounded below by

n2(n−2) − 1
Nn2(n−2)

=
1√
n
− 1
n2(n−2)+1/2

≥ 1
2
√
n

due to Lemma 6 a). Thus, we have (1/ (2
√
n)) · (1/n) ·

(1 − 1/n)n−1 = Ω
(
1/n3/2

)
as a lower bound on pS1,S0 .

Finally, we need an upper bound for pS1,S2 . Obviously,
a necessary condition for the event we consider is that
the only string with n−1 ones that is in the population
is selected for deletion. We distinguish two different
cases. First, assume that at least one of the strings in
the set {x2, x3, . . . , xN+1} (in line 7 of Algorithm 2)
contains less than n − 2 ones. This can be due to
the fact that such a string was already member of the
population or due to the fact that such a child was
created. In this case the probability to select the string
with n− 1 ones for deletion is bounded above by 1/n2

due to Lemma 7 b). Thus, in the case that a string
with less than n − 2 ones is created by mutation we
have 1/n2 as an upper bound on pS1,S2 .

Now, we consider the second case, where except for
the one string x with n − 1 ones all other members
of the population contain exactly n− 2 ones. First of
all, the probability to select the string x for deletion
is bounded above by 2/N due to Lemma 7 a). We
consider two sub-cases with respect to the parent of
the newly created child. If the parent is a string with
n−2 ones, then the probability to create a child differ-
ent from the parent with n− 2 ones is bounded above
by 2/n, since at least one of the two bits with value
zero has to flip. Otherwise, either a child with a num-
ber of ones that is different from n−2 is created or we
have the case of a replication that is not allowed due
to the definition of Algorithm 2. If, on the other hand,
the parent is the only string with n−1 ones, it is obvi-
ously a necessary condition that this string is selected
for reproduction. The probability of such a selection
is bounded above by

(
n2(n−2) − 1

)
/
(
Nn2(n−2)

) ≤
1/

√
n due to Lemma 6 a). Therefore, we have

max
{
1/n2, (2/

√
n) · 2/n, (2/√n) · 1/√n} = 2/n as an

upper bound on pS1,S2 in any case.

We combine what we have and get E (TS2) = O
(
n3/2

)
leading to E (TS1) = O (n) + O

(
n3/2

)
= O

(
n3/2

)
which is also an upper bound on the expected length
of the second phase. Together with the upper bound
on the expected length of the first phase we obtain the
desired result.

We see, that the EA optimizes SJump2,n2 on average
Ω (

√
n)-times faster than the (1+1) EA. Note, that

this result depends on the appropriate choice of the
population size N . For N = Θ(

√
n) similar results

can be proven. Note, however, that already for N ≥ n
we cannot prove any better bound then Ω

(
n2
)
.

Thus, Theorem 5 is a result with two problems. First,
the performance of an EA should be less dependent
on the choice of the parameterization. Second, since
EAs are heuristics and we do not expect optimal per-
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formance, a gap of size
√
n is not very convincing.

Fortunately, the ideas and methods we developed so
far, are sufficient to deliver much stronger results.

We consider functions SJumpk,s : {0, 1}n → R with
k > 1, where k is not too large, and s ≥ n2. It will
turn out that k = O((logn) / log logn) is an appro-
priate choice. Similar to the proof of Theorem 5 we
consider a special Markov chain and describe a tight
connection between the expected run time of the EA
and the expected absorption time of the Markov chain.
Since the idea concerning the advantage of a popula-
tion is the same, the number of states of the Markov
chain equals k + 1, just as in the proof of Theorem 5
(see Figure 1).

We find appropriate lower bounds on pSi,Si−1 for all
i ∈ {1, 2, . . . , k} and appropriate upper bounds on
pSi,Sk

for all i ∈ {1, 2, . . . , k−1} similar to the proof of
Theorem 5. It is quite easy to see and straightforward
to show, that

( ∏
0<i<k

pSi,Si−1

pSi,Si−1 + pSi,Sk

)−1

·

 ∑

0<i≤k

1
pSi,Si−1




is an upper bound on the expected absorption time.
Combining all these findings yields the following the-
orem. A rigorous proof is contained in a technical
report.

Theorem 8. Consider Algorithm 5 on the function
SJumpk,s with k > 1, k = O ((logn) / log logn), and
s ∈ N \ {1} with s ≥ n2. The expected run time of this
EA with population size N , where n ≤ N ≤ √

s holds,
is O

(
nN(c · k)k+1

)
= nO(1), where c is some positive

constant.

Let k = Θ((logn)/ log logn) and s = Ω
(
nlog n

)
. Then

we have the following result. Using any polynomial
population size N ≥ n, the population-based evolu-
tionary algorithm has polynomial expected run time
on SJumps,k, whereas the (1+1) EA has expected run
time Θ

(
n(log n)/ log log n

)
, which is super-polynomial.

Thus, there is a whole family of objective functions,
where the expected run time can be tremendously re-
duced by employing a population instead of just one
single individual.

4 CONCLUSIONS

We investigated the question whether the use of a
population can by itself be advantageous even with-
out using crossover. We measured the computational
cost by the number of function evaluations. We con-
sidered the maximization of pseudo-Boolean functions

f : {0, 1}n → R and proved for one example that
the appropriate use of a population can speed-up op-
timization by a factor of Ω (

√
n). We could even

strengthen this result, by proving, that the use of a
large enough population of polynomial size can reduce
the expected run time from super-polynomial to poly-
nomial. This is the first such result that has been
rigorously proven.

It remains open whether functions can be found where
the advantage due to the use of a population (without
employing crossover) is even exponential. It would be
interesting to find a lower bound on the population
size for the case where the use of a population is of
substantial benefit. Moreover, we would like to iden-
tify other circumstances under which populations are
advantageous. Note, that in order to do a fair com-
parison one has to allow the (1+1) EA to make use of
restart mechanisms.
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T. Bäck, D. B. Fogel, and Z. Michalewicz (Eds.)
(1997). Handbook of Evolutionary Computation. In-
stitute of Physics.

H.-G. Beyer (1993). Some asymptotical results from
the (1,+λ)-theory. Evolutionary Computation 1 (2),
165–188.

H.-G. Beyer (1995a). Toward a theory of evolution
strategies: On the benefit of sex — the (µ/µ, λ)-theory.
Evolutionary Computation 3 (1), 81–111.

H.-G. Beyer (1995b). Toward a theory of evolution
strategies: The (µ, λ)-theory. Evolutionary Computa-
tion 2 (4), 381–407.

S. Droste, T. Jansen, and I. Wegener (1998). A rig-
orous complexity analysis of the (1+1) evolutionary
algorithm for linear functions with Boolean inputs.

1040 EVOLUTION STRATEGIES



pSk−2,Sk
pS1,Sk

1

. . .

. . .

S1 S0

pS1,S0pS2,S1pSk−2,Sk−3

Sk−2

pSk−1,Sk−2

Sk−1

pSk,Sk−1

Sk

1 − pSk,Sk−1
pSk−1,Sk . . .

1 − pSk−2,Sk−3 − pSk−2,Sk
1 − pSk−1,Sk−2 − pSk−1,Sk

1 − pS1,S0 − pS1,Sk

Figure 1: Markov chain modeling Algorithm 2 on SJumpk,s.

In D. B. Fogel, H.-P. Schwefel, T. Bäck, and X. Yao
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(a) Convex Pareto front                                           (b) Concave Pareto front   
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Abstract

The covariance matrix adaptation (CMA)
is one of the most powerful self adapta-
tion mechanisms for Evolution Strategies.
However, for increasing search space dimen-
sion N , the performance declines, since the
CMA has space and time complexity O(N2).
Adapting the main mutation vector instead
of the covariance matrix yields an adaptation
mechanism with space and time complexity
O(N). Thus, the main vector adaptation
(MVA) is appropriate for large-scale prob-
lems in particular. Its performance ranges
between standard ES and CMA and depends
on the test function. If there is one preferred
mutation direction, then MVA performes as
well as CMA.

1 Introduction

Evolution Strategies need self adaptation, in order to
apply to hard or badly scaled fitness functions. For
a motivating example, consider the optimization of a
prism lens from [4], chaper 9: Given is a glass block
that consists of 19 prism segments. The thickness of
the segments at both ends is variable. Hence, there
are 20 object variables, which are tuned in order to
focus the light rays and minimize the overall thickness
of the lens (see Fig. 1, the exact fitness function is
stated as f10 in Section 5). A simple ES with mutative
or derandomized step length control finds the focus
quite easily, but it fails to minimize the lens thickness.
This is due to the fact that all object variables have
to be reduced simultaneously in order to minimize the
thickness, while any other mutation direction destroys
the focus.

Other self adaptation algorithms fail in this situation,

Figure 1: Optimization of a prism lens

too. One could expect for example an adaptation of
the mutation mean (momentum adaptation) to be ap-
propriate (compare e.g. [3]). However, our experi-
ments with such an algorithm have not been successful.
On the other hand, the covariance matrix adaptation
(CMA), which adapts the covariance of the mutation,
does work in this situation. In this paper, we will de-
velop a new self adaptation algorithm that also works
in this situation and is based on similar ideas as the
CMA, but with less space and time consumption.

2 The CMA Algorithm

The covariance matrix adaptation (see [1] or [2]) is
one of the most powerful self adaptation mechanisms
today available for Evolution Strategies. While a sim-
ple ES uses a mutation distributen N(0, σ2 · I) (where
I is the identity matrix), the CMA-ES performes a
N(0, σ2 ·C)- distributed mutation, and the covariance
matrix C is being adapted. This procedure is based
on the following ideas (see [1]): Let Z1, . . . , Zn be
independently N(0, 1) distributed, z1, . . . , zn ∈ RN ,
σ1, . . . , σn ∈ R and

Z =
n

∑

i=1

Zi · σizi and C =
n

∑

i=1

σ2
i · ziz′i.

1050 EVOLUTION STRATEGIES



Then Z is a normally distributed random vector with
mean 0 and covariance C. On the other hand, any N -
dimensional normal distribution N(0, C) can be gener-
ated by such a sum by choosing for zi the eigenvectors
and for σ2

i the corresponding eigenvalues of C.

Thus, the offspring x̂ can be created by adding a
N(0, σ2 · C) distributed random vector to the parent
x, where σ > 0 is the global step size for x which can
be adapted conventionally. If pm denotes the mutation
path, i.e. the (weighted) mean of the last successful
steps, then C can be updated by

Ĉ = (1− ccov) · C + ccov · p̂mp̂′m,

where ccov > 0 is a small constant and Ĉ is the covari-
ance matrix for the next generation. The path pm is
updated by a similar formula:

p̂m = (1− cm) · pm + cu
m · σ−1(x̂− x)

(note that σ−1(x̂− x) is N(0, C) distributed). Again,
cm > 0 is a small constant, while cu

m =
√

cm(2− cm),
which assures that pm and p̂m are identically dis-
tributed if pm and σ−1(x̂ − x) are independent and
identically distributed. Hence, the path is not influ-
enced by the global step size σ.

This covariance matrix adaptation procedure has
turned out to be very efficient and is successful in cases
where the standard ES breaks down. In particular, the
CMA makes the strategy invariant against any linear
transformation of the search space. Moreover, the co-
variance matrix approximates the inverse Hessian ma-
trix for functions with sufficient regularity properties.
Thus, the CMA can be considered as an evolutionary
analogon to quasi Newton optimization algorithms.

The main drawback of the CMA comes with increas-
ing dimension N of the search space. The storage
space and the update time for the covariance matrix
have complexity O(N2), while the computation of the
eigenvectors and eigenvalues is even O(N3). This can
be reduced to O(N2) by executing the step for exam-
ple after N/10 generations instead of every generation,
which does no severe damage. In any case, for large N ,
the CMA performance declines rapidly, compare also
Fig. 7. There are other self adaptation mechanisms
which are similar to CMA, such as the rotation an-
gle adaptation (see [5]). This algorithm has quadratic
space and time complexity as well and shows a poorer
performance in general.

3 Main Vector Adaptation

For many functions the advantage of the CMA com-
pared to a conventional ES is given by the fact that

the CMA finds the preferred mutation direction, while
all other directions are not acceptable. An instance is
the lens optimization (see the introduction). In these
cases, it should be sufficient to adapt one vector in-
stead of an entire matrix in order to find this direc-
tion. This is done basically by the simple formula
v̂ = (1 − cv) · v + cv · p̂m, where pm is the path as
before and cv > 0 is a small constant. Then, the off-
spring x̂ can be generated by x̂ = x + σ ·Z + σ ·Z1 · v,
where Z ∼ N(0, I) and Z1 ∼ N(0, 1). We call v the
main (mutation) vector and the algorithm main vector
adaptation (MVA).

In order to make these formulas work in practice, we
have to regard two details. First, the mutation is in-
dependent of the sign of the main vector v. However,
in contrast to the update formula for the covariance
matrix, the update of v depends on the sign of the
path pm. This can result in the annihilation of subse-
quent mutation steps and inhibits the adaptation of v,
in particular for difficult functions such as the sharp
ridge f7 (cf. Section 5). To avoid this breakdown, we
simply flip v if necessary:

v̂ = (1− cv) · sign(〈v, pm〉) · v + cv · p̂m.

Here, 〈·, ·〉 denotes the scalar product of two vectors.

The second problem to be fixed is the standard de-
viation of Z + Z1 · v along the main vector v. Since
Z + Z1 · v ∼ N(0, I + vv′), its variance along v is
σ2

v = 1 + ‖v‖2, hence σv =
√

1 + ‖v‖2. On the con-
trary, σv = 1 + ‖v‖ would be desired, since this corre-
sponds to the functioning of v as additional mutation
in the main vector direction. Thus, we write

x̂ = x + σ · (Z + Z1 · wv · v).

Letting wv = 1 + 2 · ‖v‖−1 yields σv = 1 + ‖v‖, how-
ever, the experiments show that a constant wv = 3
(corresponding to ‖v‖ = 1) yields the best results in
general, occasionally, wv = 1 is better.

Again, we point out that taking v (or anything simi-
lar) as the mean vector of the mutation does not yield
an efficient algorithm! This is presumably due to the
geometry of the high dimensional RN , where a nonzero
mutation mean results in a shifted sphere, while the
additional main vector mutation yields an ellipsoid as
mutation shape.

4 The MVA-ES Algorithm

In order to adapt the mutation step size σ, we employ
the same derandomized mechanism using a path pσ,
with the only difference that for pσ the main vector v
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is ignored. This is again a perfect analogy to the CMA
([1]). Thus, the complete mutation algorithm reads as
follows.

Mutation.

1. Generate Z ∼ N(0, I)

2. Generate Z1 ∼ N(0, 1)

3. x̂ = x + σ · (Z + Z1 · wv · v)

4. p̂σ = (1− cσ) · pσ + cu
σ · Z

5. σ̂ = σ · exp
(

(‖p̂σ‖ − χ̂N )/(dσ · χ̂N )
)

6. p̂m = (1− cm) · pm + cu
m · (Z + Z1 · wv · v)

7. v̂ = (1− cv) · sign(〈v, pm〉) · v + cv · p̂m

where

Z ∈ RN and Z1 ∈ R random vectors,
x, x̂ ∈ RN parent and offspring individuals,
pσ, p̂σ ∈ RN parent and offspring σ-paths,
cσ > 0 σ-path constant and cu

σ =
√

cσ(2− cσ),
choose e.g. cσ = 4/(N + 4),

σ, σ̂ > 0 parent and offspring mutation step lengths,
pm, p̂m ∈ RN parent and offspring paths,
cm > 0 path constant and cu

m =
√

cm(2− cm),
choose e.g. cm = 4/(N + 4),

v, v̂ ∈ RN parent and offspring main vectors,
cv > 0 main vector constant, choose e.g. cv =

2/(N +
√

2)2,

χ̂N = E(‖N(0, I)‖) =
√

2 ·Γ(n+1
2 )/Γ(n

2 ) ≈
√

N − 1
2

(we prefer this approximation to the approxima-
tion from [1]).

The suggestions for the parameters cσ, cm and cv are
the same as the respective suggestions for the CMA
in [1], they are good also for MVA. However, for some
test functions, a greater value cv yields a faster con-
vergence, e.g. cv = 0.1.

For the recombination, we restrict here to a simple
intermediate recombination that is executed by com-
puting the mean of the object variables, paths, step
sizes, and main vectors of all participating individu-
als. Clearly, other recombination types are possible as
well, e.g. discrete or generalized intermediate recom-
bination.

5 Experimental Results

The MVA-ES has been tested against the CMA-ES
and a standard ES with derandomized step length
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Figure 2: f1 (sphere) and f2 (Schwefel)

control. We used the test functions f1, . . . , f9 from
[1], which are nonlinear and resistent to simple hill-
climbing. In addition, we test the lens optimization
f10. In order to obtain non-separability for f1, . . . , f9,
one determines a random orthonormal basis U before
every ES run and minimizes fk(U ·x) instead of fk(x).
Comparing the results to the case U = I shows that
each of the tested algorithms is invariant against any
rotation of the search space. This was of course ex-
pected.

In order to compare the adapation properties, all func-
tions have been tested in dimension N = 20. More-
over, we obtain a time and space complexitiy com-
parison with function f1 in different dimensions. For
each test function and each ES, we try a simple (1, 10)
variant without recombination (solid line in the plots)
and a (5,35) variant with intermediate recombination
(dotted line). We performed 70 runs for each setting.
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Figure 3: f3 (cigar) and f4 (tablet)

The plots show the fitness curves of average runs of
MVA-ES, CMA-ES and standard ES. For MVA-ES,
the best and the worst fitness curves are displayed,
too. The tests have been performed with MATLAB,
for the CMA-ES we used the implementation from [1].

Function f1(x) =
∑N

i=1 x2
i is the sphere function and

the only one that remains separable under the ran-
dom rotation. We observe that neither ES has dif-
ficulties to find the optimum, as well as for Schwe-
fels function f2(x) =

∑N
i=1(

∑i
j=1 x2

j ). The ”cigar”

f3(x) = x2
1 +

∑N
i=2(1000xi)2 is more interesting: The

standard ES fails, while CMA and MVA are success-
ful. This is the classical case of one preferred muta-
tion direction: It is easy to optimize the coordinates
2 . . . N , but then the remaining feasible direction along
the first coordinate is difficult to find. We observe fur-
ther that recombination apparantly disturbs the main
vector adaptation a little in general.
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Figure 4: f5 (ellipsoid) and f6 (parabolic ridge)

The ”tablet” f4(x) = (1000x1)2+
∑N

i=2 x2
i is in a sense

the converse of f3: The optimization is first carried
out along the first coordinate, then the coordinates
2 . . . N remain. Since there is no preferred mutation
direction, it is not unexpected that MVA fails to con-
verge, while the covariance matrix adapts easily to this
situation. Here a mechanism that ”fades out” one di-
rection, i.e. the inverse of MVA could be suitable.
Note that recombination helps the MVA in this case
to converge. The ellipsoid f5(x) =

∑N
i=1(1000

i−1
N−i xi)2

is another linear transformation of the sphere. Here,
there is neither a preferred mutation direction as in
f3 nor an ”anti-mutation” direction as in f4. Again,
CMA adapts easily, while the bad scaling remains a
problem for MVA and standard ES.

The parabolic ridge f6(x) = −x1 + 100
∑N

i=2 x2
i is an

instance for a preferred mutation direction and is eas-
ily optimized by the MVA-ES. The same is true for the
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Figure 5: f7 (sharp ridge) and f8 (Rosenbrock)

sharp ridge f7(x) = −x1 + 100
√

∑N
i=2 x2

i . This func-
tion is particularly hard to optimize, since the local
gradient is constant. A too small choice for wv results
in a failure of the MVA. The generalized Rosenbrock
function f8(x) =

∑N−1
i=1

(

100(x2
i − xi+1)2 + (xi − 1)2

)

(”banana function”) is an instance for a bent ridge.
Again, MVA and CMA are successful in this situation,
while standard ES fails. On the contrary, function
f9(x) =

∑N
i=1 |xi|2+10 i−1

N−1 , a sum of different powers,
is hard for MVA. Recombination improves the MVA
convergence.

Function f10(x) =
∑N−1

i=1

(

R− h
2 −h · (i− 1)− b

h · (ε−
1)(xi+1 − xi)

)2
+ maxi xi + mini xi is the prism lens

function (see introduction and Fig. 1). Here, h > 0 is
the height of the segments, b > 0 is the distance from
the lens to the screen, R = h · N−1

2 the y-coordinate
of the desired focal point, ε > 1 the refraction index
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Figure 6: f9 (different powers) and f10 (prism lens)

of the lens and 2 · xi the respective thickness. While
the standard ES stagnates with a thickness induced by
the initial random initialization, MVA and CMA find
the optimum. When the preferred direction has been
found and the lens is thinned, the focus is slightly dis-
turbed and has to be restored afterwards. The MVA-
ES does this much more rapidly than the CMA-ES,
when cv = 0.1 is chosen. (The corresponding parame-
ter setting for CMA does not work.)

Finally, we compare the time and space consumption
of a (1, 10)-MVA-ES and a (1, 10)-CMA-ES in search
space dimension N = 2, 5, 10, 20, 50, 100, 200, 400, 800,
see Fig. 7. In the time complexity plot, the average
time for one generation with test function f1 is dis-
played. The covariance matrix eigenvectors have been
updated all N/10 generations. The performance de-
crease is linear in N for the MVA and quadratic in
N for the CMA. Of course, the time complexity argu-
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Figure 7: Time and space consumption of the (1, 10)-
MVA-ES and the (1, 10)-CMA-ES for increasing di-
mension N . The time for one generation with test
function f1 is shown, the covariance matrix eigenvec-
tors have been updated all N/10 generations.

ment becomes unimportant when the fitness function
is expensive, in particular when its time complexity
in N is greater or equal O(N2). But even then, the
space advantage of the MVA remains, especially if the
population consists of many individuals. Moreover, for
large N , the computation time for the covariance ma-
trix eigenvectors increases drastically in practice, since
there is only a limited amount of memory available.
For a Pentium III with 128 MB RAM and the built-in
MATLAB function, this occurs at about N ≈ 400.

6 Conclusions

We presented a new self adaptation mechanism for
Evolution Strategies that adapts the main mutation

vector. The algorithm is similar to CMA and shows
a similar performance in situations where there is one
preferred mutation direction to find. If the demanded
adaptation is more complex, MVA is less powerful than
CMA. On the other hand, the time and space complex-
ity of MVA is only linear in the search space dimension
N . Therefore, MVA is appropriate for problems in
high dimensional search spaces (N > 500), where the
use of CMA becomes problematic because of its O(N2)
complexity. In low dimensions (N < 100), CMA will
remain the better choice.

There are several possible extensions of MVA. For ex-
ample, one could adapt an ”anti-mutation” vector, this
can be appropriate for functions similar to f4. One can
adapt more than one main vector, controlled e.g. by
the scalar product. If this is extended to N vectors,
it could be possible to obtain an algorithm similar to
CMA that does not need any eigenvector decomposi-
tion and thus has an O(N2) update of the mutation
directions instead of O(N3).
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Abstract

This paper presents a Fuzzy Simulated Evo-
lution (FSE) algorithm for VLSI standard
cell placement. This is a hard multiobjec-
tive combinatorial optimization problem with
no known exact and eÆcient algorithm that
can guarantee �nding a solution of speci�c
or desirable quality. Approximation iterative
heuristics such as Simulated Evolution are
best suited to perform an intelligent search
of the solution space. Due to the imprecise
nature of design information at the place-
ment stage the various objectives and con-
straints are expressed in the fuzzy domain.
The search is made to evolve toward a vec-
tor of fuzzy goals. The proposed heuristic is
compared with genetic algorithm. FSE was
able to achieve better solutions than GA in a
fraction of the time.

1 INTRODUCTION

In VLSI design, the placement problem consists of
assigning modules to locations on the silicon surface
under numerous design constraints while trading-o�
several objectives. The number of modules can be in
range of thousands. Even in its simplest form, place-
ment is a generalization of the quadratic assignment
problem [7].

Formally this problem can be stated as follows: Given
a set of modules M = fm1;m2; � � � ;mng, and a set of
signals V = fv1; v2; � � � ; vkg, each module mi 2 M is
associated with a set of signals Vmi

, where Vmi
� V .

Also each signal vi 2 V is associated with a set of mod-
ules Mvi

, whereMvi
= fmj jvi 2 Vmj

g. Mvi
is called a

signal net. Placement problem is to assign each mod-
ule mi 2 M to a unique location such that a given

cost function is optimized and constraints are satis-
�ed. Objectives addressed in this work are the mini-
mization of wire-length, power dissipation, and circuit
delay. Layout area is considered as a constraint. These
are estimated as follows.

Estimation of Wire-length: The wire-length cost
can be computed by adding wire-length estimates for
all the nets in the circuit.

Costwire =
X

j2M

lj (1)

where lj is the wire-length associated with net vj and
M is the set of all cells in the circuit. This wire-length
is computed using Steiner tree approximation.

Estimation of Power: In CMOS circuits, over 90%
power dissipation is due to the switching activity [2, 1],
expressed as:

Pt '
X

i2M

1

2
� Ci � V

2
DD

� f � Si � � (2)

where Pt denotes the total power, VDD is the sup-
ply voltage, Si is the switching activity at the output
node of cell i (module mi) which indicate the num-
ber of gate output transition per clock cycle, f is the
clock frequency. The node total capacitance is denoted
by Ci, and � is a technology dependent constant. As-
suming that clocking frequency and power voltages are
�xed, total power dissipation of the circuit is a function
of Ci and Si of the various gates in the logic circuit.
The capacitive load Ci of a gate comprises input gate
capacitances of the cells driven by cell i and that of
interconnects capacitance at the cell output node, as

shown in the following equation:

Ci = Cr

i
+
X

j2Mi

C
g

j
(3)
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where C
g

j
is the input capacitance for cell (or gate)

j, Cr

i
represents the interconnect capacitance at the

output node of cell i and Mi is the set of fanout cells
of cell i.

In case of standard cell design, cell properties are �xed
for a particular library, hence we cannot reduce Cg

j
.

Further Cr

i
are related to the corresponding inter-

connect wire-lengths li, hence cost due to the overall
power in VLSI circuits can be termed as:

Costpower =
X

i2M

Sili (4)

Estimation of Delay: Let path � consist of nets
fv1; v2; :::; vkg, then its path delay T� is expressed by
the following equation:

T� =

kX

i=1

(CDi + IDi) (5)

where CDi is the switching delay of the cell driving
net vi and IDi is the interconnect delay of net vi.
The overall circuit delay is equal to T�c , where �c is
the longest path in the layout (most critical path).

CDi is constant and only IDi depends on placement.
Using the RC delay model, this delay is estimated as:

IDi = (LFi +Rr

i
)� Ci (6)

where LFi is load factor of the driving block (inde-
pendent of layout), Rr

i
is the interconnect resistance

of net vi, and Ci is the load capacitance of cell i given
in Equation 3. The cost function due to timing per-
formance can be expressed as:

Costdelay = T�c (7)

Layout Width: In our work layout width is consid-
ered as a constraint. The upper limit on the layout
width is de�ned in Equation 8:

Widthmax = (1 + a)�Widthopt (8)

where Widthmax is the maximum allowable width of
the layout, Widthopt is the minimum possible layout
width obtained by adding the widths of all cells and
dividing it by the number of rows in the layout. The
parameter a denotes how wide the layout can be as
compared to the optimal one.

During placement most of the cost parameters can-
not be precisely determined. For example, the exact
amount of wire-length and area of the layout can be
known only after the subsequent stage of design (rout-
ing). Also, the amount of power dissipated, or the

performance of the circuit, depends on the amount
of wire-length as well as the operation dynamics of
the circuit. For these reasons it is much easier for a
designer to describe desirable characteristics of place-
ment solutions in linguistic terms which is the basis
of fuzzy logic [11]. In this work the evaluation of the
goodness values of individual modules in their current
locations (a requirement of simulated evolution heuris-
tic) as well as the quality of the overall placement so-
lution are described using fuzzy rules.

2 SIMULATED EVOLUTION

Placement is a hard combinatorial optimization prob-
lem with no known exact and eÆcient optimization
algorithms that can �nd a solution of a given qual-
ity. Approximation iterative heuristics such as simu-
lated annealing, genetic algorithms, simulated evolu-
tion, tabu search, are robust search methods for this
category of problems [8].

Simulated Evolution (SE) is a general iterative heuris-
tic proposed by Ralph Kling [6]. It falls in the cate-
gory of algorithms which emphasize the behavioral link
between parents and o�spring, or between reproduc-
tive populations, rather than the genetic link [4]. This
scheme combines iterative improvement and construc-
tive perturbation and saves itself from getting trapped
in local minima by following a stochastic perturbation
approach. It iteratively operates a sequence of evalu-
ation, selection and allocation steps on one solution.
The selection and allocation steps constitute a com-
pound move from current solution to another feasible
solution of the state space. SE proceeds as follows.
It starts with a randomly or constructively generated
valid initial solution. A solution is seen as a set of
movable elements (modules). Each element mi has an
associated goodness measure gi in the interval [0,1].
The main loop of the algorithm consists of three steps
(See Figure 1): evaluation, selection and alloca-

tion. These steps are carried out repetitively until
some stopping condition is satis�ed. In the evalua-
tion step, the goodness of each element is estimated.
In the selection step, a subset of elements are se-
lected and removed from current solution. The lower
the goodness of a particular element, the higher is its
selection probability. A bias parameter B is used to
compensate for inaccuracies of the goodness measure.
Finally, the allocation step tries to assign the selected
elements to better locations. Other than these three
steps, some input parameters for the algorithm are set
in an earlier step known as initialization.
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Algorithm Simulated Evolution(B;�initial ; StoppingCondition)
NOTATION

B= Bias Value.
�= Complete solution.

mi= Module i.
gi= Goodness of mi.

ALLOCATE(mi;�i)=Function to allocate mi in partial solution �i

Begin
Repeat

EVALUATION:

ForEach mi 2 � evaluate gi;
/* Only elements that were a�ected by moves of previous */
/* iteration get their goodnesses recalculated*/

SELECTION:

ForEach mi 2 � DO

begin
IF Random > Min(gi +B; 1)

THEN
begin

S = S [ mi; Remove mi from �

end
end

Sort the elements of S

ALLOCATION:

ForEach mi 2 S DO

begin
ALLOCATE(mi;�i)

end
Until Stopping Condition is satis�ed

Return Best solution.
End (Simulated Evolution)

Figure 1: Structure of the simulated evolution algo-
rithm.

