Introducing a New Advantage of Crossover:
Commonality-Based Selection
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Abstract

The Commonality-Based Crossover Framework
defines crossover as a two-step process:
1) preserve the maximal common schema of two
parents, and 2) complete the solution with a
construction heuristic. In these “heuristic” oper-
ators, the first step is a form of selection. This
commonality-based form of selection has been
isolated in GENIE. Using random parent
selection and a non-elitist generational
replacement scheme, GENIE does not include
fithess-based selection. However, a theoretical
analysis shows that “ideal” construction
heuristics in GENIE can potentially converge to
optimal solutions. Experimentally, results show
that the effectiveness of practical construction
heuristics can be amplified by commonality-
based restarts. Overall, it is shown that the
commonality hypothesis is valid--schemata
common to above-average solutions are indeed
above average. Since common schemata can
only be identified by multi-parent operators,
commonality-based selection is a unique

advantage that crossover can enjoy over
mutation.
INTRODUCTION

Stephen F. Smith
The Robotics Institute
Carnegie Mellon University
5000 Forbes Avenue
Pittsburgh, PA 15213
sfs@ri.cmu.edu
http://www.cs.cmu.edu/~sfs

knowledge. Crossover recombines these schemata into
new solutions--thereby allowing exploration to occur.

Traditionally, combination has been viewed as the primary
mechanism and advantage of crossover. “This is, after all,
the overt purpose of crossover.” [Sys89] However, there is
no guarantee that crossover combines the correct schemata.
Thus, problem specific heuristics have been incorporated
into crossover operators to help enhance the selection/
exploration of schemata, e.g. Nearest Neighbor for the
Traveling Salesman Problem (TSP) [GGR85]. In these
“heuristic” operators, fit schemata (e.g. short edges) can be
selected directly during crossover.

The Commonality-Based Crossover Framework presents a
new model for designing (heuristic) crossover operators
[CS98][CS99]. It defines crossover as a two-step process:
1) preserve the maximal common schema of two parents,
and 2) complete the solution with a construction heuristic.
The model follows from the commonality hypothesis
which suggests that schemata common to above-average
solutions are above average. Essentially, it is believed that
the common schemata of two (parent) solutions are most
likely responsible for their (high) observed fitness.

The commonality hypothesis attempts to explicitly identify
the good schemata that the offspring should inherit from its
parents. Conversely, (random) combination can lead to
“hitch-hiking” (poor schemata enter the offspring along
with the good schemata). Since the quality of the

The three basic features of a genetic algorithm (GA) are @ancommon schemata is unknown, a commonality-based
population of solutions, fitness-based selection, andperator preserves only the common (fit) schemata. The

crossover [Hol75][Gol89].

Fitness-based selection issolution is then completed with (new) heuristically

responsible for increasing the proportion of fit schemata igenerated schemata.
the population. This process allows exploitation of existing



When following the new design model, the actions of th2 A REASON TO PRESERVE COMMON

first step cause common schemata tosékected This SCHEMATA

commonality-based form of selection is most easily

observed with heuristically constructed solutions. In thesé (greedy) construction heuristic incrementally builds a
solutions, the common schemata (of two parents) shoulgolution one step at a time. At each step, the heuristic can
have a higher ratio of fit to unfit schemata than either of thenake a correct decision or an incorrect decision. Assuming
complete (parent) solutions. When this higher ratio occurghat a correct decision causes correct (fit) schemata to be
it can be beneficial to restart the construction heuristic frorselected, the quality of the solution will vary with the
this partial solution of common schemata. Specifically, iinumber of correct/incorrect decisions. Thus, increasing the
the construction heuristic is as effective from this restarbumber of correct decisions should also improve the
point as it is when starting from scratch, the proportion ofjuality of the final solution.

fit schemata in the offspring should be higher than in th@\ggyme that a construction heuristic makes correct and

parents. incorrect decisions with a constant ratio. Then, the number
To isolate the above commonality-based form of selectionf incorrect decisionsnade by the construction heuristic
(in heuristic operators), the GENIE algorithm has beershould decrease if it is started from a partial solution--there
developed. GENIE uses random parent selection and aie fewer steps where the heuristic can make an incorrect
non-elitist generational replacement scheme. The selectigiecision. If the partial start solution has a higher proportion
of neither parents nor offspring is fithess based, so onl9f correct decisions (fit schemata) than the construction
commonality-based selection can cause the proportion dfeuristic normally produces, the final solution should also
fit schemata to increase in the population. With thesbave a higher proportion of fit schemata than a solution
commonality-based restarts, the effectiveness of theonstructed from scratch. Thus, construction heuristics
embedded construction heuristic can be improved. Thigay be more effective if they are (re)started from partial
effect has been called “heuristic amplification”. solutions with high proportions of fit schemata.

The potential benefits of commonality-based selection aréhe common schemata of two heuristically constructed
only available through multi-parent operators that carsolutions is a partial solution that should have high propor-
identify and preserve common schemata (e.g. standatipns of fit schemata. For example, consider the Nearest
crossover operators). Although all evolutionary algorithmdNeighbor construction heuristic for the TSP. This heuristic
use fitness-based selection, crossover can allow genetitarts at a random city and travels to the nearest unvisited
algorithms to additionally benefit from the newly intro- city at each step. In this process, Nearest Neighbor first
duced commonality-based form of selection. Theoreticaelects many short (fit) edges, but after myopically
and experimental results with GENIE demonstrate thatpainting itself into a corner”, a long (unfit) edge must be
commonality-based selection can usefully identify
schemata to exploit. In particular, the commonality

hypothesis is validated--schemata common to above-
average solutions are indeed above average.

The remainder of this paper is presented as follows. In
section 2, an intuitive argument for preserving common

schemata is presented. In section 3, this argument ig
formalized for an ideal construction heuristic. In section 4, Parent 1 Parent 2
the GENIE algorithm is defined. In section 5, an ideal 0\.

construction heuristic for the One Max problem is o I
presented. In section 6, two construction heuristics for the °

Traveling Salesman Problem (and their associated I -~ o t.
commonality-based heuristic operators) are examined. In ®
section 7, commonality-based selection is compared with COMMON UNCOMMON
random restart. In section 8, implications of the theoretical

and experimental results are discussed. Lastly, final Figure 1: Example of two Nearest Neighbor (parent)
conclusions are presented in section 9. solutions. Their uncommon edges tend to be the long/
crossing edges.




selected. Compared to the selection of short edges, thgcorrect schematais, = 1 —p . To extend the analysis,

selection of long edges is more dependent on the start Cityssme that the above construction heuristic is embedded
Thus, two Nearest Nelg.hbor tours are likely to haye thénto a heuristic operator by following the Commonality-
same short edges, but different long edges. (See Figure B)sed Crossover Framewdrk Then, for a GA with

Consequently, the partial solution of common edges likelyanqom parent selection and generational replacement, the

has a higher ratio of short to long edges (fit to unfit . ..
. ?orrect schemata in generation  are the common correct
schemata) than a complete Nearest Neighbor (parent)

solution. schemata from generation-1 and the correct schemata
selected by the construction heuristic during generation

3 THEORETICAL PERFORMANCE Assuming that a constant proportipn  of correct schemata
is generated (i.e. the construction heuristiidesal), the

To measure the potential increase in effectiveness, assur@?pected proportion of correct schemata  in generation
that a construction heuristic selects correct schemata (i.e.

schemata that are part of the optimal solution) with proba'— IS

bility p and incorrect schemata with probabilty-p . If Ci =Ciq [Big +p[20Ei4 [Ei4].
this heuristic is used to generate an initial population, eac8implifying,

(parent) solution is expected to have a proporgion  of C,=cCi, e 4 +2pE;4)

correct schemata, and a proportidn-p of incorrechepresenting) 0[01] a5 (¢ + ) xO[-1,1]
schemata. For random parent selection, Table 1 shows the _
expected distribution of correct/incorrect and common/ — =Ci4 +2p €,
uncommon schemata for parent pairs in the initial popu- t
lation. C_' =ci 4, +(1+x)d1-c, )
i
Table 1: Expected distribution of schemata for random Ci _ C . +1—C. . +X —xC.
parent pairs in the initial population. Cia e ' 't
C.
p 1-p C_Il =1+x(Q-—ci,)
i
correct incorrect If p>0.5 ,thenx >0 andc; >c; ;, . The proportion of
P p? P(1-p) correct schemata increases with each generation when
correct common correct uncommon p>05 .
1- 1- ) 2
P P(1-p) 1-p) Further, at convergence; = ¢; = ¢C; 4 . Therefare,
incorrect uncommon common incorrect must SatiSfy:

c. = cl+p[2E.Q1-c.)]
Among the common schemata, the ratio of correct to ) ,
. . ) ) C. = Cci+2pc.—2pc:
incorrect schemata ip“/(1—-p)” . If the construction ,
heuristic selects more correct schemata than incorrect ¢+(1=2pP) = ¢:(1-2p)
schemata (i.ep >0.5 ), thep/(1 —p)>1.0 and This equality requires. =0 ¢. =1 ,q@ = 0.5
p s _P For p>0.5 , ¢; converges td (all solutions in the
—p)? l1-p°
(1-p) i . population are optimal). However, converge®to for
The common-schema partial solutions are expected to have
a higher ratio of correct to incorrect schemata than (paren) <0.5 . (See Figure 2.) Therefore, the effectiveness (or
solutions of the initial population. The decision to exploitineffectiveness) of construction heuristics is amplified by
these schemata has been achiewittiout fithess-based commonality-based selection. This effect is called
selection heuristic amplification

Numerically, the proportion of correct schemata in the

initial population is cy = p and the proportion of 1Specifically, the construction heuristic is used to complete a

solution that is started from the common schemata of two parents.
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The Traveling Salesman Problem is a benchmark combina-
torial optimization problem. The objective is to find the
shortest Hamiltonian cycle through a complete graph of
nodes. A feasible TSP solution has constraints (i.e. each
node must be visited once and only once). Thus, each
decision of a construction heuristic is not independent, so it
is unlikely that a constant performance ratio can be main-
0 o . e tained. In particular, the correct decision may be disal-
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Figure 2. Expected proportion of correct schemata in
generation i  for commonality-based crossover
opera;ors encapsulating ideal construction heuristics Negrest Neighbor has been embedded into a commonality-
with differentp. based heuristic operator--Common Sub-Tours/Nearest
Neighbor (CST/NN) [CS98]. This operator has been
4 THE GENIE ALGORITHM implemented in GENIE. The results are disappointing as
CST/NN in GENIE demonstrates almost no heuristic
To mimic the development of the theoretical results, theymplification--only 14% of the initial surplus is reduced

GENIE algorithm is defined to have random parentrom the best start solutions to the best final solutions. (See
selection and a non-elitist generational replacementaple 2.)

scheme. Further, to stay as close as possible to the expec- . . )
y P pﬁor the TSP, it is not just the number of correct/incorrect

tations, each parent mates twice (with random partnersg : . . .
. . . dges that determines solution quality. The length (relative
during each generation. However, the theoretical resul . ) .
. o : o . itness) of the incorrect edges (schemata) is also important.
imply an infinite population, and this is of course infea- . . . .
Further, starting with a partial solution of short edges does

6.1 EDGE-BASED HEURISTIC

sible. not necessarily reduce the tendency of Nearest Neighbor to
“paint itself into a corner”. Overall, the results suggest that

5 ONE MAX EXPERIMENTS Nearest Neighbor is a weak heuristic (very far from an ideal
heuristic).

In One Max, the correct gene for each allele i4.a

Therefore, a trivial heuristic for One Max is to select more 100

1'sthanQ’s. For example, selectlafor each allele with a 95

(constant) probability op = 0.6 , and@with a proba- o 90

bility of 1 —p = 0.4 . This (construction) heuristic is ‘_>?’ 85

ideal because the decision at each step has a constant (anc% 80

independent) probability of being correct. ic% s

The above heuristic has been embedded into a common- £ ;2

ality-based heuristic operator which has been implemented :% 60

in GENIE. For a One Max problem of 100 bits, the exper- o L 1

imental results with GENIE nearly match the theoretical % . . .

expectations when a population size of 100 solutions is 0 5 10 15 20

used. (See Figure 3.) The results are not surprising because Generation

this experiment trivially fits the previously derived Figure 3: Expected and observed results for an ideal
equations--each decision is independent, and the construction heuristic on One Max.

construction heuristic is ideal.



Table 2: Results for CST/NN in GENIE. Population 6.2 ORDER-BASED HEURISTIC

size is equal to problem size. |Initial population is NN
started from each element.

