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,Q�WKLV�SDSHU��D�IRUPXODWLRQ�WKDW�HQDEOHV�DQW�FRORQ\�RSWLPL]DWLRQ�
�$&2��DOJRULWKPV�WR�EH�DSSOLHG�WR�WKH�SRZHU�SODQW�PDLQWHQDQFH�
VFKHGXOLQJ� RSWLPL]DWLRQ� �33062�� SUREOHP� LV� GHYHORSHG� DQG�
WHVWHG� RQ� D� ���XQLW� FDVH� VWXG\�� $� KHXULVWLF� IRUPXODWLRQ� LV�
LQWURGXFHG� DQG� LWV� HIIHFWLYHQHVV� LQ� VROYLQJ� WKH� SUREOHP� LV�
LQYHVWLJDWHG��7KH�UHVXOWV�REWDLQHG�LQGLFDWH�WKDW�WKH�SHUIRUPDQFH�
RI�$&2�DOJRULWKPV�LV�VLJQLILFDQWO\�EHWWHU�WKDQ�WKDW�RI�D�QXPEHU�
RI� RWKHU� PHWDKHXULVWLFV�� VXFK� DV� JHQHWLF� DOJRULWKPV� DQG�
VLPXODWHG�DQQHDOLQJ��ZKLFK�KDYH�EHHQ�DSSOLHG�WR�WKH�VDPH�FDVH�
VWXG\�SUHYLRXVO\���
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GXOLQJ� RSWLPL]DWLRQ� �33062�� SUREOHP�� LQFOXGLQJ� WKH�
GHYHORSPHQW�RI�D�IRUPXODWLRQ�IRU�KHXULVWLF�LQIRUPDWLRQ��ZKLFK�LV�
XVHG�DV�SDUW�RI�WKH�GHFLVLRQ�SROLF\�DW�HDFK�GHFLVLRQ�SRLQW��,Q�WKH�
33062�SUREOHP��GHFLVLRQV�KDYH�WR�EH�PDGH�ZLWK�UHJDUG�WR�WKH�
WLPLQJ� RI� WKH� PDLQWHQDQFH� SHULRGV� RI� HDFK� RI� WKH� PDFKLQHV�
�XQLWV��XVHG�IRU�SRZHU�JHQHUDWLRQ���*HQHUDOO\��WKH�GXUDWLRQ�RI�WKH�
PDLQWHQDQFH�SHULRG�IRU�HDFK�PDFKLQH�LV�IL[HG��DQG�WKH�GHFLVLRQ�
YDULDEOH� LV� WKH� PDLQWHQDQFH� VWDUW� WLPH�� � 7KH� DLP� RI� WKH�
RSWLPL]DWLRQ�SURFHGXUH�LV�WR�REWDLQ�D�PDLQWHQDQFH�VFKHGXOH�WKDW�
PLQLPL]HV� WKH� REMHFWLYH� IXQFWLRQ� VXEMHFW� WR� D� QXPEHU� RI�
FRQVWUDLQWV���7KH�REMHFWLYHV�JHQHUDOO\�LQFOXGH�FRVW�PLQLPL]DWLRQ��
V\VWHP� UHOLDELOLW\� PD[LPL]DWLRQ�� RU� ERWK� >�@�� 7KH� PRVW�
FRPPRQO\� XVHG� FRQVWUDLQWV� DUH� ORDG� FRQVWUDLQWV�� UHVRXUFHV�
FRQVWUDLQWV� DQG� WKH�ZLQGRZ�RI� WLPH� GXULQJ�ZKLFK�PDLQWHQDQFH�
FDQ�EH�FDUULHG�RXW���

%HIRUH�WKH�33062�SUREOHP�FDQ�EH�RSWLPL]HG�XVLQJ�$&2��LW�
KDV�WR�EH�H[SUHVVHG�LQ�WHUPV�RI�D�VHW�RI�SRLQWV�DW�ZKLFK�GHFLVLRQV�
KDYH� WR� EH�PDGH� �'�  � ^G B �� ZKHUH� Q ����«1`�� DQG� WKH� VHW� RI�
RSWLRQV�WKDW�LV�DYDLODEOH�DW�HDFK�GHFLVLRQ�SRLQW��)� �^O B C D ��ZKHUH�
G B ³'�� M ����«��N B `�� >�@��7KH�GHFLVLRQ�SRLQWV� FRQVLVW�RI� WKH�1�
XQLWV� DW� ZKLFK� PDLQWHQDQFH� QHHGV� WR� EH� FDUULHG� RXW� DQG� WKH�
FRUUHVSRQGLQJ� GHFLVLRQV� DUH� WKH� N B � SRWHQWLDO� FRPPHQFHPHQW�
WLPHV�IRU�PDLQWHQDQFH��)LJXUH�������
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)LJXUH������$&2�DOJRULWKP�DSSOLHG�WR�WKH�33062�SUREOHP�
$V� SDUW� RI� WKH� $&2� DOJRULWKP�� DQWV� JHQHUDWH� WULDO�

PDLQWHQDQFH� VFKHGXOHV� E\� FKRRVLQJ� D� PDLQWHQDQFH�
FRPPHQFHPHQW�GDWH�IRU�HDFK�RI�WKH�XQLWV�WR�EH�PDLQWDLQHG���7KH�
SUREDELOLW\�WKDW�D�SDUWLFXODU�FRPPHQFHPHQW�GDWH�ZLOO�EH�FKRVHQ�
IURP�WKH�VHW�RI�DYDLODEOH�RSWLRQV�DW�D�SDUWLFXODU�GHFLVLRQ�SRLQW�LV�
D� IXQFWLRQ� RI� WKH� SKHURPRQH� DQG� WKH� ORFDO� GHVLUDELOLW\� RI� WKDW�
RSWLRQ� EDVHG� RQ� KHXULVWLF� LQIRUPDWLRQ� �JHQHUDOO\� UHIHUUHG� WR� DV�
WKH�KHXULVWLF���DV�VKRZQ�LQ�(T�������
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ZKHUH�SB C D �W��LV�WKH�SUREDELOLW\�WKDW�VWDUW�WLPH�O B C D �LV�FKRVHQ�IRU�
PDLQWHQDQFH� RI� XQLW� G B � LQ� LWHUDWLRQ� W�� t B C D �W�� LV� WKH� SKHURPRQH�
LQWHQVLW\�GHSRVLWHG�RQ�VWDUW�WLPH�OB C D �IRU�XQLW�GB �LQ�LWHUDWLRQ�W��h B C D �
LV�WKH�KHXULVWLF�IRU�VWDUW�WLPH�O B C D �IRU�XQLW�GB ��NB �LV�WKH�WRWDO�QXPEHU�
RI� VWDUW� WLPH� SHULRGV� DYDLODEOH� IRU� XQLW� G B �� a� LV� WKH� UHODWLYH�
LPSRUWDQFH�RI�SKHURPRQH�LQWHQVLW\��b LV�WKH�UHODWLYH�LPSRUWDQFH�
RI�WKH�KHXULVWLF��

7KH�SKHURPRQH�OHYHO�DVVRFLDWHG�ZLWK�D�SDUWLFXODU�RSWLRQ��L�H��
PDLQWHQDQFH� FRPPHQFHPHQW� GDWH� IRU� D� SDUWLFXODU� XQLW�� LV� D�
UHIOHFWLRQ�RI�WKH�TXDOLW\�RI�WKH�PDLQWHQDQFH�VFKHGXOHV�WKDW�KDYH�
EHHQ�JHQHUDWHG�WKDW�FRQWDLQ�WKLV�SDUWLFXODU�RSWLRQ���7KH�KHXULVWLF�
DVVRFLDWHG�ZLWK�D�SDUWLFXODU�RSWLRQ�LV�UHODWHG�WR�WKH�OLNHO\�TXDOLW\�
RI� D� VROXWLRQ� WKDW� FRQWDLQV� WKLV�RSWLRQ�EDVHG� RQ� VRPH�KHXULVWLF�
LQIRUPDWLRQ�� ,W� FDQ� EH� VHHQ� IURP�(T�� ���� WKDW� GXULQJ� WKH� HDUO\�
VWDJHV�RI�DQ�$&2�UXQ��EHIRUH�SKHURPRQH�WUDLOV�DUH�VLJQLILFDQWO\�
GLVWLQFW�� KHXULVWLF� LQIRUPDWLRQ� LV� WKH� GRPLQDQW� IDFWRU� DIIHFWLQJ�
WKH� VHOHFWLRQ� RI� GHFLVLRQ� SDWKV�� ,Q� RWKHU� ZRUGV�� WKH� KHXULVWLF�
SOD\V� D� FUXFLDO� UROH� LQ� GHILQLQJ� WKH� UHJLRQ� LQ� D� VROXWLRQ� VHDUFK�
VSDFH�LQ�ZKLFK�WKH�$&2�DOJRULWKP�FRPPHQFHV�LWV�VHDUFK��$V�WKH�
ZD\� LQ� ZKLFK� KHXULVWLF� LQIRUPDWLRQ� LV� UHSUHVHQWHG�
PDWKHPDWLFDOO\� LV� SUREOHP� VSHFLILF� >�@�� WKH� WUDQVIRUPDWLRQ� RI�
DQ\� KHXULVWLF� LQIRUPDWLRQ� LQWR� D� IRUPXODWLRQ� WR� EH� XVHG� LQ� WKH�
$&2�DOJRULWKP�LV�DQ�LPSRUWDQW�WDVN����

$V� $&2� KDV� QRW� EHHQ� SUHYLRXVO\� DSSOLHG� WR� WKH� 33062�
SUREOHP�� D� KHXULVWLF� IRUPXODWLRQ� �(T�� ����� LV� LQWURGXFHG� IRU� D�
W\SLFDO� 33062� SUREOHP� LQ� WKLV� SDSHU�� )XUWKHUPRUH�� WKH�
IROORZLQJ�YDULDEOHV�DUH�GHILQHG��
� -B C D � ^�O B C D � r �N� r �O B C D ���GXU B �±��`�LV�WKH�VHW�RI�WLPH�SHULRGV�N�

VXFK� WKDW� LI� WKH�PDLQWHQDQFH�RI�XQLW�GB � VWDUWV�DW�SHULRG� OB C D ��
WKDW�XQLW�ZLOO�EH�LQ�PDLQWHQDQFH�GXULQJ�SHULRG�N��

� < s t B u v w x y z � LV� VZLWFKHG� WR� �� LI� WKHUH� LV� QR� SHUVRQSRZHU�
YLRODWLRQ�LQ�WLPH�SHULRG�N��2WKHUZLVH�LW�LV�VZLWFKHG�WR����

� < { | t } u v w x y z � LV� VZLWFKHG� WR��� LI� WKHUH� LV�QR� ORDG�YLRODWLRQ� LQ�
WLPH�SHULRG�N��2WKHUZLVH�LW�LV�VZLWFKHG�WR����
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�
ZKHUH� h B C D � LV� WKH� KHXULVWLF� YDOXH� RI� XQLW� GB � WR� VWDUW�

PDLQWHQDQFH� DW� WLPH� SHULRG� O B C D �� GXU B � LV� WKH� RXWDJH� GXUDWLRQ�
UHTXLUHG� IRU� XQLW� GB �� 0B C D �N�� LV� WKH� SURVSHFWLYH� SHUVRQSRZHU�
DYDLODEOH� LQ� UHVHUYH� LQ� WLPH� SHULRG� N� LI� XQLW� GB � LV� PDLQWDLQHG�
VWDUWLQJ� DW� SHULRG� O B C D �� & B C D �N�� LV� WKH� SURVSHFWLYH� JHQHUDWLRQ�
FDSDFLW\� DYDLODEOH� LQ� UHVHUYH� LQ� WLPH� SHULRG� N� LI� XQLW� GB � LV�
PDLQWDLQHG�VWDUWLQJ�DW�SHULRG�OB C D ��

,W� FDQ� EH� VHHQ� IURP� (T�� ���� WKDW� WKH� KHXULVWLF� IRUPXODWLRQ�
FRPSULVHV�SHUVRQSRZHU�UHODWHG�KHXULVWLFV��hB C D ² �DQG�ORDG�UHODWHG�
KHXULVWLFV�� h B C D ³ �� h B C D ² � LV� GHVLJQHG� WR� GLUHFW� WKH� RSWLPL]DWLRQ�
DOJRULWKP� WR� UHJLRQV� LQ� WKH� VHDUFK� VSDFH�ZKHUH� WKHUH� DUH� IHZHU�

SHUVRQSRZHU� FRQVWUDLQW� YLRODWLRQV�� 7KLV� LV� DFKLHYHG�
PDWKHPDWLFDOO\�E\�PDNLQJ� WKH�SUREDELOLW\�RI�D� VWDUW� WLPH�EHLQJ�
FKRVHQ� IRU� DQ\� PDFKLQH� XQLW� GLUHFWO\� SURSRUWLRQDO� WR� WKH�
SURVSHFWLYH� SHUVRQSRZHU� DYDLODEOH� LQ� UHVHUYH� DQG� LQYHUVHO\�
SURSRUWLRQDO� WR� WKH�DPRXQW�RI�SHUVRQSRZHU�VKRUWIDOO��7KH�VDPH�
DSSOLHV� WR� hB C D ³ �� ZKHUH� VWDUW� WLPHV� DW� ZKLFK� QR� WDVNV� DUH�
VFKHGXOHG�DUH�SUHIHUUHG�WR�DYRLG�YLRODWLRQ�RI�ORDG�FRQVWUDLQWV��,W�
VKRXOG�EH�QRWHG�WKDW�ZKHUH�SHUVRQSRZHU�DQG�ORDG�FRQVWUDLQWV�DUH�
HDVLO\� VDWLVILHG� LQKHUHQWO\� LQ� D� SUREOHP�� WKH� WZR� KHXULVWLFV� DUH�
H[SHFWHG� WR�HYHQO\�GLVWULEXWH�PDLQWHQDQFH� WDVNV�RYHU� WKH�HQWLUH�
SODQQLQJ� KRUL]RQ�� ZKLFK� SRWHQWLDOO\� PD[LPL]HV� WKH� RYHUDOO�
UHOLDELOLW\� RI� D� SRZHU� V\VWHP�� ,Q� RUGHU� WR� LPSOHPHQW� WKH�
KHXULVWLF�� HDFK� DQW� LV� SURYLGHG� ZLWK� D� PHPRU\� PDWUL[� RQ�
SHUVRQSRZHU�UHVHUYH�DQG�DQRWKHU�PDWUL[�RQ�JHQHUDWLRQ�FDSDFLW\�
UHVHUYH�SULRU�WR�FRQVWUXFWLRQ�RI�D�WULDO�VROXWLRQ��ZKLFK�LV�XSGDWHG�
HYHU\�WLPH�D�XQLW�PDLQWHQDQFH�FRPPHQFHPHQW�WLPH�LV�DGGHG�WR�
WKH�SDUWLDOO\�FRPSOHWHG�VFKHGXOH����

2QFH�D� WULDO�PDLQWHQDQFH�VFKHGXOH�KDV�EHHQ�FRQVWUXFWHG�E\�
FKRRVLQJ� D� PDLQWHQDQFH� FRPPHQFHPHQW� WLPH� DW� HDFK� GHFLVLRQ�
SRLQW� �L�H�� IRU� HDFK� PDFKLQH� WR� EH� PDLQWDLQHG��� WDNLQJ� LQWR�
DFFRXQW� SKHURPRQH� OHYHOV� DQG� WKH� KHXULVWLF� LQIRUPDWLRQ�
LQWURGXFHG� DERYH�� RQH� DQW�F\FOH� KDV� EHHQ� FRPSOHWHG� �)LJXUH�
������$IWHU�U�DQW�F\FOHV��ZKHUH�U�HTXDOV�WKH�QXPEHU�RI�DQWV�XVHG��
WKH� $&2� DOJRULWKP� HQWHUV� WKH� LWHUDWLRQ�F\FOH� �)LJXUH� ������
'XULQJ�WKLV�VWDJH��WKH�TXDOLW\�RI�WKH�U�WULDO�VROXWLRQV�LV�HYDOXDWHG�
XVLQJ�D�VLPXODWLRQ�PRGHO��DV�SDUW�RI�ZKLFK�WKH�REMHFWLYH�IXQFWLRQ�
YDOXHV�� VXFK� DV�PDLQWHQDQFH� FRVW� DQG�SRZHU� V\VWHP� UHOLDELOLW\��
DUH� FDOFXODWHG� DQG� YLRODWLRQV� RI� DQ\� FRQVWUDLQWV� DUH� LGHQWLILHG��
7KH�REMHFWLYH�IXQFWLRQ�YDOXHV��2)9V��RI�WKHVH�WULDO�VROXWLRQV�DUH�
WKHQ� GHWHUPLQHG� E\� DQ� HYDOXDWLRQ� IXQFWLRQ�� ZKLFK� LV� WKH�
ZHLJKWHG�VXP�RI�WKH�REMHFWLYH�IXQFWLRQ�YDOXHV�DQG�SHQDOW\�FRVWV�
DVVRFLDWHG� ZLWK� FRQVWUDLQW� YLRODWLRQV�� ,W� VKRXOG� EH� QRWHG� WKDW�
VRPH� FRQVWUDLQW� YLRODWLRQV� FDQ� RQO\� EH� LGHQWLILHG� RQFH� D�
FRPSOHWH� WULDO� VROXWLRQ� KDV� EHHQ� FRQVWUXFWHG�� DQG� KHQFH� WKHVH�
FRQVWUDLQWV�FDQQRW�EH�DFFRXQWHG�IRU�H[SOLFLWO\��QHFHVVLWDWLQJ�WKH�
XVH�RI�SHQDOW\�IXQFWLRQV��

1H[W�� SKHURPRQH� LV� XSGDWHG� LQ� D�ZD\� WKDW� UHLQIRUFHV� JRRG�
VROXWLRQV���7KH�JHQHUDO� IRUP�RI�WKH�SKHURPRQH�XSGDWH�HTXDWLRQ�
LV�JLYHQ�E\��
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ZKHUH�t B C D �W���� LV� WKH�SKHURPRQH� LQWHQVLW\�RI�GHFLVLRQ�SDWK�
OB C D � LQ� LWHUDWLRQ� �W����� ���r)� LV� WKH� SKHURPRQH� HYDSRUDWLRQ� UDWH��Ä t B C D �W�� LV� WKH� SKHURPRQH� DZDUGHG� WR� GHFLVLRQ� SDWK� OB C D LQ�
LWHUDWLRQ�W���

7KH�ZD\�WKH�FKDQJH�LQ�SKHURPRQH�� Ä t B C D �W���LV�FDOFXODWHG�FDQ�
YDU\� GHSHQGLQJ� RQ� WKH� SDUWLFXODU� $&2� DOJRULWKP� XVHG�� ,Q� WKLV�
VWXG\�� WKH� 00$6� DOJRULWKP� LV� DGRSWHG� GXH� WR� LWV� VXSHULRU�
SHUIRUPDQFH� LQ� >�@�� 00$6� XVHV� LQIRUPDWLRQ� IURP� WKH� EHVW�
SHUIRUPLQJ�DQW�LQ�WKH�SKHURPRQH�XSGDWLQJ�SURFHVV��(T��������EXW�
LPSRVHV� XSSHU� DQG� ORZHU� ERXQGV� �t Å t Æ � DQG� t Å Ç B �� RQ� WKH�
SKHURPRQH� LQWHQVLWLHV� LQ� RUGHU� WR� SUHYHQW� SUHPDWXUH�
FRQYHUJHQFH�DQG�JUHDWHU�H[SORUDWLRQ�RI�WKH�VROXWLRQ�VXUIDFH���
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ZKHUH� S Ü Ý Þ ß � LV� WKH� SUREDELOLW\� WKDW� WKH� SDWKV� RI� WKH� FXUUHQW�
LWHUDWLRQ�EHVW�VROXWLRQ��2)9 Ü Ý Þ ß à á ß �W���ZLOO�EH�VHOHFWHG��JLYHQ�WKDW�
QRQ�LWHUDWLRQ�EHVW�RSWLRQV�KDYH�D�SKHURPRQH�OHYHO�RI�t â ã á �W��DQG�
DOO�LWHUDWLRQ�EHVW�RSWLRQV�KDYH�D�SKHURPRQH�OHYHO�RI�t â à ä �W���

7KH� DOJRULWKP� WHUPLQDWHV� ZKHQ� HLWKHU� WKH� QXPEHU� RI�
LWHUDWLRQV� VSHFLILHG� LV� PHW� RU� D� VWDJQDWLRQ� RI� WKH� HYDOXDWLRQ�
IXQFWLRQ�YDOXH�LV�HQFRXQWHUHG��
��� &$6(�678'<�

7KH� FDVH� VWXG\� FRQVLGHUHG� LQ� WKLV� UHVHDUFK� LV� WKH� ���XQLW�
SRZHU�SODQW�PDLQWHQDQFH�SUREOHP� LQYHVWLJDWHG�E\� >�@�� >�@� DQG�
>�@� XVLQJ� D� QXPEHU� RI� PHWDKHXULVWLFV�� � 7KLV� FDVH� VWXG\� LV� D�
PRGLILHG�YHUVLRQ�RI�WKH����XQLW�SUREOHP�LQWURGXFHG�E\�>�@��DQG�
FRQVLVWV�RI����JHQHUDWLQJ�IDFLOLWLHV��RI�ZKLFK����XQLWV�DUH�WKHUPDO�
DQG�RQH�LV�K\GURSRZHU��7KH�V\VWHP�GHWDLOV�FDQ�EH�REWDLQHG�IURP�
>�@�� 7KH� REMHFWLYH� RI� WKH� SUREOHP� LV� WR� HYHQ� RXW� UHVHUYH�
JHQHUDWLRQ� FDSDFLW\� RYHU� WKH� SODQQLQJ� KRUL]RQ�� ZKLFK� FDQ� EH�
DFKLHYHG�E\�PLQLPL]LQJ�WKH�VXP�RI�VTXDUHV�RI�WKH�UHVHUYH��665��
JHQHUDWLRQ� FDSDFLW\� LQ� HDFK� ZHHN�� $� VLQJOH� SHDN� ORDG�� �����
0:�� DQG� D� OLPLW� RI� ���PDLQWHQDQFH� VWDII� DUH� XVHG� DV� GHPDQG�
DQG�PDQSRZHU�FRQVWUDLQWV��UHVSHFWLYHO\��
���� 0DWKHPDWLFDO�)RUPXODWLRQ�

7KH� VSHFLILFDWLRQ� RI� WKLV� PDLQWHQDQFH� VFKHGXOLQJ�
RSWLPL]DWLRQ� SUREOHP� FDQ� EH� UHSUHVHQWHG� E\� PDWKHPDWLFDO�
HTXDWLRQV�XVLQJ�ELQDU\� ������YDULDEOHV��ZKLFK� LQGLFDWH� WKH�VWDWH�
RI� D� XQLW� LQ� D� JLYHQ� WLPH� SHULRG�� � ,Q� WKH� FDVH� VWXG\� XQGHU�
FRQVLGHUDWLRQ��D�WLPH�SHULRG�RI�RQH�ZHHN�KDV�EHHQ�DGRSWHG��;á å ß �
FDQ�EH�VZLWFKHG� WR��� WR� LQGLFDWH� WKDW�XQLW�Gá � LV� VFKHGXOHG� WR�EH�
PDLQWDLQHG� GXULQJ� SHULRG� W�� 2WKHUZLVH�� ;á å ß � LV� VZLWFKHG� WR� D�
YDOXH�RI����)XUWKHUPRUH��WKH�IROORZLQJ�VHWV�RI�YDULDEOHV�QHHG�WR�
EH�GHILQHG��
� 7 á �  � ^W³7�� HDU á � r � W� r � ODW á � ±� GXUá � �� �`� IRU� HDFK� XQLW� Gá ��

ZKLFK� LV� WKH� VHW� RI� SHULRGV� ZKHQ� PDLQWHQDQFH� RI� XQLW� G á �
PD\�VWDUW��

� 6 á å ß � �^N³7�� W� ��GXU á ����� r �N� r � W`� LV� WKH�VHW�RI� VWDUW� WLPH�
SHULRGV�N�� VXFK� WKDW� LI� WKH�PDLQWHQDQFH�RI�XQLW�G á � VWDUWV� DW�
SHULRG�N��WKDW�XQLW�ZLOO�EH�LQ�PDLQWHQDQFH�GXULQJ�SHULRG�W��

� ' ß � �^Q�� W³7 á `�LV� WKH�VHW�RI�XQLWV�ZKLFK�LV�FRQVLGHUHG�IRU�
PDLQWHQDQFH�LQ�SHULRG�W��
ZKHUH� W� LV� WKH� LQGH[� RI� SHULRGV�� 7� LV� WKH� VHW� RI� LQGLFHV� RI�

SHULRGV� LQ� WKH� SODQQLQJ� KRUL]RQ�� G á � LV� WKH� LQGH[� RI� JHQHUDWLQJ�
XQLWV�� HDUá � LV� WKH� HDUOLHVW� SHULRG� IRU� PDLQWHQDQFH� RI� XQLW� Gá � WR�
EHJLQ��ODW á �LV�WKH�ODWHVW�SHULRG�IRU�PDLQWHQDQFH�RI�XQLW�G á �WR�HQG��
GXUá �LV�WKH�GXUDWLRQ�RI�PDLQWHQDQFH�IRU�XQLW�Gá ��

,Q� WKH� FDVH� VWXG\� FRQVLGHUHG�� WKH� QXPEHU� RI� XQLWV� WR� EH�
PDLQWDLQHG��1�LV������&RQVHTXHQWO\��WKH�VHW�RI�GHFLVLRQ�SRLQWV�LV�
JLYHQ�E\�'� �^G æ å G ç å è å Gç æ `�� � ,Q�DGGLWLRQ�� VHW�)� FDQ�EH�GHILQHG�
VXFK�WKDW�)� �^G á ³'��M³7 á ��O á å é `��)RU�H[DPSOH��XQLW���LV�DOORZHG�
WR� XQGHUJR� PDLQWHQDQFH� ZLWKLQ� WKH� VHFRQG� KDOI� RI� WKH� \HDU��
ZKLFK�PXVW�EH�FRPSOHWHG�E\�:HHN�����6LQFH�D�PDLQWHQDQFH�MRE�
IRU�WKLV�XQLW�WDNHV���GD\V��WKH�HDUOLHVW�DQG�ODWHVW�GDWH�IRU�8QLW���WR�
VWDUW�LWV�PDLQWHQDQFH�DUH�:HHNV����DQG�����UHVSHFWLYHO\��+HQFH��
WKH�GHFLVLRQ�SDWKV�DVVRFLDWHG�ZLWK�GHFLVLRQ�SRLQW�G ê �DUH�^O ê å æ  ����
O ê å ç  ���«��O ê å ç ç  ��`��0DWKHPDWLFDOO\�� WKLV�RSWLPL]DWLRQ�SUREOHP�

FDQ�EH�GHILQHG�DV�WKH�GHWHUPLQDWLRQ�RI�PDLQWHQDQFH�VFKHGXOH�V��
VXFK�WKDW�665��ZKLFK�LV�GHILQHG�DV�WKH�VXP�RI�VTXDUH�RI�UHVHUYH�
JHQHUDWLRQ� FDSDFLW\� ZLWKLQ� WKH� SODQQLQJ� KRUL]RQ�� LV� PLQLPL]HG�
�(T�������ZLWKRXW�YLRODWLQJ�WKH�SHUVRQSRZHU�DQG�ORDG�FRQVWUDLQWV��
�(TV������	��������

ZKHUH�/ ß � LV� WKH� DQWLFLSDWHG� ORDG�GHPDQG� IRU�SHULRG� W��3 á � LV� WKH�
JHQHUDWLQJ�FDSDFLW\�RI�XQLW�Gá ���0á å ë � LV� WKH�SHUVRQSRZHU�QHHGHG�
E\�XQLW�G á �DW�SHULRG�N��

8SRQ�FRPSOHWLRQ�RI�DQ�DQW�F\FOH��WKH�PDLQWHQDQFH�VFKHGXOH�
JHQHUDWHG� LV� DVVHVVHG� E\� D� VLPXODWLRQ� PRGHO� �)LJXUH� ����� WKDW�
UHWXUQV� DQ� RYHUDOO� TXDOLW\� RI� WKH� VFKHGXOH�� 7KH� TXDOLW\� RI� D�
PDLQWHQDQFH� VFKHGXOH� LQ� WKLV�SUREOHP� LV�JLYHQ�E\� DQ�REMHFWLYH�
IXQFWLRQ�YDOXH��2)9���ZKLFK�LV�D� IXQFWLRQ�RI� WKH�YDOXH�RI�665�
DQG� WKH� WRWDO� YLRODWLRQ� RI� ERWK� FRQVWUDLQWV� �(T�� ������ 7KH�
FDOFXODWLRQV�RI�FRQVWUDLQW�YLRODWLRQV�DUH�JLYHQ�LQ�(T������WR������
2)9� �F ì ���665���F í ���0DQ9LRß î ß ���F ï ���/RDG9LRß î ß � �(T�������
ZKHUH� 665� LV� WKH� VXP� RI� VTXDUHV� RI� UHVHUYH� JHQHUDWLRQ�

FDSDFLW\��F ì �LV�WKH�UHODWLYH�ZHLJKW�RI�665��0DQ9LRß î ß �LV�WKH�WRWDO�
SHUVRQSRZHU�YLRODWLRQ��Fí �LV�WKH�UHODWLYH�ZHLJKW�RI�SHUVRQSRZHU�
YLRODWLRQ��/RDG9LRß î ß � LV�WKH�WRWDO�ORDG�YLRODWLRQ��Fï LV�WKH�UHODWLYH�
ZHLJKW�RI�WKH�ORDG�YLRODWLRQ���

)RU�D�SURSRVHG�PDLQWHQDQFH�VFKHGXOH��WKH�WRWDO�SHUVRQSRZHU�
YLRODWLRQ��0DQ9LRß î ß ��LV�JLYHQ�E\�VXPPDWLRQ�RI�WKH�SHUVRQSRZHU�
VKRUWDJH�LQ�DOO�SHULRGV�ZLWKLQ�WKH�SODQQLQJ�KRUL]RQ��VXFK�WKDW��

0DQ9LRð ñ ð ; ò
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ZKHUH�7 í ÿ �LV�WKH�SHULRGV�ZKHUH�SHUVRQSRZHU�FRQVWUDLQWV�DUH�
YLRODWHG��(T���������
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ZKHUH�$0 � �LV�WKH�DYDLODEOH�SHUVRQSRZHU�DW�SHULRG�W��
7KH�WRWDO�ORDG�YLRODWLRQ��/RDG9LR� � � �LV�WKH�VXPPDWLRQ�RI�ORDG�

VKRUWIDOO� LQ� DOO� SHULRGV� ZLWKLQ� WKH� SODQQLQJ� KRUL]RQ�� 7KH�
FDOFXODWLRQ�RI�WKLV�YDOXH�PD\�EH�UHSUHVHQWHG�E\��
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Ê�
� ��Ê±

�ÊÍ ÝÌ ÜË Û
� � ! "�Ê 

�
�(T������

ZKHUH�7 # $ �LV�WKH�SHULRGV�ZKHUH�ORDG�FRQVWUDLQWV�DUH�YLRODWHG��
DQG�LV�JLYHQ�E\��
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���� $QDO\VLV�&RQGXFWHG�
7KH�$&2� IRUPXODWLRQ� LQWURGXFHG� LQ�6HFWLRQ���ZDV�XVHG� WR�

VROYH�WKH����XQLW�FDVH�SUREOHP��)RU�WKH�KHXULVWLF�LQIRUPDWLRQ�LQ�
(T�� ����� WKH� KHXULVWLFV� JLYHQ� LQ� (T�� ���� ZDV� XVHG�� 'XH� WR� WKH�
SUREDELOLVWLF� QDWXUH� RI� $&2� PHWKRGV�� ��� UXQV� ZLWK� GLIIHUHQW�
UDQGRP� VWDUWLQJ� FRQGLWLRQV� ZHUH� FRQGXFWHG�� $� WRWDO� RI� ����
LWHUDWLRQV��ZKLFK�LV�HTXLYDOHQW�WR�WKH�FRQVWUXFWLRQ�RI��������WULDO�

0LQ 665 3 3 ; 3�45 33 / 6±
4�7 8 9:;
Ê32< 9;Ê±

3>=?