3 FUZZY SIMULATED

EVOLUTION

In order to apply simulated evolution one has to de-
sign a suitable goodness measure, a cost function, and
an appropriate allocation operator. These three to-
gether have the most impact on the behavior of the
SE algorithm. Due to the multiobjective nature of
the placement problem, the goodness measure, cost
function, and the allocation operator should take into
consideration all objectives.

Balancing di�erent objectives by weight functions is

diÆcult, or at best controversial. Fuzzy logic is a con-
venient vehicle for solving this problem. It allows to
map values of di�erent criteria into linguistic values,
which characterize the level of satisfaction of the de-
signer with the numerical value of the objectives. All
these numerical values operate over values from the
interval [0,1] de�ned by the membership functions for

each objective. For placement, the designer seeks to
�nd solutions optimized with respect to wire-length,
delay, and power dissipation.

3.1 FUZZY GOODNESS EVALUATION

Following the generation of an initial solution, the
goodness of each cell in its current location is deter-
mined. A designated location of a cell is considered
good if it results in short wire-length for its nets, re-
duced delay, and reduced power. These conicting re-
quirements can be conveniently expressed by the fol-
lowing fuzzy logic rule.

Rule R1: IF cell i is near its optimal wire-length

AND near its optimal power AND (near its op-

timal net delay OR Tmax(i) is much smaller than

Tmax) THEN it has a high goodness.

where Tmax is the delay of most critical path in the
current iteration and Tmax(i) is the delay of the longest
path traversing cell i in the current iteration.

A fuzzy logic rule is an If-Then rule. The If part
(antecedent) is a fuzzy predicate de�ned in terms of
linguistic values and fuzzy operators (Intersection
and Union). The Then part is called the conse-

quent. In our case, the linguistic value used in the
consequent part identi�es the fuzzy subset of good
locations for that particular cell. There are many
implementations of fuzzy union and fuzzy intersec-
tion operators. Fuzzy union operators are known as
s-norm operators while fuzzy intersection operators
are known as t-norm. Generally, s-norm is im-
plemented using max and t-norm as min function,
i.e., �A[B(x) = max (�A(x); �B(x)), and �A\B(x) =
min (�A(x); �B(x)). This is known as the min�max
logic initialy introduced by Zadeh [11]. For example,
according to the min-max logic the rule above evalu-
ates to the following:

�e
i
(x) = min

�
�e
iw
(x); �e

ip
(x);max(�e

inet
(x); �e

ipath
(x))

�
(9)

where the superscript e is used here to represent eval-
uation, x represents the location of cell i, �e

i
(x) repre-

sents the membership in the fuzzy set of high goodness,
�e
iw
(x) and �e

ip
(x) represent the memberships in fuzzy

subsets of near optimal wire-length and low power as
compared to other cells; �e

inet
(x) and �e

ipath
(x) are the

memberships in fuzzy sets of near optimal net delay as
compared to other cells and \Tmax(i) is much smaller

than Tmax".

However, formulation of multi-criteria decision func-
tions do not desire pure \anding" of t-norm nor the
pure \oring" of s-norm. The reason for this is the
complete lack of compensation of t-norm for any par-
tial ful�llment and complete submission of s-norm to
ful�llment of any criteria. Also the indi�erence to the
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individual criteria of each of these two forms of opera-
tors led to the development of OrderedWeighted Aver-
aging (OWA) operators [9]. This operator falls in the
category of compensatory fuzzy operators and allows
easy adjustment of the degree of \anding" and \or-
ing" embedded in the aggregation. According to [9],
\orlike" and \andlike" OWA for two fuzzy sets A and
B are implemented as given in Equations 10 and 11
respectively.

�
A

S
B
(x) = ��max(�A; �B)+ (1��)�

1

2
(�A+�B)

(10)

�
A

T
B
(x) = � �min(�A; �B) + (1� �)�

1

2
(�A + �B)

(11)
� is a constant parameter in the range [0,1]. It rep-
resents the degree to which OWA operator resembles
the pure \or" or pure \and" respectively.

With the AND and OR fuzzy operators implemented
as OWA operators, ruleR1 evaluates to the expression
below:

gi = �e
i
(x) = �e �min(�e

iw
(x); �e

ip
(x); �e

id
(x))

+(1� �e)�
1

3

X

j=w;p;d

�e
ij
(x) (12)

where

�e
id
(x) = �e

d
�max(�e

inet
(x); �e

ipath
(x))

+ (1� �e
d
)�

1

2
(�e

inet
(x) + �e

ipath
(x)) (13)

gi is the goodness of cell i. �e and �e
d
are constants

between 0 and 1 to control OWA operators. Whereas
�e
id
(x) represents the membership in fuzzy set of good

timing performance, it is obtained after applying orlike
OWA to �e

inet
(x) and �e

ipath
(x).

�e
ipath

(x) is included in the computation of �e
id
(x) be-

cause if a cell is not on the critical path then it must
have high goodness with respect to the delay objective.

If a cell i drives the net vi, fv1; v2; :::::; vkg is the set of
nets connected to cell i and vp is the net driven by the
predecessor cell of cell i on the longest path traversing
cell i, then base values Xiw(x), Xip(x), Xinet(x) for
fuzzy sets near optimal wire-length, power, net delay
andXipath(x) for fuzzy set \Tmax(i) much smaller than
Tmax" are computed as given in Equations 14-17,

Xiw(x) =

P
k

j=1 l�
jP

k

j=1 lj
(14)

Xip(x) =

P
k

j=1 Sj l
�

jP
k

j=1 Sj lj
(15)

1.0

a min_w a max_w

near opt imal wire- length

X w
e

e
wµ

1.0

a min_p a max_p

near opt imal  power

X p
e

e
pµ

1.0

a min_net a max_net

near opt imal net  delay

X net
e

e
netµ 1.0

T max( i )  is much smaller
than Tmax

1.0 2.0

X path
e

e
pathµ

Figure 2: Membership functions used in fuzzy evalua-
tion.

Xinet(x) =
ID�

i
+ ID�

ip

IDi + IDip

(16)

Xe

ipath
(x) =

Tmax

Tmax(i)
(17)

where l�
j
is the optimal wire-length of net vj , com-

puted by placing all the cells connected to vj next
to each other on the layout surface and then estimat-
ing the wire-length; the product Sj � lj is related to

the switching power dissipated in net vj ; ID
�

i
is the

optimal interconnect delay of net vi, IDip and ID�

ip

are the actual and optimal interconnect delays of net
driven by the predecessor cell of cell i on the current

longest path traversing cell i. Membership functions
of these base values are shown in Figure 2.

