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,QWHOOLJHQW *HQHWLF $OJRULWKP
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� +XQJ�0LQJ &KHQ DQG /L�6XQ 6KX
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'HYHORSLQJ ODUJH NQRZOHGJH EDVHV WKDW DUH
FRPSOH[ HQRXJK WR EH XVHIXO LQ UHDO�ZRUOG
DSSOLFDWLRQV PD\ UHVXOW LQ ODUJH FRPSOLFDWHG
V\VWHPV WKDW SDUWLWLRQLQJ WKH V\VWHP LQWR VPDOOHU
VXEV\VWHPV LV DQ DEVROXWH UHTXLUHPHQW� 7KH
SUREOHP RI DOORFDWLRQ RI SURGXFWLRQ UXOHV DPRQJ
VHYHUDO SDUWLWLRQV RI OLPLWHG VL]H VXFK WKDW WKH
VXP RI LQWHU�SDUWLWLRQ FRQQHFWLRQV LV PLQLPL]HG
LV WHUPHG DV WKH NQRZOHGJH EDVH SDUWLWLRQLQJ
SUREOHP� ,Q WKLV SDSHU� D QRYHO LQWHOOLJHQW JHQHWLF
DOJRULWKP �,*$� LV SURSRVHG WR VROYH WKH ODUJH
NQRZOHGJH EDVH SDUWLWLRQLQJ SUREOHP ZKLFK LV D
ZHOO�NQRZQ 13�FRPSOHWH SUREOHP� ,*$ XVHV D
QHZ LQWHOOLJHQW FURVVRYHU EDVHG RQ WKH DELOLW\ RI
RUWKRJRQDO DUUD\V WKDW WKH FKURPRVRPHV RI WKH
FKLOGUHQ DUH IRUPHG IURP WKH EHVW FRPELQDWLRQV
RI WKH EHWWHU JHQHV UHSUHVHQWLQJ YDULDEOHV RI D
IXQFWLRQ IURP WKH SDUHQWV UDWKHU WKDQ WKH UDQGRP
FRPELQDWLRQV RI SDUHQWV© JHQHV� ,W LV VKRZQ
HPSLULFDOO\ WKDW WKH SURSRVHG JHQHUDO�SXUSRVH
,*$ QHHGLQJ QR KHXULVWLF RXWSHUIRUPV WKH
H[LVWLQJ PHWKRGV� KHXULVWLF FOXVWHULQJ� VLPSOH
JHQHWLF DOJRULWKP� DQG KHXULVWLF HYROXWLRQDU\
DOJRULWKP� DYDLODEOH LQ WKH OLWHUDWXUH LQ VROYLQJ
NQRZOHGJH EDVH SDUWLWLRQLQJ SUREOHPV XVLQJ WKH
VDPH EHQFKPDUN� HVSHFLDOO\ LQ VROYLQJ YHU\ ODUJH
SDUWLWLRQLQJ SUREOHPV�

�� ,1752'8&7,21
$OORFDWLRQ RI SURGXFWLRQ UXOHV DPRQJ VHYHUDO SDUWLWLRQV LQ
NQRZOHGJH EDVH FDQ VKRUWHQ WKH FRPSLODWLRQ DQG
H[HFXWLRQ RI H[SHUW V\VWHPV DSSOLFDWLRQV DQG IDFLOLWDWH
WKHLU YHULILFDWLRQ� YDOLGDWLRQ DQG PDLQWHQDQFH� 'HYHORSLQJ
ODUJH NQRZOHGJH EDVHV WKDW DUH FRPSOH[ HQRXJK WR EH
XVHIXO LQ UHDO�ZRUOG DSSOLFDWLRQV PD\ UHVXOW LQ ODUJH
FRPSOLFDWHG V\VWHPV WKDW SDUWLWLRQLQJ WKH V\VWHP LQWR
VPDOOHU VXEV\VWHPV LV DQ DEVROXWH UHTXLUHPHQW� 7KH
SUREOHP RI DOORFDWLRQ RI SURGXFWLRQ UXOHV DPRQJ VHYHUDO
SDUWLWLRQV RI OLPLWHG VL]H VXFK WKDW WKH VXP RI LQWHU�
SDUWLWLRQ FRQQHFWLRQV LV PLQLPL]HG LV WHUPHG DV WKH
NQRZOHGJH EDVH SDUWLWLRQLQJ SUREOHP� 7KLV SUREOHP LV
IRUPXODWHG DV D ��� LQWHJHU SURJUDPPLQJ SUREOHP ZLWK D
TXDGUDWLF REMHFWLYH IXQFWLRQ ZKLFK LV NQRZQ WR EH 13�
FRPSOHWH �5D] DQG %RWWHQ ������ 7KLV SDUWLWLRQLQJ
SUREOHP WKHRUHWLFDOO\ KDYH EHHQ VKRZQ WR EH HTXLYDOHQWO\
KDUG WR WKH H[LVWLQJ SDUWLWLRQLQJ SUREOHPV LQ WKHRUHWLFDO

FRPSXWHU VFLHQFH� VXFK DV QHWZRUN SDUWLWLRQLQJ SUREOHP�
FLUFXLW SDUWLWLRQLQJ SUREOHP� DQG 9/6, QHWZRUN
SDUWLWLRQLQJ SUREOHP �%� .ULVKQD0XUWK\ ������ 7KHUHIRU�
KRZ WR PLQLPL]H WKH VXP RI LQWHU�SDUWLWLRQ FRQQHFWLRQV
IRU NQRZOHGJH EDVH SDUWLWLRQLQJ SUREOHPV �.%33V� LQ D
UHDVRQDEOH DPRXQW RI FRPSXWLQJ WLPH LV D YHU\ LPSRUWDQW
SUREOHP LQ UHDO�ZRUOG DSSOLFDWLRQV�

7KH LPSRUWDQW OLWHUDWXUHV UHODWHG WR .%33V FDQ EH EULHIO\
GHVFULEHG DV IROORZV� $ FOXVWHULQJ DOJRULWKP EDVHG RQ WKH
QHDUHVW QHLJKERU KHXULVWLF LV ILUVW SURSRVHG WR VROYH
.%33V ZLWK IDVW H[HFXWLRQ VSHHG �5D] DQG %RWWHQ ������
,Q ����� 'HY HW DO� SURSRVHG D JHQHWLF DOJRULWKP �*$� LQ
WKH IRUP RI D SUREDELOLVWLF KHXULVWLF WKDW WKH UHVXOWV RI *$
KDYH EHWWHU TXDOLW\ VROXWLRQV WKDQ WKRVH REWDLQHG E\ WKH
FOXVWHULQJ DOJRULWKP �'HY HW DO� ������ $ FULWLFDO UHYLHZ
RI WKH H[LVWLQJ *$ FDQ EH IRXQG LQ �'XWWD HW DO� ������
'XWWD HW DO� KDYH SURSRVHG D KHXULVWLF HYROXWLRQDU\
DOJRULWKP �+($� ZKLFK RXWSHUIRUPV WKH H[LVWLQJ
DOJRULWKPV IRU VROYLQJ NQRZOHGJH EDVH SDUWLWLRQLQJ
SUREOHPV XVLQJ WKH VDPH EHQFKPDUN �'HY HW DO� ������
7KH DXWKRUV KLJKOLJKW WKUHH WKLQJV WKDW WKH VWDQGDUG HUURU
RI WKH H[SHULPHQWDO UHVXOWV LV GRZQ WR D YHU\ VPDOO OHYHO
DQG WKH IXWXUH UHVHDUFK PD\ EH GLUHFWHG WRZDUGV IDVWHU
FRQYHUJHQFH� DORQJ ZLWK WKH FRQVLGHUDWLRQ RI EULQJLQJ WKH
DYHUDJH UHVXOW FORVH WR WKH EHVW UHVXOW�

,Q WKLV SDSHU� ZH VROYH .%33V XVLQJ DQ LQWHOOLJHQW JHQHWLF
DOJRULWKP �,*$� ZKLFK LV DQ HIILFLHQW JHQHUDO�SXUSRVH
DOJRULWKP FDSDEOH RI VROYLQJ ODUJH SDUDPHWHU RSWLPL]DWLRQ
SUREOHPV� 7KHRUHWLFDO DQDO\VLV DQG H[SHULPHQWDO VWXGLHV
RI ,*$ FDQ EH IRXQG LQ RXU UHFHQW ZRUN �+R HW DO� ������
:H WU\ WR DFKLHYH WKH IROORZLQJ JRDOV�
��� 6KRZ HPSLULFDOO\ WKDW WKH SURSRVHG ,*$

RXWSHUIRUPV WKH H[LVWLQJ PHWKRGV� KHXULVWLF
FOXVWHULQJ �5D] DQG %RWWHQ ������ VLPSOH JHQHWLF
DOJRULWKP �'HY HW DO� ������ DQG KHXULVWLF
HYROXWLRQDU\ DOJRULWKP �'XWWD HW DO� ������ IRU
VROYLQJ .%33V XVLQJ WKH VDPH EHQFKPDUN� 7KH
FRPSDULVRQV RI SHUIRUPDQFH HYDOXDWLRQ WDNHV WKH
IROORZLQJ LQWR DFFRXQW� ��� WKH EHVW VROXWLRQ� ���
TXDOLW\ RI DYHUDJH VROXWLRQV� ��� YHU\ VPDOO YDULDQFH�
L�H�� UREXVW� ��� IDVW FRQYHUJHQFH VSHHG�

��� ,Q UHDO�ZRUOG DSSOLFDWLRQV� WKH NQRZOHGJH EDVH PD\
EH ODUJHU WKDQ WKH XVHG EHQFKPDUN� 7R FRPSDUH WKH
SHUIRUPDQFH IRU VROYLQJ ODUJH .%33V ZLWK WKH
FRPSHWLWLYH *$�EDVHG DOJRULWKP� ZH HQODUJH WKH VL]H
RI WKH EHQFKPDUN DQG DSSO\ LW WR WHVW DOO SDUWLFLSDQW
DOJRULWKPV� )URP WKH VLPXODWLRQ UHVXOWV� ZH KRSH WR



VKRZ WKDW ,*$ LV PRUH VXSHULRU WR RWKHU DOJRULWKPV
IRU YHU\ ODUJH SDUWLWLRQLQJ SUREOHPV�

7KH NQRZOHGJH EDVH SDUWLWLRQLQJ SUREOHP LV JLYHQ LQ
6HFWLRQ �� $Q ,*$ LV DOVR LQWURGXFHG LQ 6HFWLRQ ��
3HUIRUPDQFH FRPSDULVRQV DPRQJ ,*$ DQG WKH
FRPSHWLWLYH PHWKRGV DUH JLYHQ LQ 6HFWLRQ �� )LQDOO\�
FRQFOXVLRQV DUH PDGH LQ 6HFWLRQ ��

�� 352%/(0 67$7(0(17

)RU WKH VDNH RI FRPSOHWHQHVV DQG WR PDNH WKH SUHVHQW
HQGHDYRU FRPSOHWH� WKH IROORZLQJ SUREOHP VWDWHPHQW LV
DEVWUDFWHG IURP �'HY HW DO� ������ 7KH WRWDO NQRZOHGJH
EDVH FRQVLVWV RI SURGXFWLRQ UXOHV� DQG WKH UHODWHG UXOHV
�UXOHV SHUWDLQLQJ WR D SDUWLFXODU WRSLF� FDQ EH JURXSHG
WRJHWKHU WR IRUP DUHDV� 7KH NQRZOHGJH EDVH SDUWLWLRQLQJ
SUREOHP LQYROYHV DQ RSWLPDO DVVLJQPHQW RI WKHVH
UXOHV�DUHDV WR GLIIHUHQW FKXQNV RU SDUWLWLRQV VR DV WR
PLQLPL]H WKH VZLWFKLQJ DPRQJ SDUWLWLRQV� 7KH DVVLJQPHQW
RI WKH UXOHV WR YDULRXV SDUWLWLRQV KDV WR VDWLVI\ WKH
IROORZLQJ WZR FRQVWUDLQWV�
���7KH DVVLJQPHQW PXVW EH H[KDXVWLYH PXWXDOO\

H[FOXVLYH� L�H�� HDFK DQG HYHU\ DUHD PXVW EH
DVVLJQHG WR H[DFWO\ RQH SDUWLWLRQ�

��� 7KH VL]H RI SDUWLWLRQ VKRXOG QRW H[FHHG D VSHFLILHG
PD[LPXP VL]H�

7KH REMHFWLYH IXQFWLRQ WR EH RSWLPL]HG UHIOHFWV WKH H[WHQW
WR ZKLFK WKH SDUWLWLRQV DUH LQGHSHQGHQW RI HDFK RWKHU DV
PHDVXUHG E\ WKH QXPEHU RI FRQQHFWLRQV DFURVV SDUWLWLRQV�
$ FRQQHFWLRQ LV GHILQHG DV DQ LQVWDQFH RI D UXOH ZLWK D
SUHPLVH HOHPHQW LQ RQH SDUWLWLRQ DQG D FRQFOXVLRQ HOHPHQW
LQ D GLIIHUHQW SDUWLWLRQ� 0DWKHPDWLFDOO\ WKH SUREOHP LV
SRVHG DV IROORZV� 7KH IROORZLQJ QRWDWLRQ LV XVHG�

1  WRWDO QXPEHU RI DUHDV WR EH DVVLJQHG DPRQJ 0

SDUWLWLRQV�
[LN  � LI DUHD L LV DVVLJQHG WR SDUWLWLRQ N�

 � RWKHUZLVH�
DLM  ZHLJKW RI WKH FRQQHFWLRQ EHWZHHQ DUHD L DQG

DUHD M�
$  DGMDFHQF\ PDWUL[ FRQWDLQLQJ WKH ZHLJKWV RI WKH

FRQQHFWLRQV EHWZHHQ DUHDV �DLM��

L
E  VL]H RI DUHD L� LQ WHUPV RI QXPEHU RI UXOHV RU

VRPH UHOHYDQW PHDVXUH�
%  PD[LPXP SDUWLWLRQ VL]H�

7KH VPDOOHVW QXPEHU RI SDUWLWLRQV WKDW SHUPLW D IHDVLEOH
VROXW LRQ LV WKH VPDOOHVW LQ WHJHU QRW VPDOOHU WKDQ

∑ = %E
L

1

L
���

�
� )RU DQ\ SDUWLWLRQ N� WKH TXDQWLW\ [LN���[MN� LV

HTXDO WR � LI WZR DUHDV L DQG M EHORQJ WR SDUWLWLRQ N� DQG LV

HTXDO WR � LI DUHD L EHORQJV WR SDUWLWLRQ N DQG DUHD M

EHORQJV WR D GLIIHUHQW SDUWLWLRQ� &RQVHTXHQWO\� WKH

REMHFWLYH IXQFWLRQ PD\ EH IRUPXODWHG DV
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7KHUH DUH WKUHH VHWV RI FRQVWUDLQWV�
��� 7KH GHFLVLRQ YDULDEOHV [LN PXVW EH � RU ��

[LN ∈ ^���` IRU DOO DUHDV L  �� �� 1 DQG DOO SDUWLWLRQV
N  �� �� 0� ���

��� (DFK DUHD PXVW EHORQJV WR H[DFWO\ RQH SDUWLWLRQ�
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��� 7KH SDUWLWLRQ VL]H VKRXOG QRW H[FHHG WKH OLPLW %�
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7KH ,*$ XVHV D QRYHO LQWHOOLJHQW FURVVRYHU �,&� EDVHG RQ
WKH DELOLW\ RI RUWKRJRQDO DUUD\V �2$V�� 7KH SULQFLSOH RI
WKH ,& DSSURDFK UHOLHV RQ 2$V ZKLFK DUH GHVFULHG LQ
6HFWLRQ ���� 6HFWLRQ ��� SUHVHQWV WKH XVH RI 2$V WR
DFKLHYH LQWHOOLJHQW FURVVRYHU� 7KH ,*$ LV SURYLGHG LQ
6HFWLRQ ���� 7R ILQG WKH RSWLPDO VROXWLRQ HFRQRPLFDOO\
ZLWK OLPLWHG VPDOO SRSXODWLRQ VL]HV� D PRGLILHG ,*$ ZLWK
D WZR�VWDJH ,& LV SURSRVHG LQ 6HFWLRQ ����

��� 257+2*21$/ $55$< $1' )$&725

$1$/<6,6

2UWKRJRQDO $UUD\V �2$V� DQG IDFWRU DQDO\VLV� ZKLFK DUH
UHSUHVHQWDWLYH PHWKRGV RI TXDOLW\ FRQWURO �7DJXFKL DQG
.RQLVKL ������ DOVR ZRUN WR LPSURYH WKH FURVVRYHU
RSHUDWRU PRUH HIILFLHQWO\� :H SURYLGH D GHILQLWLRQ RI WKH
2$ DV IROORZV� /HW WKHUH EH 1 IDFWRUV RI WZR OHYHOV� 7KH
QXPEHU RI WRWDO FRPELQDWLRQV LV �1� &ROXPQV RI WZR
IDFWRUV DUH RUWKRJRQDO ZKHQ � SDLUV� ��� ��� ��� ��� ��� ���
DQG ��� ��� RFFXU HTXDOO\ LQ DOO H[SHULPHQWV� :KHQ DQ\
WZR IDFWRUV LQ DQ H[SHULPHQWDO VHW DUH RUWKRJRQDO� WKH VHW
LV FDOOHG DQ 2$� 7R HVWDEOLVK DQ 2$ RI 1 IDFWRUV RI WZR
OHYHOV� ZH REWDLQ DQ LQWHJHU Q �ORJ�1���� EXLOG DQ
RUWKRJRQDO DUUD\ /Q��

Q��� ZLWK Q URZV DQG �Q��� FROXPQV�
DQG VHOHFW 1 FROXPQV�

)DFWRU DQDO\VLV FDQ HYDOXDWH WKH HIIHFWV RI IDFWRUV RQ WKH
HYDOXDWLRQ IXQFWLRQ� UDQN WKH PRVW HIIHFWLYH IDFWRUV� DQG
GHWHUPLQH WKH EHVW OHYHO IRU HDFK IDFWRU VXFK WKDW WKH
HYDOXDWLRQ IXQFWLRQ LV RSWLPL]HG� 2UWKRJRQDO H[SHULPHQW
GHVLJQ FDQ UHGXFH WKH QXPEHU RI H[SHULPHQWV IRU WKH
IDFWRU DQDO\VLV� 7KH QXPEHU RI 2$V IRU VLQJOH IDFWRU
DQDO\VLV LV RQO\ Q� )RU LQVWDQFH� 7DEOH � VKRZV DQ
RUWKRJRQDO DUUD\ /���

���

/HW \W EH WKH SRVLWLYH IXQFWLRQ HYDOXDWLRQ YDOXH RI

H[SHULPHQW QR� W� 'HILQH WKH PDLQ HIIHFW RI IDFWRU M ZLWK

OHYHO N 6MN�
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1RWH WKDW WKH PDLQ HIIHFW UHYHDOV WKH LQGLYLGXDO HIIHFW RI D
IDFWRU� 7KH PRVW HIIHFWLYH IDFWRU M KDV WKH ODUJHVW PDLQ
HIIHFW GLIIHUHQFH �0('�6M��6M�� ,I PDLQ HIIHFW 6M�!6M��
WKH OHYHO � RI IDFWRU M LV EHWWHU WKDQ WKH OHYHO � RQ WKH
FRQWULEXWLRQ IRU WKH RSWLPL]DWLRQ IXQFWLRQ� 2WKHUZLVH�



OHYHO � LV EHWWHU�

��� ,17(//,*(17 &526629(5

*HQHWLF DOJRULWKP �*$� XVHV ELQDU\ YDULDEOHV RI D
IXQFWLRQ WR UHSUHVHQW D FKURPRVRPH� )RU LQVWDQFH� D
IXQFWLRQ ZLWK 1 YDULDEOHV RI O ELWV LV HQFRGHG LQ ELQDU\
FRGHV RI 1O OHQJWK LQ D FKURPRVRPH� RU 1O ELQDU\
YDULDEOHV� 7KH UHSUHVHQWDWLRQ RI FKURPRVRPHV IRU ,&
DSSURDFK LV WKH VDPH DV WKDW RI WUDGLWLRQDO *$� 7ZR
SDUHQWV EUHHG WZR FKLOGUHQ XVLQJ ,& DW D WLPH� +RZ WR XVH
WKH 2$ WR DFKLHYH WKH ,& LV GHVFULEHG DV WKH IROORZLQJ
VWHSV�
6WHS �� 6HOHFW WKH ILUVW 1 FROXPQV RI 2$ /Q��

Q��� ZKHUH
( ) �ORJ

�
+= 1

Q � 1RWH WKDW RQH YDULDEOH RI D IXQFWLRQ

LV UHJDUGHG DV D IDFWRU LQ 2$�
6WHS ��/HW OHYHO � DQG OHYHO � RI IDFWRU M UHSUHVHQW WKH MWK

YDULDEOH RI D IXQFWLRQ FRPLQJ IURP WKH SDUHQW �
DQG SDUHQW �� UHVSHFWLYHO\�

6WHS ��(YDOXDWH WKH IXQFWLRQ YDOXHV \W IRU H[SHULPHQW QR�
W ZKHUH W  �� �� �� Q�

6WHS ��&RPSXWH WKH PDLQ HIIHFW 6MN ZKHUH M  �� �� �� 1

DQG N  �� ��

6WHS ��'HWHUPLQH WKH EHVW OHYHO IRU HDFK YDULDEOH� 6HOHFW

OHYHO � IRU WKH MWK YDULDEOH LI 6M�!6M�� 2WKHUZLVH�

VHOHFW OHYHO ��
6WHS ��7KH FKURPRVRPH RI WKH ILUVW FKLOG LV IRUPHG IURP

WKH EHVW FRPELQDWLRQV RI WKH EHWWHU YDULDEOHV IURP
WKH GHULYHG FRUUHVSRQGLQJ SDUHQWV�

6WHS ��5DQN WKH PRVW HIIHFWLYH IDFWRUV IURP UDQN � WR
UDQN 1� 7KH IDFWRU ZLWK ODUJH 0(' KDV KLJKHU
UDQN�

6WHS ��7KH FKURPRVRPH RI WKH VHFRQG FKLOG LV IRUPHG
VLPLODUO\ DV WKH ILUVW FKLOG H[FHSW WKDW WKH YDULDEOH
ZLWK WKH ORZHVW UDQN DGRSWV WKH RWKHU OHYHO�

��� ,17(//,*(17 *(1(7,& $/*25,7+0

2XU ,*$ FDQ EH ZULWWHQ DV IROORZV�
6WHS �� ,QLWLDOL]DWLRQ� 5DQGRPO\ JHQHUDWH DQ LQLWLDO

SRSXODWLRQ RI 1SRS LQGLYLGXDOV� ,L� L ���� ��

1SRS�

6WHS �� (OLWLVW VWUDWHJ\� 5HSHDW WKH IROORZLQJ VWHSV IRU L
 � WR 1SRS���

�D� 6HOHFW ,L DQG ,L DV WKH SDUHQWV DQG SURGXFH

WKH WZR FKLOGUHQ ,F� DQG ,F� XVLQJ ,&�

�E� 5HSODFH ,L DQG ,L�� ZLWK WKH VHFRQG DQG WKH
EHVW LQGLYLGXDOV XVLQJ ILWQHVV SHUIRUPDQFH

DPRQJ ,L� ,L��� ,F� DQG ,F�� UHVSHFWLYHO\�
6WHS �� (YDOXDWLRQ� (YDOXDWH WKH IXQFWLRQ YDOXHV IRU DOO

LQGLYLGXDOV�
6WHS �� 6HOHFWLRQ� 8VH WKH UDQN VHOHFWLRQ WKDW UHSODFH

WKH ZRUVW 1SRS×3V LQGLYLGXDOV E\ WKH EHVW

1SRS×3V LQGLYLGXDOV WR IRUP WKH QHZ SRSXODWLRQ�
$FFRUGLQJ WR WKH VHOHFWLRQ SUREDELOLW\ 3F�

VHOHFW 1SRS×3F SDUHQWV IRU LQWHOOLJHQW FURVVRYHU
RSHUDWLRQV�

6WHS �� &URVVRYHU� $SSO\ ,& WR WKH VHOHFWHG SDLUV RI
SDUHQWV� 7KH WZR FKLOGUHQ DUH UHSODFHG E\ WZR
LQGLYLGXDOV ZLWK WKH EHWWHU ILWQHVV IXQFWLRQ

YDOXHV DPRQJ WKH SDUHQWV DQG FKLOGUHQ IRU WKH
HOLWLVW VWUDWHJ\�

6WHS �� 0XWDWLRQ� $SSO\ WKH PXWDWLRQ RSHUDWRU WR WKH
JHQHUDWHG QHZ SRSXODWLRQ XVLQJ PXWDWLRQ
SUREDELOLW\ 3P� 7R SUHYHQW WKH ILWQHVV YDOXH
IURP GHWHULRUDWLQJ� PXWDWLRQ LV QRW DSSOLHG WR
WKH EHVW LQGLYLGXDO�

6WHS �� 7HUPLQDWLRQ WHVW� ,I D SUHVSHFLILHG VWRSSLQJ
FRQGLWLRQ LV VDWLVILHG� HQG WKH DOJRULWKP�
2WKHUZLVH� UHWXUQ WR VWHS ��

,W LV QRWH WKDW WKH LQGLYLGXDOV JHQHUDWHG E\ 2$©V
H[SHULPHQWV PD\ EH DQ LQIHDVLEOH VROXWLRQ ZKLFK LV QRW
SUHIHUUHG E\ ,&� 7KH SHQDOW\�EDVHG DSSURDFK LV D JRRG
PHWKRG IRU HIILFLHQW XVH RI ,&� ,Q VROYLQJ NQRZOHGJH EDVH
SDUWLWLRQLQJ SUREOHP� ZH PRGLI\ WKH REMHFWLYH IXQFWLRQ DV
IROORZV�
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ZKHUH 3�V� LV WKH WRWDO VL]H RI RYHUIORZ IRU LQIHDVLEOH
VROXWLRQ V� ,I V LV D IHDVLEOH VROXWLRQ� 3�V� LV HTXDO WR ]HUR�

��� ,*$ :,7+ $ 7:2�67$*( ,&

7KH FURVVRYHU LV WKH PDLQ RSHUDWRU IRU JOREDO VHDUFK�
$OWKRXJK VLQJOH�SRLQW FURVVRYHU ZDV LQVSLUHG E\
ELRORJLFDO SURFHVV DQG LV XVHG LQ WUDGLWLRQDO *$ IUHTXHQWO\�
LW KDV RQH PDMRU GUDZEDFN LQ WKDW FHUWDLQ FRPELQDWLRQV RI
VFKHPD FDQQRW EH FRPELQHG LQ VRPH VLWXDWLRQ �=�
0LFKDOHZLF] ������ 7KHUHIRUH� LW LV DQ LQIHULRU FURVVRYHU
RI WUDGLWLRQDO *$ LQ VROYLQJ ODUJH SDUDPHWHU RSWLPL]DWLRQ
SUREOHPV� 7KH PXOWLSRLQW FURVVRYHU FDQ EH XVHG WR
LPSURYH WKH SHUIRUPDQFH RI JHQHUDWLQJ RIIVSULQJ LQ WKH
DVSHFW RI GLYHUVLILFDWLRQ� 1HYHUWKHOHVV� WKH SUHIHUHQFH RI
ZKLFK FURVVRYHU WHFKQLTXHV WR XVH LV SUREOHP�GHSHQGHQW
�6SHDUV DQG 'H-RQJ ������ +RZHYHU� WUDGLWLRQDO VLQJOH�
SRLQW DQG PXOWLSRLQW FURVVRYHU RSHUDWRUV IXQFWLRQ ZHOO IRU
VPDOO VWULQJ OHQJWKV� EXW QRW HIILFLHQW IRU ODUJH VWULQJ
OHQJWKV GXH WR WKH VPDOO YDULDQFH EHWZHHQ WKH SDUHQWV DQG
WKH FKLOGUHQ FRPSDUHG WR WKH KXJH VHDUFK VSDFH� $QRWKHU
XVHIXO DSSURDFK LV WKH ELW PDVN FURVVRYHU ZKLFK JHQHUDWHV
RIIVSULQJ IURP WKH SDUHQWV EDVHG RQ D UDQGRPO\ JHQHUDWHG
FURVVRYHU PDVN �=� 0LFKDOHZLF] ������ 7KH UHVXOWDQW
RIIVSULQJ FRQWDLQV D PL[WXUH RI JHQHV IURP HDFK SDUHQW�
7KHUHIRUH� WKH ELW PDVN FURVVRYHU SHUIRUPV ZHOO WKDQ WKH
VLQJOH�SRLQW DQG PXOWLSRLQW FURVVRYHU RSHUDWRUV IRU D ODUJH
VWULQJ OHQJWK EDVHG RQ WKH KLJK YDULDQFH RI HDFK VXEVUWLQJ
UHSUHVHQWLQJ HDFK SDUDPHWHU� 7KH UHVSRQVLELOLW\ RI WKH
FURVVRYHU LV WR PDLQWDLQ D JRRG EDODQFH EHWZHHQ
H[SORLWLQJ WKH FXUUHQWO\ JRRG UHJLRQV DQG H[SORULQJ QHZ
UHJLRQV ZKHUH EHWWHU VROXWLRQV PD\ EH IRXQG� 6LQFH WKH
JRRG VXEVWULQJV DUH KDUGO\ VXUYLYHG GXH WR WKH YLRODWLRQ RI
WKH ELW PDVN FURVVRYHU� LW LV EHWWHU WR FRQVLGHU WKH
SHUIRUPDQFH RI LQGLYLGXDO VXEVWULQJV UDWKHU WKDQ ZKROHV
VWULQJV DQG FKRRVH WKH EHWWHU LQGLYLGXDO VXEVWULQJV IURP
HDFK SDUHQW WR IRUP WKH FKURPRVRPHV RI WKH FKLOGUHQ
XVLQJ WKHLU FRPELQDWLRQV�

:KLOH YHU\ VPDOO VL]H SRSXODWLRQ LV XVHG IRU HFRQRPLFDO
SXUSRVH� WKH SHUIRUPDQFH RI JHQHUDWLQJ RIIVSULQJ LQ WKH
DVSHFW RI GLYHUVLILFDWLRQ IRU ,& LQ VROYLQJ ODUJH
RSWLPL]DWLRQ SUREOHPV LV UHODWLYHO\ QRW VXSHULRU� )RU
PDNLQJ XVH RI WKH DGYDQWDJHV RI ERWK WKH ELW PDVN IRU
GLYHUVLILFDWLRQ DQG ,& IRU ODUJH VWULQJ OHQJWK� D PRGLILHG
,*$ �,*$�� ZLWK DQ HIILFLHQW WZR�VWDJH ,& �,&�� LV



SURSRVHG WR FRSH ZLWK WKLV SUREOHP� $W VWDJH � RI ,&�� WKH
ELW PDVNV DUH ILUVW XVHG WR PRGLI\ WKH SDUHQWV©
FKURPRVRPHV IRU DFKLHYLQJ ZLGH H[SORLWDWLRQ DQG DW VWDJH
� RI ,&�� WKH ,& GHVFULEHG HDUOLHU LV WKHQ XVHG� ,Q WKLV ZD\
WKH DELOLW\ RI LPSURYHPHQW EHWZHHQ WKH SDUHQWV DQG WKH
FKLOGUHQ LQ RQH JHQHUDWLRQ FDQ EH LQFUHDVHG JUHDWO\�

�� 3(5)250$1&( (9$/8$7,21

,Q RUGHU WR GHPRQVWUDWH WKH VXSHULRULW\ RI RXU DOJRULWKP�
ZH FRPSDUH LWV SHUIRUPDQFH ZLWK WKRVH RI KHXULVWLF
FOXVWHULQJ �+&�� VLPSOH JHQHWLF DOJRULWKP �6*$�� DQG
KHXULVWLF HYROXWLRQDU\ DOJRULWKP �+($� SURSRVHG LQ WKH
OLWHUDWXUHV �5D] DQG %RWWHQ ������ �'HY HW DO� ������ DQG
�'XWWD HW DO� ������ UHVSHFWLYHO\� 7KH .%33 SUREOHP
LQYROYHG WKH GHVLJQ RI NQRZOHGJH EDVH ZLWK ��� UXOHV
GLYLGHG �� WRSLFDO DUHDV� )XOO GHWDLOV RI WKLV SUREOHP DUH
DYDLODEOH LQ �5D] DQG %RWWHQ ������ 7KH HQWULHV DLM RI
DGMDFHQF\ PDWUL[ $� L�H�� EHQFKPDUN DYDLODEOH LQ �'HY HW
DO� ����� DQG VKRZQ LQ 7DEOH �� UHSUHVHQW WKH QXPEHU RI
UXOHV LQ DUHD L WKDW HLWKHU KDYH SUHPLVH HOHPHQW LQ DUHD L
DQG FRQFOXVLRQ HOHPHQW LQ DUHD M RU YLFH YHUVD�

��� 3(5)250$1&( (9$/8$7,21 86,1* 7+(

%(1&+0$5.