@

ÊÍ ÝÌ ÜÌ ÜË Û
A

6CB;Ê 
Ó ãÔ ÔÒ âÔ ÔÑ á

�(T������

; D�EF 0 D�EF ���E,G H IJK
ÊD
L IKÊ �

�(T������
; D�EF 3 D �����E�G H IJK

ÊD2L IKÊ �
�(T������



VROXWLRQV�LQ�HDFK�UXQ��ZDV�FKRVHQ�DV�WKH�WHUPLQDWLRQ�FULWHULRQ�RI�
DOO� UXQV� WR� SURYLGH� D� EDVLV� IRU� GLUHFW� FRPSDULVRQ� EHWZHHQ� WKH�
SHUIRUPDQFH�RI�$&2�DQG� WKDW�RI�RWKHU�PHWDKHXULVWLFV�XVHG� IRU�
WKH� VDPH� FDVH� VWXG\�� ,W� VKRXOG� EH� QRWHG� WKDW� WKH� YDOXHV� RI� WKH�
SDUDPHWHUV� FRQWUROOLQJ� WKH� EHKDYLRXU� RI� WKH� $&2� DOJRULWKPV�
XVHG� �7DEOH� �����ZHUH� FKRVHQ� EDVHG� RQ� SUHOLPLQDU\� VHQVLWLYLW\�
DQDO\VLV���

7DEOH������&KRVHQ�YDOXHV�RI�$&2�SDUDPHWHUV�
U� r a b F M � Z��

���� ���� �� �� �� ��
SN O P � � 4� t Q  F# � F R � Z��
���� �[�� S � ������ ���� ��[�� S � ��

���� 5HVXOWV�	�'LVFXVVLRQ�
7KH� UHVXOWV�REWDLQHG�DUH�SUHVHQWHG� LQ�7DEOH����� LQ� WHUPV�RI�

EHVW��DYHUDJH�DQG�ZRUVW�REMHFWLYH�IXQFWLRQ�YDOXHV��UHIHUUHG�WR�DV�
2)9V�KHUHDIWHU��DV�ZHOO�DV�WKH�VWDQGDUG�GHYLDWLRQ�RI�WKH�2)9V��
,W�VKRXOG�EH�QRWHG�WKDW�WKH�YDULRXV�VWDWLVWLFV�ZHUH�FDOFXODWHG�IRU�
UHVXOWV�ZLWK�WKH�VDPH��µVWDQGDUG¶��$&2�SDUDPHWHUV��EXW�ZLWK����
GLIIHUHQW� UDQGRP�VWDUWLQJ�SRVLWLRQV� LQ�REMHFWLYH� IXQFWLRQ� VSDFH��
DV� GHVFULEHG� SUHYLRXVO\�� ,W� FDQ� EH� VHHQ� WKDW� WKH� RSWLPL]DWLRQ�
RXWFRPH� KDV� EHHQ� LPSURYHG� JUHDWO\� E\� WKH� LQFOXVLRQ� RI� WKH�
KHXULVWLF� IRUPXODWLRQ� LQWURGXFHG� LQ� WKLV� SDSHU�� DQG� WKH�
LPSURYHPHQW�LV�KLJKO\�VLJQLILFDQW�ZKHQ�WHVWHG�ZLWK�D�WZR�WDLOHG��
XQPDWFKHG� W�WHVW�� ,W� FDQ� DOVR� EH� VHHQ� IURP� )LJXUH� ���� WKDW� WKH�
UHVXOWV�REWDLQHG�E\�00$6�DUH�EHWWHU�WKDQ�WKRVH�REWDLQHG�XVLQJ�
WKH� DOJRULWKPV� WKDW� KDYH� EHHQ� DSSOLHG� WR� WKLV� FDVH� VWXG\�
SUHYLRXVO\�� +RZHYHU�� WKH� LQIRUPDWLRQ� SURYLGHG� DERXW� WKHVH�
VWXGLHV�LQ�WKH�OLWHUDWXUH�LV�LQVXIILFLHQW�IRU�VWDWLVWLFDO�DQDO\VLV��
7DEOH������5HVXOWV�JLYHQ�E\�0D[�0LQ�$QW�6\VWHP��00$6���

>��GHYLDWLRQ�IURP�EHVW�IRXQG�2)9@�
� %HVW�2)9�

�[�� T ��
$YHUDJH�2)9�

�[�� T ��
:RUVW�2)9�
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)LJXUH�����&RPSDULVRQ�EHWZHHQ�WKH�EHVW�UHVXOW�JLYHQ�E\�RWKHU�

RSWLPL]DWLRQ�PHWKRGV�DQG�00$6�
��� 6800$5<�	�&21&/86,21�

,Q� WKLV� SDSHU�� D� IRUPXODWLRQ� IRU� DSSO\LQJ� $QW� &RORQ\�
2SWLPL]DWLRQ� �$&2�� WR� SRZHU� SODQW� PDLQWHQDQFH� VFKHGXOLQJ�
RSWLPL]DWLRQ� �33062�� KDV� EHHQ� GHYHORSHG� DQG� VXFFHVVIXOO\�

WHVWHG� RQ� D� ���XQLW� SRZHU� SODQW� FDVH� VWXG\� WR� ZKLFK� RWKHU�
PHWDKHXULVWLFV� KDG� EHHQ� DSSOLHG� SUHYLRXVO\�� � � 7KH� UHVXOWV�
REWDLQHG� LQGLFDWH� WKDW�$&2� FDQ� EH� DSSOLHG� VXFFHVVIXOO\� WR� WKH�
33062� SUREOHP�� DV� LW� SHUIRUPHG� EHWWHU� WKDQ� DQ\� RI� WKH� RWKHU�
RSWLPL]DWLRQ�DOJRULWKPV�WKDW�KDG�EHHQ�DSSOLHG�WR�WKH�FDVH�VWXG\�
FRQVLGHUHG�SUHYLRXVO\���
��� )8785(�:25.6�

(QFRXUDJHG� E\� WKH� UHVXOWV�� ZH� DUH� FXUUHQWO\� ZRUNLQJ� RQ� D�
VLPLODU� $&2� IRUPXODWLRQ� IRU� VROYLQJ� PXOWL�REMHFWLYH� SRZHU�
SODQW� PDLQWHQDQFH� RSWLPL]DWLRQ� SUREOHPV�� 7KH� ���XQLW� FDVH�
SUREOHP� LV� VOLJKWO\� PRGLILHG� E\� FRQYHUWLQJ� WKH� PDQSRZHU�
FRQVWUDLQW� LQWR� DQ� REMHFWLYH�� 7KH� UHODWLYH� LPSRUWDQFH� RI� WRWDO�
PDQSRZHU� YLRODWLRQ� LQ� WKH� REMHFWLYH� IXQFWLRQ�� DV� ZHOO� DV� WKH�
UHODWLYH�LPSRUWDQFH�RI�WKH�WZR�WHUPV�LQ�KHXULVWLF�IRUPXODWLRQ�DUH�
YDULHG� WKURXJKRXW� DQ� RSWLPL]DWLRQ� UXQ�� 7KH� RXWFRPH� RI� WKH�
PXOWL�REMHFWLYH� RSWLPL]DWLRQ� UXQ� LV� D� EHVW�709� 665� FXUYH��
ZKLFK� FRQVLVWV�RI� WKH�EHVW� VXP�RI� VTXDUH� UHVHUYH� �665��YDOXHV�
REWDLQHG�IRU�GLIIHUHQW�OHYHOV�RI�WRWDO�PDQSRZHU�YLRODWLRQ��709���
,Q�DGGLWLRQ��WKH�RSWLRQ�RI�FRXSOLQJ�ORFDO�VHDUFK�ZLWK�WKH�FXUUHQW�
$&2�IRUPXODWLRQ�ZLOO�EH�LQYHVWLJDWHG���

7KH�SURSRVHG�IRUPXODWLRQ�LV�DOVR�FXUUHQWO\�EHLQJ�DSSOLHG�WR�
D� FXW�GRZQ� K\GURSRZHU� V\VWHP�� ZKLFK� LV� D� SDUW� RI� WKH� +\GUR�
7DVPDQLD� K\GURSRZHU� V\VWHP�� 2SWLRQV� RI� VKRUWHQLQJ� RXWDJH�
GXUDWLRQ� DQG� GHIHUULQJ� PDLQWHQDQFH� WDVNV� DUH� DGGHG� LQWR� WKH�
IRUPXODWLRQ�� 8OWLPDWHO\�� DOO� SURSRVHG� IRUPXODWLRQV� ZRXOG� EH�
DSSOLHG� WR� WKH� RSWLPL]DWLRQ� RI� PDLQWHQDQFH� VFKHGXOLQJ� RI� WKH�
UHDO� +\GUR� 7DVPDQLD� V\VWHP�� ZKLFK� FRQVLVWV� RI� ��� JHQHUDWLQJ�
XQLWV��
��� 5()(5(1&(6�
>�@� $OGULGJH��&�-���.�3��'DKDO��DQG�-�5��0F'RQDOG��*HQHWLF�

$OJRULWKPV�)RU�6FKHGXOLQJ�*HQHUDWLRQ�$QG�0DLQWHQDQFH�
,Q�3RZHU�6\VWHPV��LQ�0RGHUQ�2SWLPLVDWLRQ�7HFKQLTXHV�LQ�
3RZHU�6\VWHPV��<��+��6RQJ��(GLWRU��������.OXZHU�
$FDGHPLF�3XEOLVKHUV��'RUGUHFKW���%RVWRQ��S���������

>�@� 'DKDO��.�3���&�-��$OGULGJH��DQG�-�5��0F'RQDOG��*HQHUDWRU�
0DLQWHQDQFH�6FKHGXOLQJ�8VLQJ�$�*HQHWLF�$OJRULWKP�:LWK�
$�)X]]\�(YDOXDWLRQ�)XQFWLRQ��)X]]\�6HWV�DQG�6\VWHPV��
�����������S���������

>�@� 'DKDO��.�3���-�5��0F'RQDOG��DQG�*�0��%XUW��0RGHUQ�
+HXULVWLF�7HFKQLTXHV�)RU�6FKHGXOLQJ�*HQHUDWRU�
0DLQWHQDQFH�,Q�3RZHU�6\VWHPV��7UDQVDFWLRQV�RI�WKH�
,QVWLWXWH�RI�0HDVXUHPHQW�DQG�&RQWURO���������������S������
�����

>�@� 'RULJR��0���*��'L�&DUR��DQG�/�0��*DPEDUGHOOD��$QW�
DOJRULWKPV�IRU�GLVWULEXWHG�GLVFUHWH�RSWLPL]DWLRQ��$UWLILFLDO�
/LIH�����������S�����������

>�@� 0HUNOH��'���0��0LGGHQGRUI��DQG�+��6FKPHFN��$QW�&RORQ\�
2SWLPLVDWLRQ�IRU�5HVRXUFH�&RQVWUDLQHG�3URMHFW�
6FKHGXOLQJ��,(((�7UDQVDFWLRQV�RQ�(YROXWLRQDU\�
&RPSXWDWLRQ��������������S�����������

>�@� 6W�W]OH��7��DQG�+�+��+RRV��0$;�0,1�$QW�6\VWHP��)XWXUH�
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