The values of amin and amax depend on the statistical
nature of the base values. A typical frequency of occu-
rance plot is shown in Figure 3, where we have plotted
Xe

net
(x) and Xe

w
(x) versus the number of cells having

these base values. It is clear from this �gure that these
plots have nearly bell-shaped behavior. Therefore we
can say that around 95% cells have base values in the
range [ �Xi� 2�i; �Xi+2�i], where �Xi is the mean value
of Xi(x) and �i is the standard deviation of Xi(x) for
i = w; p; net. The values of amin and amax are there-
fore computed as:

amin i = �Xi � 2�i and amax i = �Xi + 2�i (18)
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Figure 3: Base values vs frequency of occurance plot.

The values of amin and amax are computed in the be-
ginning and then recomputed again when the size of
selection set is around 90 percent of the initial value.

3.2 SELECTION

In this stage of the algorithm some cells are selected
probabilistically depending on their goodness values.
Bias concept in selection step, present in the origi-
nal SE algorithm [5], is the major drawback of the
heuristic. It is not easy to select value of bias because
it varies from problem to problem. Also in the case
of placement it varies from circuit to circuit [10]. To
overcome this problem another selection scheme is pro-
posed. According to this scheme a random number is
generated in the range [0;M ] and compared with gi. If
the generated random number is greater than gi then
the cell is selected for allocation. The value of M is
calculated as follows:

M = �G+ 2�g (19)

where �G and �g are the average goodness and stan-
dard deviation of goodness values of cells in current
iteration. Value of M is calculated in the beginning
and updated only once, when the size of selection set
is 90% of its initial size.

3.3 ALLOCATION

In allocation stage the selected cells are to be placed in
the best available locations. In our proposed scheme
we have considered selected cells as movable modules
and remaining cells as �xed modules. Selected cells are
sorted in descending order of their goodnesses with
respect to their partial connectivity with unselected
cells. Ties are broken with respect to their goodness
values. One cell from the sorted list is selected at a
time and its location is swapped with other movable
cells in the current solution. The swap that results in
the maximum gain is accepted and the cell is removed
from the selection set.

The goodness of the new location is characterized by
the following fuzzy rule:

Rule R2: IF a swap results in reduced overall wire-

length AND reduced overall power AND reduced

delay AND within acceptable layout width THEN

it gives good location.

The above rule is interpreted as follows.

�a
i pwd

(l) = �a �min(�a
ip
(l); �a

iw
(l); �a

id
(l))

+(1� �a)�
1

3

X

j=p;w;d

�a
ij
(l) (20)

�a
i
(l) = min( �a

i width
(l); �a

i pwd
(l) ) (21)

the superscript a is used here to represent allocation.
�a
i
(l) is the membership of cell i at location l in the

fuzzy set of good location. �a
i pwd

(l) is the membership
in the fuzzy set of \reduced wire-length and reduced
power and reduced delay". �a

iw
(l), �a

ip
(l), �a

id
(l), and

�a
iwidth

(l) are the membership in the fuzzy sets of re-
duced wire-length, reduced power, reduced delay and
within acceptable width respectively.

Notice that the third AND operator in the above fuzzy
rule is implemented as a pure min because the width
constraint has to be always satis�ed.

If a cell i swaps its location with cell j then the base
values are computed as shown in Equations 22-25:

Xa

iw
(l) =

(
P

ki

m=1 lim +
Pkj

m=1 ljm)n

(
P

ki

m=1 lim +
Pkj

m=1 ljm)n�1
(22)

Xa

ip
(l) =

(
P

ki

m=1 Simlim +
Pkj

m=1 Sjmljm)n

(
P

ki

m=1 Simlim +
Pkj

m=1 Sjmljm)n�1
(23)

Xa

id
(l) =

(IDi + IDip + IDj + IDjp)n

(IDi + IDip + IDj + IDjp)n�1
(24)

Xa

i width
(l) =

Widthn

Widthopt
(25)

where, subscript n and n� 1 show the iteration num-
bers, fvi1; vi2; :::; vikig is the set of nets connected to
cell i, Widthn is the actual width at nth iteration.

Membership functions for these base values are shown
in Figure 4. The values of aw, ap, ad and awidth de-
pend upon priority on the optimization level of the
respective objective. Typical values for aw, ap and ad
are in the range [0:75; 0:95], whereas awidth is in the
range [0:2; 0:5]. In our case we have set aw = 0:75,
ap = 0:75, ad = 0:85 and awidth = 0:25.
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Figure 4: Membership functions used in allocation.
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Figure 5: Membership functions within acceptable
range.

3.4 FUZZY COST MEASURE

In order to select the best solution found so far, it
is required to develop some cost measure. In case of
multi-objective placement, the best placement is one
which results in lowest cost in terms of all objectives.
However, such a solution most likely does not exist.
Some techniques to cope with this problem are men-
tioned in [12]. All these techniques introduce some
tradeo� between di�erent objectives. In this work, a
goal directed search approach is adopted, where the
best placement is one that satis�es as much as possi-
ble a user speci�ed vector of fuzzy goals [3].

In order to combine three parameters and one con-
straint, following fuzzy rule is suggested.

Rule R3: IF a solution is within acceptable wire-

length AND acceptable power AND acceptable de-

lay AND within acceptable layout width THEN it
is an acceptable solution.

The above fuzzy rule translates to the following:

�c
pdl

(x) = �c �min(�c
p
(x); �c

d
(x); �c

l
(x)) (26)

+(1� �c)�
1

3

X

j=p;d;l

�c
j
(x)

�c(x) = min(�c
pdl

(x); �c
width

(x)) (27)

where �c(x) is the membership of solution x in fuzzy
set of acceptable solutions, �c

pdl
(x) is the membership

in fuzzy set of \acceptable power AND acceptable de-
lay AND acceptable wire-length", whereas �c

j
(x) for

j = p; d; l; width, are the individual membership values
in the fuzzy sets within acceptable wire-length, power,

delay, and layout width respectively. �c is the con-
stant in the range [0; 1], in our case we chose �c = 0:7,
the superscript c represents \cost". The solution that
results in maximum value of �c(x) is reported as the
best solution found by the search heuristic.

The membership functions for fuzzy sets within ac-

ceptable power, delay and wire-length are shown in
Figure 5(a), whereas the constraint within acceptable

layout width is given as a crisp set as shown in Fig-
ure 5(b).

Since layout width is a constraint, hence its member-
ship value is either 1 or 0 depending upon goalwidth (in
our case goalwidth = 1:25). However, for other objec-
tives by increasing and decreasing the value of goali we
can vary its preference in overall membership function.
The lower bounds (Ois for i 2 fl; p; d; widthg) are com-
puted as follows: Ol =

P
n

i=1 l
�

i
; Op =

P
n

i=1 Sil
�

i
;8vi 2

fv1; v2; :::; vng; Od =
P

k

j=1 CDj+ID
�

j
8vj in path �c;

and Owidth =Widthopt; where k is the number of nets
in �c.

4 GA BASED OPTIMIZATION

For the comparison purpose we have also implemented
genetic algorithm (GA) [8]. Membership value in
the fuzzy set of acceptable solution given in Equa-
tion 27 is used as the �tness measure of a chromo-
some (solution). In parent selection step for crossover
roulette wheel selection scheme [8], is used. Par-

tially mapped crossover (PMX) is used to gener-
ate new o�springs. For the selection of next genera-
tion Extended Elitism Random Selection scheme
is used, where half of the chromosomes in the next
population are the best among o�spring and current
population and half are selected randomly. A vari-
able mutation is used in the range [0:03; 0:05] that
depends upon the standard deviation of �tness in the
current population. Stopping criteria is the maximum
number of generations.
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5 EXPERIMENTS AND RESULTS

We have applied GA and FSE on eleven di�erent
ISCAS-85 and ISCAS-89 benchmark circuits. In case
of FSE algorithm, execution is aborted when no im-
provement is observed in the best solution found so far
in 500 consecutive iterations. In case of GA stopping
criteria is 10,000 generations.

Table 1 compares the quality of �nal solution gener-
ated by FSE and GA. The circuits are listed in order
of their size (122-1753 modules). From the results, it
is clear that GA performs better than FSE for smaller
circuits, but for circuits with large number of cells FSE
outperforms GA. In all circuits it is observed that GA
takes considerably large amount of execution time as
compared to FSE.
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Figure 6: Comparison of FSE and GA. (a) and (c)
represent current and best �tness (membership) of the
solution obtained by FSE; (b) and (d) represent aver-
age and best solution obtained by GA, plotted versus
execution time in seconds.

To compare improvement in the quality of solution ver-
sus time, we have plotted current and best membership

values of the solution obtained by FSE versus actual
execution time in Figure 6-(a) and (c), for comparison
the average and best �tness (membership) values in a
current population obtained by GA versus execution
time are plotted in Figure 6-(b) and (d). These plots
are for test case S1196. It can be observed that qual-
ity of solution improves rapidly in FSE based search as

compared to GA. Due to lack of space plots for other
circuits are not included; however both heuristics ex-
hibited similar behavior on all circuits.
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Figure 7: Comparison of FSE and GA based on search
e�orts in particular membership ranges; (a) and (b)
show number of solutions visited in particular mem-
bership ranges for FSE and GA respectively; (c) and
(d) show cumulative number of solutions visited in a
speci�c membership range versus execution time in
seconds for FSE and GA respectively.

Figures 7(a) and (b) show the quality of solution sub-
space searched by FSE and GA. It is evident from the
�gure that both heuristics concentrated in high �tness
subspaces which indicates that they were properly en-
gineered to solve this particular problem. The �gure
also shows that FSE was able to evolve much faster
toward a better solution subspace (after few hundred
seconds). On the other hand GA required generations
in the order of thousands, where each generation con-
sisted of 32 solutions.

Figures 7(c) and (d) track with time the total number
of solutions found by FSE and GA for various member-
ship ranges. These are very informative plots as they
show, that as time progressed, the solutions found by
each heuristic were getting better. Note however that
FSE exhibited much faster evolutionary rate than GA.
For example, after about 400 seconds, almost all new
solutions discovered by FSE have a membership in the
interval 0.5-0.6 in the fuzzy subset of good solutions
with respect to all objectives, and almost none were
found with lower membership values (see Figure 7(c)).
In contrast, for GA, it is only after 10,000 seconds that
the �rst solution with membership in the interval 0.5-
0.6 was found (see Figure 7(d)). This behavior was
observed for all test cases.
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Circuit GA FSE
L (�m) P (�m) D (ps) W (�m) T (s) L (�m) P (�m) D (ps) W (�m) T(s)

S2081 2426 388 113 142 2341 2693 462 112 152 43
S298 4062 838 130 171 2922 4989 1013 133 181 104
S386 6824 1665 193 181 3945 7088 1640 197 186 152
S832 21015 4787 395 232 7206 24705 5827 390 258 1643
S641 18320 4365 736 254 21982 13906 3321 702 296 618
S953 32031 5156 230 262 11221 32340 5242 245 262 1278
S1238 52679 15473 410 279 16208 39629 12377 371 310 1168
S1196 51804 15259 370 292 23070 42426 12745 364 325 1521
S1494 71021 17497 803 336 26032 56961 14071 719 360 3378
S1488 69792 17346 784 334 21434 57091 13887 710 358 3529
C3540 310996 109850 924 427 43232 164897 58055 734 507 18318

Table 1: Layout found by FSE and GA, \L", \P" \D" and \W" represent the wire-length, power, delay, and
width costs and \T" represents execution time in seconds

6 CONCLUSION

In this paper, we have proposed an evolutionary algo-
rithm for low power high performance VLSI standard
cell placement. We have used FSE as search heuristic
and GA for comparison. Fuzzy logic is used to over-
come the multi-objective nature of the problem. In
FSE, fuzzy logic was implemented at evaluation and
allocation stages and to choose the best solution from
the set of solutions generated by FSE. In GA fuzzy
logic is used in the �tness evaluation.

It is observed that FSE performs much better than
GA in terms of execution time, it also performs better
than GA in terms of �nal solution in bigger circuits.
Also the quality of solution improved more rapidly in
FSE based search as compared to GA.
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