Values are percent Surp|u$°\rbitrary Insertion (Al) is an order-based construction

tions each).
TSPLIB Size Avg. Best Avg. Best
Instance NN Start Tour CST/NN Tour
d198 198 +12.42 % +8.67 %
lin318 318 +17.06 % +16.30 %
fl417 417 +16.92 % +13.37 %
pcb442 442 +15.17 % +13.30 %
u574 574 +19.92 % +18.40 %
average +16.30 % +14.01 %
¢

Parent 1 Parent 2
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Figure 4: Example of “shape” from convex hull and

MPO.

effective when they are started from the convex hull than
from three random nodes [Rei94]--the convex hull is a
partial solution with more correct decisions. The
Maximum Partial Order (MPO) is the largest partial
solution that insertion can extend into both parents--it accu-
mulates “shape” information. (See Figure 4.) Restarting
Arbitrary Insertion from the MPO, the Maximum Partial
Order/Arbitrary Insertion (MPO/AI) commonality-based
heuristic operator has been developed [CS98].

Implementing MPO/AI in GENIE, the results are more
promising--the surplus is reduced by 66% from the best
start solutions to the best final solutions. (See Table 3.)
Although Arbitrary Insertion is not an ideal construction
heuristic (it does not perform at a constant ratio), common-
ality-based restarts have still amplified its effectiveness.
Specifically, commonality-based selection has identified
schemata of higher fitness than the convex hull.

7 INFORMATION ACCUMULATION IN
GENIE

Without fitness-based selection, it may be difficult to see

how GENIE does anything more than random restart.

Indeed, it may be argued that GENIE does in fact do

nothing--it lets crossover do everything. The difference

between the random restart of a construction heuristic and
a heuristic crossover operator is the use of a partial solution
for restarts.

To demonstrate the advantage provided by a partial
solution chosen through commonality-based selection, an
experimental run of GENIE has been traced. For a run of

Table 3: Results for MPO/AI in GENIE. Population MPO/AI on the lin318 TSP instance, the average length of
size is 400. Initial population is 400 Al solutions started the MPO used to generate the offspring was recorded for
from the convex hull. Values are percent surplus fromeach generation. (See Figure 5.) The size of the partial
known optimum for average of 5 runs (50 generationssolution preserved by commonality-based selection grows

each).
TSPLIB Size Avg. Best Avg. Best
Instance CHJ/AI Start Tour MPO/AI Tour
d198 198 +3.05% +1.24%
lin318 318 +6.04 % +1.75%
fla17 417 +1.91% +0.58 %
pcb442 442 +8.97 % +3.48 %
us74 574 +8.45 % +2.59 %
average +5.68 % +1.93%

rapidly through generation 27. Similarly, the average
quality of the MPO/AI solutions in each generation of

GENIE also improves steadily until generation 28. After

this phase of convergent search, a “drift” phase begins
which appears to degrade solution quality.

To baseline the MPO/AI results, 50 generations of random
restarts (Arbitrary Insertion from the convex hull) are also
plotted. Obviously, the convex hull (CH) is a static entity-
-it does not accumulate information from previous solu-
tions. Without information accumulation, the solution
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Figure 5: Comparison of commonality-based selection (in GENIE) and random restart.

guality cannot improve over time. These results demonHowever, it has previously been shown that (sequencing)
strate the difference between a random restart and a restaperators which use only combination (e.g. Order
from a partial solution chosen by commonality-basedCrossover [Dav85]) can be improved if they are redesigned

selection. to also preserve common schemata [CS98]. In fact, current
guidelines for the design of recombination operators
8 DISCUSSION suggest that common components should be preserved

[Rad91][EMS96]. This action allows crossover to employ

In this paper, commonality-based selection has beefommonality-based selection.

isolated. This discovery introduces it as a new advantageor example, in One Max, consider two parents with
for crossover in genetic algorithms. It also suggests above-average fitness (i.e. both have mdsehan0’s). If
means to increase the effectiveness of practicad random bit is selected for mutation, it is more likely that

construction heuristics. al will be mutated into &, than vice-versa. Thus, a bene-
ficial mutation is less likely than a deleterious mutation.
8.1 THE ROLE OF COMMONALITY-BASED Conversely, if common schemata (bits) are preserved, the
SELECTION IN STANDARD CROSSOVER remaining uncommon bits should have as mHgyas0’s

. . . (see Table 1). Therefore, a beneficial mutation becomes as

Many (evolutionary) algorithms use populations and/or. . : o g
) : . .. _likely as a deleterious mutation. Specifically, beneficial
fitness-based selection. However, only genetic algorithms : .
mutations are more likely after common schemata have

use crossover. “[Crossover] is regarded as the distin- . o
uishing feature of [genetic] algorithms ... and as a critic een preserved. (See Figure 6.) If crossover is viewed as
g 9 9 9 Astructured mutation”, it is structured mutation with the

accelerator of the search process” [Dav9l]. Traditionally, ) . .
: _ henefit of commonality-based selection.
the advantage provided by crossover has been attributed to

the mechanism of combination. Unfortunately, it has beeMVith heuristic operators, the effects of commonality-based
difficult to quantify this advantage in practice. selection have been isolated in GENIE. These results

validate the commonality hypothesis--schemata common
to above-average solutions are indeed above average. To
identify common schemata, multi-parent operators (e.g.

Parentl: 1011010111

Parent?2: 1101011101 crossover) must be employed. Thus, the ability to enhance
fitness-based selection with commonality-based selection

Common: 1 101 11 iS a unique advantage that crossover can enjoy over
mutation.

Uncommon1: 01 0
1

1
Uncommon?2: 10 0

8.2 HEURISTIC AMPLIFICATION

Figure 6: A beneficial mutation is more likely if

mutation is restricted to uncommon schemata only. The (validated) commonality hypothesis provides a “confi-

dence measure” on the performance of heuristics. The
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mistake-prone and unpredictable. However, this unpredicsarily representing the official policies or endorsements,
ability also makes it unlikely that the same mistake is indeeither expressed or implied, of the Advanced Research
pendently produced by separate applications. Thus, it Brojects Agency and Rome Laboratory or the U.S.
proposed that the uncommon decisions should be labell€ggovernment.

as potential mistakes.  Conversely, when common

demspns have been made_by the heuristic, it is r?asonatdl‘-lfeferences

to believe that the heuristic has acted as intended.

Explicitly, common decisions are likely to be above[csgg] S. Chen and S.F. Smith. (1998) “Experiments
average (good), and uncommon decisions are likely to be on Commonality in Sequencing Operators.”Ganetic
below average (bad). Programming 1998: Proceedings of the Third Annual

. . ' Conference
This commonality-based confidence measure can be used

to amplify the effectiveness of a construction heuristic/CS99] ~S. Chen and S.F. Smith. (1999) “Putting the
“Genetics” back into Genetic Algorithms (Reconsid-

Unlike random restarts (from scratch), a heuristic operator . . . i
litv-based selection to identify hiahlv-it €19 the Role of Crossover in Hybrid Operators).” To
can use commonality-based selection fo iden ify highly-fi appear inFoundations of Genetic Algorithms, 5V.
partial solutions. With this accumulated knowledge, a Banzhaf and C. Reeves, eds. Morgan Kaufmann.
construction heuristic can ideally develop better final Dav85] L. Davis. (1985) “Applying Adaptive

solutions whgn it |§ (re)started from thesg (commo Algorithms to Epistatic Domains.” IProc. Ninth
schema) partial solutions. For problem domains where the |nermational Joint Conference on  Artificial Intelli-

random restart of a (global search) construction heuristic is gence

the primary optimization method, commonality-based[Davgl] L. Davis. (1991) Handbook of Genetic
restarts (through heuristic operators) should be more Algorithms Van Nostrand Reinhold.

effective. [EMS96] L.J. Eshelman, K.E. Mathias, and J.D. Schaffer.
(1996) “Convergence Controlled Variation.” In
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\Vose, eds. Morgan Kaufmann.
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algorithms, including genetic algorithms. However, the Van Gucht. (1985) “Genetic Algorithms for the
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common schemata should be preserved. This is a form of tlona_l Cpnference on Genetic Algorithms and their
selection. Theoretical and experimental results demon- Applications . . )
strate that this commonality-based form of selection iJGgS:ECh D. g&li(:r:(za;%i.o51198221(?en&gﬁ;hﬁ:gomrgsmligg
capable of identifying above-average schemata. In Addison-Wesley.

particular, the effects of commonality-based selection have

been isolated in GENIE, a genetic algorithm that does néﬁ"”?’l . J. Holland. (1975)_Ada_ptat|on n _Natural and
: . . . Artificial Systems The University of Michigan Press.
include fitness-based selection. Overall, commonality-

based selection is presented as an advantage that mu{ﬁz-adgl] N.J. Radcliffe. (1991) *Forma Analysis and
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