:H KDYH H[HFXWHG RXU DOJRULWKPV� ,*$ DQG ,*$�� XVLQJ
WKH VDPH QXPEHU RI IXQFWLRQ HYDOXDWLRQ HYDOXDWLRQV XVHG

E\ 'HY HW DO� ,Q HDFK FDVH ZH UXQ RXU DOJRULWKPV XVLQJ

SDUDPHWHUV� 3V ���� 3F ���� 3P ���� �IRU ,*$� DQG

3P ��� �IRU ,*$��� 7ZHQW\ LQGHSHQGHQW UXQV ZHUH
FRQGXFWHG IRU HDFK FDVH DQG WKH VLPXODWLRQ UHVXOWV DUH

DYHUDJHG ZLWK GLIIHUHQW UDQGRP VHHGV� 7KH FRPSDUDWLYH

UHVXOWV RI ,*$ DQG ,*$� DUH DGGHG WR WKH 7DEOH � ZKLFK

WKH RWKHU SDUWLDO UHVXOWV DUH DEVWUDFWHG IURP �'XWWD HW DO�
������ )URP WKH H[SHULPHQWDO UHVXOW� LW FDQ EH VHHQ WKDW�
��� )URP 7DEOH �� ZH FDQ VHH WKDW WKH TXDOLW\ RI VROXWLRQV

REWDLQHG E\ ,*$ DQG ,*$� LV VXSHULRU WR WKH
SDUWLFLSDWH DOJRULWKPV LQ SHUIRUPDQFH RI WKH EHVW
YDOXH DQG DYHUDJH YDOXH�

��� ,*$ DQG ,*$� RXWSHUIRUP WKH VLPSOH JHQHWLF
DOJRULWKP LQ FRQYHUJHQFH VSHHG DQG DFFXUDF\� DV
VKRZ LQ )LJ� ��

��� 7KH FRPSDULVRQV RI YDULDQFH RI VROXWLRQV DUH VKRZQ LQ
)LJ� �� ,W FDQ EH VHHQ WKDW WKH YDULDQFH RI ,*$� LV
VXSHULRU WR ,*$ ZKLFK LV VXSHULRU WR RWKHU DOJRULWKPV�

��� (1/$5*(' %(1&+0$5. 7(67

7R FRPSDUH WKH HIILFLHQF\ RI WKH SDUWLFLSDWHG DOJRULWKPV
LQ VROYLQJ WKH ODUJH NQRZOHGJH EDVH SDUWLWLRQLQJ SUREOHPV�
ZH QHHG D ODUJH NQRZOHGJH EDVH� ,Q RUGHU WR SHUPLW
UHSOLFDWLRQ� ZH UHSOLFDWH WKH EHQFKPDUN $  >DLM@ WR IRUP

WKH QHZ HQODUJHG EHQFKPDUN $N�
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ZKHUH $
�
 $ DQG N LV D SRVLWLYH LQWHJHU� )XUWKHUPRUH� WKH

VL]H RI DUHD L� EL� LV UHSODFHG E\ EL×�N��� 7KH SDUDPHWHUV RI

,*$ DUH 3V ���� 3F ���� 3P ����� 1SRS ���� DQG ���

JHQHUDWLRQV� 6LQFH WKH SRSXODWLRQ VL]H LV QRW VPDOO

�1SRS ����� ,*$� LV QRW DSSOLHG� 7KH VDPH SDUDPHWHUV DUH

XVHG IRU 6*$ H[FHSW WKDW WKH VDPH VWRSSLQJ FRQGLWLRQ WKDW

IXQFWLRQ HYDOXDWLRQ FDOOV DUH HTXDO WR WKH IXQFWLRQ

HYDOXDWLRQ XVHG E\ ,*$� )LJ� � VXPPDUL]HV WKH

FRPSDUDWLYH UHVXOWV� )URP WKLV ILJXUH� ZH FDQ VHH WKDW

,*$ LV PRUH VXSHULRU WR 6*$ DQG +($ ZKLOH WKH VL]H RI

WKH XVHG EHQFKPDUN LV ODUJHU�

�� &21&/86,216
/DUJH NQRZOHGJH EDVH SDUWLWLRQLQJ SUREOHP �/.%33� LV
DQ LPSRUWDQW SUREOHP LQ UHDO�ZRUOG DSSOLFDWLRQV� 7KLV
SDUWLWLRQLQJ SUREOHP WKHRUHWLFDOO\ KDYH EHHQ VKRZQ WR EH
HTXLYDOHQWO\ KDUG WR WKH H[LVWLQJ SDUWLWLRQLQJ SUREOHPV LQ
WKHRUHWLFDO FRPSXWHU VFLHQFH� VXFK DV QHWZRUN SDUWLWLRQLQJ
SUREOHP� FLUFXLW SDUWLWLRQLQJ SUREOHP� DQG 9/6, QHWZRUN
SDUWLWLRQLQJ SUREOHP� 'XH WR WKH KXJH VHDUFK VSDFH�
WUDGLWLRQDO *$�EDVHG DOJRULWKPV VXIIHU IURP ERWK WKH VORZ
FRQYHUJHQFH VSHHG DQG DFFXUDF\� ,Q WKLV SDSHU� D QRYHO
,*$ LV XVHG WR VROYH /.%33V� +LJK SHUIRUPDQFH RI ,*$
DQG ,*$� LV GHPRQVWUDWHG IURP WKH H[SHULPHQWDO UHVXOWV
WKDW WKH SURSRVHG ,*$ RXWSHUIRUPV WKH H[LVWLQJ PHWKRGV�
KHXULVWLF FOXVWHULQJ� VLPSOH JHQHWLF DOJRULWKP� DQG
KHXULVWLF HYROXWLRQDU\ DOJRULWKP� IRU VROYLQJ .%33V�
HVSHFLDOO\ IRU VROYLQJ YDU\ ODUJH SDUWLWLRQLQJ SUREOHPV�

5HIHUHQFHV

%RWWHQ� 1DQF\ $GUHZ .XVLDN DQG 7D]L 5D] �������
.QRZOHGJH EDVH� ,QWHJUDWLRQ� YHULILFDWLRQ� DQG
SDUWLWLRQLQJ� (XURSHDQ -RXUQDO RI 2SHUDWLRQDO
5HVHDUFK ��� �����

'H -RQJ� .� $� ������� $Q DQDO\VLV RI WKH EHKDYLRU RI D
FODVV RI JHQHWLF DGDSWLYH V\VWHPV� 'RFWRUDO GLVVHUWDWLRQ�
8� RI 0LFKLJDQ�

'HY� .HVKDY &� 6LYD 5DP 0XUWK\ ������� $ JHQHWLF
DOJRULWKP IRU WKH NQRZOHGJH EDVH SDUWLWLRQLQJ SUREOHP�
3DWWHUQ 5HFRJQLWLRQ /HWWHUV ��� ��������

'XWWD� 3DUDPDUWKD ������� $Q HYROXWLRQDU\ KHXULVWLF IRU
NQRZOHGJH EDVH SDUWLWLRQLQJ SUREOHP� ���� ,(((
,QWHUQDWLRQDO &RQIHUHQFH RQ (YROXWLRQ &RPSXWDWLRQ�

*ROGEHUJ� '� (� ������� *HQHWLF $OJRULWKPV LQ VHDUFK�
2SWLPL]DWLRQ DQG 0DFKLQH /HDUQLQJ� $GGLVRQ ¤
:HVOH\ 3XEOLVKLQJ &RPSDQ\�

+R� 6KLQQ�<LQJ /L�6XQ 6KX DQG +XQJ�0LQJ &KHQ �������
,QWHOOLJHQW *HQHWLF $OJRULWKP ZLWK D 1HZ ,QWHOOLJHQW
&URVVRYHU 8VLQJ 2UWKRJRQDO $UUD\V� *(&&2����
3URFHHGLQJV RI WKH *HQHWLF DQG (YROXWLRQDU\
&RPSXWDWLRQ &RQIHUHQFH� -XO\ ������ ����� 2UODQGR�
)ORULGD 86$ �

0LFKDOHZLF]� =� ������� *HQHWLF $OJRULWKP � 'DWD
6WUXFWXUH  (YROXWLRQ 3URJUDP� �QG (G� %HUOLQ�
6SULQJHU�9HUODJ�

0XUWK\� %� .ULVKQD ������� $Q LPSURYHG PLQ�FXW
DOJRULWKP IRU SDUWLWLRQLQJ 9/6, QHWZRUNV� ,((( 7UDQV�
RQ &RPSXWHU� YRO� &���� QR� ��

5D]� 7]YL DQG 1DQF\ $� %RWWHQ ������� 7KH .QRZOHGJH
EDVH SDUWLWLRQLQJ SUREOHP� 0DWKHPDWLFDO IRUPXODWLRQ
DQG KHXULVWLF FOXVWHULQJ� 'DWD DQG .QRZOHGJH
(QJLQHHULQJ �� ��������

6SHDUV� :� 0� DQG .� 'H-RQJ ������� $Q DQDO\VLV RI
PXOWL�SRLQW FURVVRYHU� ,Q )RXQGDWLRQV RI *HQHWLF
$OJRULWKPV� *�-�(� 5DZOLQHV� ��������

7DJXFKL� *� DQG 6� .RQLVKL ������� 2UWKRJRQDO $UUD\V
DQG /LQHDU *UDSKV� 'HDUERQ� 0,� $PHULFDQ 6XSSOLHU
,QVWLWXWH�



7DEOH �� 2UWKRJRQDO DUUD\ /���
��

)DFWRUV

([S�
QR�

� � � � � � �
)XQFWLRQ
(YDOXDWLRQ
YDOXH

� � � � � � � � \�
� � � � � � � � \�
� � � � � � � � \�
� � � � � � � � \�
� � � � � � � � \�
� � � � � � � � \�
� � � � � � � � \�
� � � � � � � � \�

7DEOH �� 3UREOHP EHQFKPDUN

DUHD � � � � � � � � � �� �� �� �� �� ��
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � �
�� � � � � � � � � � � � � � � �
�� � � � � � � � � � � � � � � �
�� � � � � � � � � � � � � � � �
�� � � � � � � � � � � � � � � �
�� � � � � � � � � � � � � � � �
�� � � � � � � � � � � � � � � �
VL]H �� �� � � � � �� �� � �� �� � �� �� ��

7DEOH �� &RPSDUDWLYH UHVXOWV�

+($ ,*$ ,*$�
% 1SRS +& 6*$

%HVW $YJ� %HVW $YJ� %HVW $YJ�
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9DU� 9DU� 9DU�

%%%

)LJ� �� &RPSDULVRQV RI YDULDQFH RI VROXWLRQV� �D� 1SRS � �E� 1SRS �� �F� 1SRS ��

1RWDWLRQ� ,*$ +($ 6*$ ,*$�

)LJ� �� &RPSDULVRQV RI TXDOLW\ IRU YDULRXV VL]HV RI EHQFKPDUN� �D� $� �E� $� �F� $� �G� $�

1RWDWLRQ� ,*$ +($ 6*$

�D� �E�

�F� �G�

��� 1SRS ��� % �� ���� 1SRS ��� % �� ���� 1SRS ��� % �� ���� 1SRS ��� % ���

)LJ� �� &RPSDULVRQV RI FRQYHUJHQFH VSHHG DQG DFFXUDF\�

�D� �E� �F�


